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ADVERTISEMENT. 


The (\>mmittee appointed })y ihi‘ SorlHf/ to (lir<‘et tlu‘ pul)li<*Jii»oii ol* the 

Philosoplncal IVaiisact ianH take this opportunity t-o accpiaint tlu‘ public that it fully 
appears, as well from Council-books and Journals of th(‘ Socitdy as from rept^ait^d 
declarations which have been made in s(»veral former Tran.S(^ctlotis, that the j)rint in^ of 
them M^as always, from time to time, the sin^lt* act of the resjxH'tiAe Secretaiics till 
the Forty-seventh volume ; the Society, as a Body, lu^veu- interestiiifr themselves any 
further in their publication than by occasionally recommending the revival of‘ them to 
some of thtur Secretaries, when from the [rarticular circumstaiKM^s of’ tbeii* affairs, tlie 
IVaibsactions had happened for any len^tVr of timt* to be int(‘rmitted. And this setuiis 
principally to have been done with a- view to satisfy the frublic that thiui* usual 
meetings were then continued, for the improvement of knowledge and benefit of 
mankind : the great ends of their first institution by the Royal Oharters, and which 
they have ever since steadily pursued. 

But the Society being of late years greatly enlarged, and their communications more 
numerous, it was thought advisable that a Committee of their members should be 
appointed to reconsider the papers read before them, and select out of tlaun such as 
they should judge most proper for publication in the futurt* Traitsacl lotcs ; vvlii(;li was 
accordingly -done upon the 26th of March, 1752. And the grounds of theii* choice are, 
and will continue to Vje, the importance and singularity of the subjects, or the 
advantageous manner of treating them : without pretending to answcu* for the 
certainty of the facts, or propriety of the reasonings contained in the sevtnal papers 
so published, which must still rest on the credit or judgment of their re!Sj)ective 
authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 
the Society, to whicli they will always adhere, never to give their opinion, as a Body, 
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upoti any ^bject, either of Nature or Art, that comes before them. And therefore the 
thanks, which are frequently proposed from the Chair, to be given to the authors of 
such papers as are read at their accustomed meetings, or to the persons through whose 
hands they received them, are to be considered in no other light than as a matter of 
civility, in return for the re8j)ect shown to the Society by those communications. The 
like also is to be said with regard to the several projects, inventions, and curiosities of 
various kinds, which are often exhibited to the Society ; the authors whereof, or those 
who exhibit them, frequently take the liberty to report, and even to certify in the 
public newspapers, that they have met with the highest applause and approbation. 
And therefore it is hoped that no regard will hereafter be paid to such reports and 
public notices ; which in some instances have been too lightly credited, to the 
dishonour of the Society. 



PHILOSOPHICAL TIIANSACTIONS 


1 . The Ennssion of Electrons under the Influence of ( hemicul Actioiu 

By O. W. TIk^HAKPSON, E.B.S., II hc<tt stone BroJrssiO' oj Pliystes^ ( tu (yrsif y of 

Londoic Knufs ( 


Received October 21,- -Read Noveml)er IH, 1920. 


§ 1. — Hkveral investigators have claimed that electrons are emitted from metals under 
the influence of chemical action, hut the only claim* which seems well suhsPintiated is 
that of Haber and drsT,t who found that when drops of (lesiiim or of tlie liquid alloy 
of sodium and potassium are attacked, at a. low pressure, hv a, numher of (duMuically 
active gases, the drops lose a negative but^ not a positive* electric* charge. The electric 
currents set- up with the drops negatively (diarged are sto})])ed by the application in i\ 
suitable manner of relatively small magnetic fields. This shows that the currents are 
carried by electrons emitted from the drops. J 

The object of the present investigation has l)een to obtain (juantit-ative information 
about this interesting phenomenon, and, more especially, to ascertain the juagnitude of 
the kinetic energy of the emitted electrons and the mode of its dist ribution among t hem. 
The importance of the subject lies in the fact that it is the only way, so far as I am 
aware, in which any information at all can be made available as to the distribution of 
energy among the individual products molecular, atomic, ionic or electronic of a 
chemical reaction. The majority of tlie ext)eriments have be(*n directed towards obtain- 
ing the curves showing the relation between the cliemicaJ (‘l(‘ctron current and the 
applied electromotive force for the case of a small sj)herical source concentric with a 
large spherical electrode. If the currents are small and the gas pressure is low, so that 
the motion of the liberated electrons is determined entirely by tlu^ apjdied ele(‘tric field 
and is interfered with neither by the molecules of t he gas nor by the fields of force arising 
from other electrons, we should anticipate that these* electron currents would exhibit 
saturation with zero applied potential difference ; subject to the additional proviso 
• 

* Possibly sonu* of the cuhos oxaiiiiiuHl by liEitoci. (* (\ R..,’ vol. CXLIX., j». J 10 (1909), and vol. ('LTl., 
p. 1660 (1911)), inay turn out to be aJi exception to tliis stateinent. 

t ‘Ann. der Physik,' vol. .*10, p. 411 (1909); itfid., vol. .36, )) .'k>H (191 J). 

X A survey of tin* previous work in tins and allied lields, together with an ae<*ount of tlie results of soine 
of the earlier experiments of the present r(‘Heareh. will be found on pj) 290 298 of ni\ book ‘ The Kniission 
of Eleetrieity from Hot Bodies ' (London, 1916) It will l»e seen that the earlier expeninents gave results 
which differ in some imjjortant jjaitieulars from those obtained later under mor** satisfactory conditions. 
Cy. also ibid,, pp. 49 et seq., and ])}). 128 et svq. 

VOL. OCXXll. — A 594. H 
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tlial the electrons are liberated by the chemical action in such a manner that ior practical 
purposes they can be considered to be clear of the fields of force of the atoms or mole- 
cijles of origin. As to the validity or otherwise of this last assumption there was no 
j)rior evidence, but the experiments show that it is at least approximately satisfied and 
that small ac^celerating electric fields have little or no effect in increasing the electron 
emission. Subject to the validity of the assumptions referred t o, the currents in any 
acH-elerating field should be constant, whilst their values in any retarding field will be 
a measure of the number of electrons whose kinetic energy when etnitted exceeds the 
equivalent, apjdied retarding potential difference. It. should, in fact, be equal to the 
number of such electrons divided by the clexitronic charge. A c“haraGf.eristic curve 
satisfpng such conditions for the case of the concentric 8j)herical electrodes will there- 
fore solve the problem so far as the total kinetic energy is concernetl. Stated in this 
way the matter appears very simple, but it has been found in practice to be fraught, 
with very serious difficulties which have taken a long time to overcome. 

In all the experiments the metal a<d.ed on was a liquid alloy of sodium and potassium. 
In the majority of them this had an initial composition corresponding to the fornmla 
NaK.^. The alloy of this formula appears* to have the lowest melting point, and it is 
a quite mobile liquid at room temperatures. In some of the early experiments an alloy 
of higher melting point, having the initial composition NaK was used. Tliis fact will 

be mentioned when it is necessary to refer to those experi- 
ments. Where, no specific reference to the composition of t,he 
alloy is made, it can be assumed that it was close to that, 
given by the formula NaK 2 . There is reason t.o believe that as 
the alloy is used the potassium is consumed faster than the 
sodium, with a consequent increase in the viscosity of the 
alloy. This effect is not so noticeable with the alloy NaKj as 
with NaK, which after a time l>ecomes almost solid. 

After a certain amount of j)r(!liminary skirmishing with 
apparatus of different designs, that finally used in the measure- 
ment of the characteristic curves for concentric, spheres is 
shown in a working drawing in fig. 1. The supply of the 
liquid alloy was kept in a glass reservoir (a separating funnel) 
vertically above the tube A to which it was sealed. Between 
A and the reservoir was a glass stop-ctock for regulating the 
flow of the alloy. A fine platinum wire trailed down the 
extension and was sealed through the glass between A and 
the stop-cock, and so broughf f.o the outside of the apparatus 
for the purpose of applying any desired potential to the alloy 
in the tube Bf ^ 'J’he dilated portion B of the tube A(*. was ground to fit air-tight into 
the neck of the main bulb D, and the joint could be sealed with mercury or wax a1 the 
* H. Lb: ('h ATELIER, ‘ Recueil cle Constantes Physiques,' p. 352, fig. 3 (Paris, 1913). 
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lip E. Bel8w C the glass tube was drawn (tut to a fine nozzle, and the hvys'er end of 
the tube about C was silvered, and the silver coating connected thrt)ugh to the alloy 
inside by a platinum wire sealed through the glass. The object of this was to 
maintain the outside of the tube at a definite electrical potential and to puevent 
trouble due to charges developing on the glass surfata*. Matters were so arranged 
that the nozzle was about a niillinudre above the centre of the copper sphere F. 'Phis 
was attached to a stout wire supported by glass and connei’ted through to the outside 
by the platinum seal shown at H. Part of the weight of the sphere was taken by a 
copper pin wdiich butted into a small hump blowm in the tube w'all at. M. The copper 
sphere, whi(di was 5 cm. in diameter, was provided with openings in front, and behind 
as indicated at C for the pur])o8e of throwing a powerful beam of light of suitable 
frequency on to the drops which formed at the nozzle. The light was supplied by a 
Westinghouse Cooper-Hewitt quartz mercury vajmur lam]> and admitted through a 
tube sealed into the main bulb. This tube is at right angles to the plane of the figure, 
which does not show" it. The end was giound flat and closed with a thin quart-z plat(‘ 
cemented on with sealing-wax. The cop})cr electrode F was provided with holes at the 
top and at the bottom. The drops fell through the lower hole into the bulb ,1, which 
w"as closed by a stop-cock below K. The alloy in J w"as connected to earth by the sealed 
platinum wire K. When a sufficient amount of the alloy had collected in .1. dry carbon 
dioxide or nitrogen could be admitted at N, and the alloy forced back int.o the reservoir 
by a system of tubes and stop-co(^ks not. shown. In this way a sam]>le of the alloy 
could be used a considerable number of times without dismembering the apj)aratus. 

'Phe side tube N led to the y)hosph()ru8 })entoxide bulb, the MacLeod gauge, the gene- 
rator of inert gas just referred to, the pumping system ((laede mercury })umj» and (Jeryk 
backing pump), and the generator of the chemically ai tive gases under consideration. 
T his consisted of a closed vertical tube, alxuit 5 mm. in diameter provided with a 8t.oj>- 
cock and connected with a point near N through about a metre of similar glass tubing 
running horizontally. The gases dealt w'ith w’ere carbonyl chloride (LOCI.,.), chlorine 
(Clj), hydrochloric acid (H(!l) and water vapour (II 2 O). The three first, were 
condensed into the generating tube by means of liquid air in a thermos vessel 
placed outside it, and the amount relea-sed into the aj)paratus could be varied by 
manipulating the height of the liquid air outside the generating tube. The W'a1.er 
vapour was supplied from mixtures of water and sulphuric acid or from crystals of 
Cap* 6H*0. 

Most of the experiments deal w"ith (T)CL. Except in the most rec;enl experiments 
this was prepared by boiling a mixture of 2(» parts chloroform, 50 parts potassium 
bichromate and 400 parts sulphuric acid in a flask with a reflex condenser attached. 
The gas was freed from hydrtxhloric acid by bubbling through water, from water by 
bubbling through sulphuric acid, and from chlorine by passing through a U-tube con- 
taining small pieces of antimony, and then condensed in a freezing mixture of ice and 
salt. For the moat recent experiments we have been able to secure a pre-war sample 

B 2 
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of COCI 2 Kaht.baitm. This seems to have the same properties as thaf which was 
prepared in the laboratory. The chlorine used was prepared by the action of hydro- 
chloric acid on manganese dioxide, washed through sulphuric acid and condensed by 
liquid' air. As a source of IICl gas strong hydrochloric acid was taken and the pressure 
reduced by cooling it to a low temperature. For HaO, either water was taken and the 
vapour pressure reduced by mixing it with an excess of sulphuric acid, or crystals of 
CaCla eHjO cooled below the room temperature were used. 

The electrical arrangements were for the most part of an ordinary c.haracter and 
do not call for detailed description. The currents were measured by a quadrant electro- 
meter having, except when otherwise stated, a sensitiveness of 570 divisions per volt. 
It is necessary that this instrument should be sensitive, as. although the currents dealt 
with are of considerable magnitude, the differences of potential to be investigated are 
small. One quadrant was connected to the point H in fig. I , and the other to earth. In 
most of the experiments capacities varying from 0 ‘01 to 1 mfd. were added to the earthed 
quadrant to reduce the deflections to convenient proportions. Potentials varying 
continuously by any desired amount between + 20 volts could be applied to the drop, 
by means of a sliding contact on a rheostat fed by a battery with one end earthed, 
and were read by a double-scale Weston Voltmeter. 

In some of the preliminary experiments the alloy was forced through tlie nozzle in a 
fine stream by admitting inert gas to a pressure of several atmospheres to the space 
above the main body of the alloy in the reservoir. This method was found to be unsatis- 
factory, as the stream was apt to get diverted on to the copper ball, owing to some minute 
particle of solid getting into the nozzle or to some slight deposit forming unsymmetri- 
cally at its edge. In the experiments for whi(^h data are given the driving pressure 
was only the atmospheric pressure, and the alloy flowed in a steady succession of uniform 
spherical drops. These were about 2 mm. in diameter and flowed at the rate of about 
6 drops a minute in the experiments on which reliance is placed. Different nozzles 
have been tried and other conditions varied, so that, experiments have been made 
with drops from about 1 mm. to 1 cm. in diameter and flowing at rates between about 
1 per minute and 15 per minute. So far as 1 have been able to ascertain, the effects 
recorded are not influenced appreciably by the size and rate of the drops. The size 
(about 3 mm. diameter) and the rate (about 6 per minute) chiefly aimed at were 
chosen as being convenient to work with and easy to attain. It shoxild be 
mentioned that with very slow drops irregular results may be obtained, as the 
emission is greatest when each drop starts, and falls off as the surface becomes 
protected by a layer of the reaction products. This effect is always present, but it 
does not appear to lead to serious trouble if the number of drops is not under four 
per minute. 

With the viscous alloys containing a high percentage of sodium, exceptionally large 
and slow drops can be obtained. Some of these formed so slowly that they became 
covered with a visible white coating of the reaction products. As the drop increased in 
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size this coating would fracture froni time to time, exposing the bright alloy underneath 
the crack. Simultaneous with each fracture a sudden increase of the rate of electro- 
meter deflection could he observed, owing to the increased emission from the cleaji 
alloy. Needless to say, no quant itiitive data are obtainable from experiments pnder 
such conditions. In the experiments on which reliance is placed, the rate of the drops 
was so rapid and the pressure of the attacking gas so low that no visible change occurred 
in the appearance of the surface of the drops. 

In general it has not been found possible so t.o regulate the pressure of the attacking 
gas that the saturation current would stay constant. 'I’liere is, however, no great diffi- 
culty in maintaining conditions so that the saturation cuiTent increases or diminishes 
in a regular manner with lapse of time. F<»r example, a common method of })i'ocedure 
in dealing with (KlC^h has been the following Initially the (TiCl^ would be strongly 
cooled by immersion of the generating tube in li(juid air. 'I'he txa k between the gene- 
rator and the testing apparatus would then be opened and all the gas pum})ed out of the 
whole apparatus to a pressure of (t-OOl mm. or less. The connection t.o the pumps 
would then be shut off and this vacuum would be maintained, provided the (’()(% was 
well immersed in the liquid air. 'Phe alloy w(mld then be allowed to drop, charged to 
a suitable negative potential, and the copper ball connected with the electromet('r. If 
the electrical conditions were satisfa.ct(UT there would be no deflf'ction under these 
circumstances. The next step would be gradually to reduce the depth of immersion 
of the COOla in the liquid air. This could be done by turning a screw table which 
sup})orted the thermos bottle below the generator. Meanwhile continuons observation 
was kept on the electrometer spot, and at a certain stage a small movement would set 
in, showing that some active gas was beginning to reach the apj)aratus. It was generally 
c-onvenient to raise the thermos bottle a little at this stage, as owing to a lag in the 
thermal changes the lowering process was generally somewhat overdone before the 
effects were perceptible. At about this stage transient effect^^ would frequently be 
observed. These may be attributable either to a more volatile active contaminant 
present in the chemi(!al used, or to some small trace of the latter which had condensed 
on the upper walls of the generator. 'I'hese w'alls would no doubt warm up quickly 
when the liquid air was reduced. These transient effects would disappear after a little 
while, and the electron currents under a given applied voltage would be found to increase 
very steadily and deliberately as tlie generating tube gradually warmed up. If the 
rate of increase became inconveniently large, it could be checked by raising the liquid 
air and repeating the processes substantially as described until a complete set of observa- 
tions had been obtained. 

In some cases it was found preferable to work in a reverse manner, by allowing an 
excess of the active gas to flow into the apparatus and to observe the phenomena under 
examination as this gas was consumed. The consumption takes place rather slowly, 
probably owing to adsorption of the gas by the walls of .the apparatus. A typical 
example of the diminution of the saturation current with time after admitting COClj, 
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at a low ^essure, is shown in fig. 2. The three curves correspond to uniA of current 
diminishing approximately by successive factors of 10, according to the different 
capacities, given on the respective curves, added to the electrometer system. 



At the beginning of this experiment the pressure was less than 0 -001 mm. and the 
admission of the COCI 2 did not show any ascertainable increase. It was therefore at 
most 0-001 mm. After 20 minutes the pressure had risen to 0-0016 mm., after 70 
minutes it was 0-003 mm., and after 100 minutes 0-004 mm. These data strongly 
suggested that the admitted COCljj was mainly adsorbed and did not make itself felt 
on the gauge until the chlorine had been fixed and the carbon monoxide, a much less 
adsorbent .gas, liberated. It will be seen that the chemical emission is most vigorous 
at first and rapidly falls off. The rate of decay, whether considered absolutely or in 
proportion to the amount of emission, steadily diminishes with lapse of time. This 
probably means that the active gas initially is that in the immediate neighbourhood 
of the drops, whereas later on it diffuses from more remote parts of the apparatus. It 
is probable that the rate of emission is proportional to the chemical action occurring, 
and that this is likewise proportional to the partial pressure of the active gas at the 
surface of the drop. 

Whilst fig. 2 exhibits the decay of the effect in a typical way under the conditions 
referred to, it is not typical of the conditions holding during the majority of the measure- 
ments, when a much higher degree of constancy of the saturation current was attained. 
For example, in one set the saturation current only varied between the limits 26 -6 and 
31 -5 during the whole experiment, wliich lasted over two hours. However, this change 
with time was always present and its effect had to be eliminated. To accomplish this, 
determinations of the currept under varied conditions, as, for example, under different 
voltages, were alternated with measurements of the saturation current under some 
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standaM voftage. The results were then expressed as fractions of the standard satura- 
tion current ruling at the time the particular measurements were taken. The instanta- 
neous value of the standard current was ascertained in various ways, depending on tlye 
rapidity with which it was varying. When the variation was small it was sufficient to 
take the arithmetic mean of the determinations of the stivndard current immediately 
preceding and following the measurement of the current under the given conditions. 
For somewhat larger degrees of variation the geometric means of the corresponding 
current values were found lo give reliable results. Where the rate of variation was 
still more rapid, it was necessary to note tlie times of the various measurements, to pk>1 
a curve like fig. 2 showing the value of the standard current as a function of the time, 
and to ascertain from this curve the instantaneoris value of the standard current at the 
time of the particular experiment. This method is, of course, one which is reliable 
under any circumstances ; but, generally speaking, the rate of change of the standard 
current was so slow that it was not necessary to record the times at which the different 
measurements were made. 'I’his was an advantage, as each experiment involved a 
large numl>er of settings and readings. The experimental manipulation was not j)ar- 
ticularly easy in any event, and each additional item which had to be recorded made 
a series of operations increasingly tiring and correspondingly liable to involve erroneous 
records. 

This preliminary discussion will, I hope, give a goneial idea of the method of experi- 
menting adopted. It will probably be more profitable to leave further details until 
the results of the particular experiments are dealt with. 

§ 2 . — The Characteristic {Current — E.M.F.) Curre for Carbonyl Chloride. 

These data all refer to the system in which the source of emission is a spherical drop 
of the alloy NaK* of radius about 1 mm. surrounded by a contientric spherical electrode 
of copper of radius 2 -5 cm. The pressure of the gas in the apparatus increased fairly 
uniformly with the duration of each experiment, the extremes of pressure recorded lying 
between the limits 0 -001 mm. and 0 -087 nun. With the exception of one experiment, 
the final pressure did not exceed 0 •020 mm. It is probable that, in the exceptional 
case in which the final pressure of 0 '087 mm. was recorded, there was a small leakage 
of air from outside the apparatus. The data afford no evidence that the maximum 
pressure of the COClj ever exceeded 0 -001 mm., and it may have been much less. The 
pressures recorded are those of the unabsorbed products of the reaction, and are 
therefore probably due to carbon monoxide. The sensitiveness of the electrometer 
was 570 divisions per volt, and the capacity of the electrometer and its connections 
0 -00012 mfd. 

In most of the series of measurements a determination of the photo-electric current 
under the same voltage, due to the blue light from the mercury vapour lamp transmitted 
through a Wratten filter No. 50, was made immediately after each determination of 
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the chemical current. The actual measurement made was that of the combined photo- 
electric and chemical emission, but the instantaneous value of the chemical current 
Qould be obtained from the determination immediately preceding after allowing for 
its variation with the time, and thus the value of the photo-electric current obtained 
by subtraction. The light transmitted by the filter is not strictly monochromatic, but 
for most practical purposes it can be regarded as consisting of the violet group lying 
between 4347 and 4358. Whilst I have not made a spectrographic examination of the 
light transmitted by this filter, it probably lets through a certain amount of the group 
4046-4077 and a smaller amo\mt of 4916. Consequently no particular quantitative 
reliance is placed on these photo-electric data, but they afford a valuable indication 
as to the difference between the chemical and photo-electric characteristic curves and 
also supply a useful guide as to the state of the surface of the alloy. Later on, when 
accurate photo-electric information became imperative, a monochromatic illuminator 
and a set of light filters were obtained. The reliability of these later photo-electric 
measurements, in so far as it is dependent on the monochromatism of the light used, is 
to be regarded as of a distinctly higher order than those dealt with in this part of the 
paper (see p. 23 el seq.). ^ 

Preliminary tests with this apparatus showed that the chemical -effect currents were 
not increasing a})preciabiy when the negative (accelerating) potential on the drops was 
increased from 2 to 3 volts ; so that — 3 volts was adopted as the potential for measuring 
the standard current. The procedure adopted, when photo-electric measurements 
were included, was first to measure the current with the light cut off at — 3 volts, then 
with the light still cut off at the voltage under test, say, x volts , then at x volts with 
the drop illuminated, then at -- 3 volts again with the liglit off, then with the light off 
at a new voltage, say, y volts ; then at y volts with the light on, then at — 3 volts with 
the lighLoff again, and so on, until a complete set of data had been obtained. From 
these results the values of the relative chemical currents, i.e., the values of the fraction 
obtained by dividing the current at the voltage under test by the instantaneous standard 
current and also the values of the photo-electric currents at the different voltages, 
were calculated in the manner already explained. When no photo-electric measure- 
ments were made the procedure was the same, ex(;ept that the measurements with 
the drop illuminat/cd were omitted. In all cases the suct^essive settings and readings 
were made as rapidly as possible. 

At first sight the results got in this way seemed very inconsistent. For example, in 
different experiments made at intervals perhaps of some weeks, but under conditions 
which were identical so far as 1 could ascertain, the relative c.urrents at zero volts (as 
compared with — 3 volts as standard) would differ by 100 per cent, or more. Later 
on it appeared that the current at zero vtdts had vanished altogether, and that the 
current, instead of being approximately saturated, was increasing rapidly between 
— 2 and — 3 volts. However, when the precaution was taken of ensuring that the 
standard current was really on the saturation part of the curve, and when the results 
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of the whdle of the completed experiments were plotted and compared ^ogether, it 
was found that there was a definite method about these variations. This will be recog- 
nised from an inspection of fig. 3, which shows three of the characteristics as actually 
determined. The numbers alongside the crosses on curve 1 express the order in.which 



the different points were determined. It will be seen that eacli characteristic is 
consistent enough in itself. The variability, normally about 5 i)er cent., which seems 
rather pronoimced on the flat part, of the curves, is due to the cumulative effect of the 
errors inherent in the determination of the currents. The percentage error should be 
independent of the magnitude of the currents, and consequently is not so noticeable 
on the lower parts of the diagram where the relative currents are smaller.* It is 
probable that the main source of error lies in the variation of the rate of emission 
with the growth of the drops, and it will be noticed that it is most pronounced in 
curve III., where the drops were formed with exceptional slowness (at the rate of 4 in 
90 seconds). However, I believe that the accuracy of the measurements is sufficient 
to establish the conclusions which it is intended to draw from them. 

It will be noticed that the shapes of the curves are all much the same, the most notice- 
able difference being that they are spaced widely apart on the voltage axis. In fact, 
it is clear from an inspection of fig. 3, that if any two of the curves are given suitable 
horizontal displacements, they can be made nearly to coincide with the remaining one. 
The explanation of such a result seemed obvious. The shapes of the characteristic 
curves are the same in the different experiments, but they occur at different places 
along the voltage axis. Now the voltage V plotted along this axis is that given by a 

VOL. ooxxii. — A. c 



10 


PROF. 0. W. RICHARDSON ON THE EMISSION OF ELECTRONS 


voltmeter connected, in effect, across the gap between the drop of alloy and the copper 
sphere, "fhe actual difference of potential across this gap is not equal to V, but is equal 
to V + K where K is the contact potential difference between the surfaces of the alloy 
and the copper sphere. If now the value of K is changing between one experiment 
and another, the observed results are completely accounted for. It will be necessary 
that K should exhibit an extreme variation of as much as 2 *5 volts, but this does not 
seem a surprising requirement when it is remembered that the contact electromotive 
force between the alkali metals and copper is comparable with this amount. The 
changes in the contact electromotive force which occur are to be attributed to changes 
in the surfaces of the alloy and of the copper due to the gases and vapours to which 
they arc expo8ed,^and to changes in the copper surface due to splashing with the alloy 
and possibly to absorption of the vapours of the alkali metals by the copper. 

To test this hypothesis, all the sets of observations with COClj which were sufficiently 
complete to form a reliable guide were collected together and the relative currents in 
terms of the standard tabulated. In cases such as curve IV. in fig. 3, where the current 
was not saturated at — 3 volts, the standard voltage was chosen about 3 volts negative 
to a voltage at which the current was about 50 per cent, of the final saturation value. 
The precise value of this voltage does not matter much, as the current in this region 
is not varying with the voltage to an extent ascertainable by these experiments. What 
is important is that the standard current should be saturated, and it was convenient 
to employ the least voltage that would make sure of this. It was also felt that until 
more information was available about the phenomenon, it was desirable to employ as 
the voltage for the determination of the standard current a voltage which would occupy 
the same position on each characteristic. For example, it was not, and is still not, 
known with certainty whether there is a small variation of current with voltage on the 
flat parts of the curves. If there is any such change, the values of the relative currents 
would be affected by the value of the voltage at which it was decided to measure the 
standard saturation current. The method adopted ensures that there are no errors 
arising from considerations of this character, which would be appreciable in comparison 
with the unavoidable experimental error. In all the curves but two the original three- 
volt standard could be retained. In fact, it approximately satisfied the condition just 
described, the current at zero volts in these cases being on the rapidly rising part of the 
characteristic. 

The relative currents thus obtained were then plotted for each series against the 
actual volts given by the voltmeter and the amount of displacement along the voltage 
axis was judged, which wo\dd be necessary to bring all the curves as nearly as possible 
to coincidence. This amount is, of course, in general different for the different curves, 
but is the same for every experimental point belonging to any one curve. The dis- 
placements are not applied to the curves, which constitute a secondary inference from 
the experimental data, but to the primary source of evidence, the experimental points 
themselves. The absolute position of the composite curve in relation to th^ scale of 
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voltage is ft present an entirely arbitrary matter, in default of any knowledge of the 
actual contact difference of potential K occurring in any single experiment. The 
displacements have, however, been so chosen as to bring the point A (fig. 4), formed by 
the intersection of a horizontal line through the standard saturation value unity and 
the dotted extension of the straight or slightly concave part FB of the characteristic, 
over the zero on the volt scale. 

That the point A will not be far from that which corresponds to the condition of zero 
electric field between the two electrodes, i.e., V + K = 0, might be anticipated on the 
following grounds. The data in fig. 3, and still more in fig. 4, indicate that tliere is no 
considerable direct effect of the applied field in helping the electron emission. In fact, 
I have frequently made explicit tests to see if the pari. DE of the curve slopes u})ward8, 
as appears to be suggested by the points in fig. 4, but 1 have never been able to (convince 
myself that it does. (Some experiments have given a sniall increase, some a small 
decrease, and others no change with rising voltage. This is a point which deserves 
further examination, but if there is any effect * of this kind it is certainly small. It 
is presumed, of course, that the voltages used in such teste are not such as to generate 
appreciable ionization in the surrounding gas. Inasmuch as the direct, effect of the 
electric field is negligible, the curving of the part B(T) of the chai’acteristic is to be 
attributed to such secondary factors as the mutual repulsion of the electrons, electron 
reflection at the copper electrode, the return to the drop of some of the emitted electrons 
owing to collisions with gas molecules, and the effects of the holes in the copper sphere. 
Inasmuch as under ideal conditions in which the electron-emission or saturation current 
is very small, the vacuum is so high that gas collisions are negligible, there is no 
electron reflection at the receiving electrode, and the receiving electrode is a complete 
sphere, in the absence of electric field across the gap every electron once emitted from 
the drop will reach the copper sphere, because there is nothing to turn it back or to 
enable it to go elsewhere. Thus under such ideally perfect conditions the characteristic 
will consist of a fiat saturation part AE intersecting with a part, such as AFG, in wluch 
the emitted electrons are returned to the source by the opposition of the retarding field. 
This argument does not establish the coincidence of the point A with the zero potential 
difference, inasmuch as there is nothing a priori which enables us to foretell the shape 
of the part AFG. I have, however, succeeded in making independent experiments 
which determine, within limits, the (iontact difference of potential K and the charac- 
teristic curve for the chemical emission simultaneously. These experiments, which 
wiU be described later, fix the position of true zero volts somewhat to the left of the 
point A. 

Fig. 4 shows the results of displacing the data along the voltage axis in the manner 
I have explained. The magnitudes of the displacement, and certain details which may 

* For a case in which there is a definite indication of diminishing currents with rising voltage on this 
part of the curve, see p. 26 infra (fig. 12). 

O 2 
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be of importance relating to tbe different series of observations, are set forth* in the 
following table and remarks : — 


Table I.— 0001*. 


Number of 
Heries. 

Mark indicating 
experimental 
points of series 
on curves. 

Initial pressure, 
millimetres of 

Hg. 

T. 

X 

0-0015 

11. 

O 

0-004 

III. 

k 

0-001 

IV. 

Q 

0-003 

V. 

© 

0-002 

VI. 

• 

0-001 


Final pressure, 
millimetres of 
Hg. 

Displacement in 
volts from volt- 
meter readings to 
scale position in 
fig. 4. 

Date. 

0-016 

4 1-00 

3/8/1916 

0-020 

-1 1-45 

25/7/1916 

0-011 

4 0-55 

25/9/1916 

0-087 

+ .S-.30 

2/11/1916 

0-012 

4 2-62 

.3/11/1916 

0-038 


16/9/1916 


(The numerals I., Ac., and marks x , &c., arv. relevant to the data in figs. !i and 6, as well as in fig. 4.) 


Remarks m each Series. 

I. X . — Generator adjusted at the beginning of the experiment and later. The 
effect rose slowly after each adjustment. Chemical saturation current : minimum 
value 45 divisions per minute with cap. 0 *01 mfd., maximum 200 divisions per 
minute, cap. 0 *04 mfd. Saturation photo-electric current, 64 divisions per 
minute with 0 *04 mfd. Maximum chemical and photo-electric efiects thus of 
same order of magnitude. Gas was pumped out in the middle of these experi- 
ments without affecting the results. These observations were very consistent. 
The only apparent defect was a small insulation leak which had to be allowed lor. 
The slight variability of this makes the point of intersection of the curve (1., 
fig. 3) and the voltage axis a little doubtful. A test at the end of the series with 
the mercury line 4355 gave 252 divisions per minute and with the green line 
0 -7 division per minute, the capacity being 0 -01 in each case. 

II. ©. — Generator adjusted at the beginning and again at the middle of the series. 
Effect rose before and after adjustment. Maximum chemical saturation current, 
160 divisions per minute, minimum 42 per minute ; X 4355 photo-electric satura- 
tion current, 1 60 divisions per minute ; all with capacity 0 *02 mfd. Six drops per 
minute, diameter of drops 3 to 4 mm. 

III. — Generator not adjusted in these experiments. Chemical effect dropped 
steadily most of the time, then rose a bit towards the end and fell off again. 
Chemical saturation current : maximum 28 divisions in 60 seconds, capacity 
0 ’03 mfd. ; minimum 37 per minute, capacity 0 -Ol mfd. X 4356 photo-electric 
saturation, 53 per minute with 0 -03 mfd. capacity. Four drops in 90 seconds. 
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IV. 6. — Sfenerator adjusted twice. Chemical effect rose after first adjustment. 
After second it fell, then rose again. It was large most of the time. * Chemical 
saturation current : maximum 700 divisions per minute with capacity 0 *04 mfd.^ 
minimum 7 divisions per minute with capacity 0 -01 mfd. There was no detect- 
able photo-electric current with X — 4355 in this experiment. An effect equal 
to about 1 per cent, of the chemical emission should have been detected. Con- 
siderable gas pressure was present, and there may have been a small air leak 
into the apparatus. Six drops per minute. 

V. ©. — No adjustment of generator in this series. Chemical effect small but very 

steady, only varying between 26 -5 and 31 *5 divisions per minute with 0 -01 mfd. 
c,apacity: photo-electric x 4355 saturation, 300 divisions per minute with 
0-01 mfd. 

VI. •. — No adjustment of generator. Chemical saturation current rose gradually 
from 18 to 268 divisions per minute with 0-01 mfd. and then fell to 120 per 
minute. Photo-electric 4355, saturation (mrrent 240 divisions per minute with 
0-01 mfd. 

An examination of the foregoing remarks shows that, the series of observations 1. to 
V., which are comprised in fig. 4, embrace a wide variety of conditions. Thus the satura- 
tion che m ical current is varied over the range frotn 700 divisions per minute with 0 *04 



mfd. or 8 *2 X 10““' amperes to 7 divisions per minute with 0 *01 mfd., or 2 *05 X 10“'* 
amperes. The photo-electric saturation currents under practically the same illumina- 
tion in each case varied between the limits 8-8 X 10“" amperes and something under 
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3 X lO"^’ amperes. The pressure of gas in the apparatus covered the wide range from 
0 *001 min. to 0 -087 mm. In the difierent series the chemical saturation currents rose 
or fell with time or did each of these alternately. In one series it was almost constant. 
In one case the standard photo-electric current was 10 tintes as great as the standard 
chemical current, in another it was less than 1 per cent, of it, whilst in another case these 
currents were about equal. The nurtiber of drops per second varied between 1 in 
10 seconds and 1 in 22^ seconds, possibly more. The size of the drops probably varied 
also. 

In spite of these wide changes in the (sonditions, all the points in fig. 4 fall close to 
the continuous curve drawn. It is not certain that they are not all coincident with 
this curve within the limits of likely experimental error, with the single exception of 
ihe observation marked a. An examination of the data makes it practically certain 
that the electrometer was not functioning when this observation was taken, as the 
photo-electric observation immediately following it also gave a zero deflection wheir 
it should have given a measurable deflection according to the run of the rest of the 
photo-electric curve. 

The coincidence of the points with the smooth curve in fig. 4 proves that this curve 
gives, approximately at any rate, the true shape of the COCI 2 characteristic, and confirms 
the suspicion that the moving about along the volt axis, as in fig. 3 of the experimental 
curves, is due to changes in the contact potential between the surfaces. 

The plot of VI. • did not agree with series I. to V., and is not included in fig. 4. 
but is shown separately in fig. 5, together with a copy 1 )FiF of the composite curve in 



fig. 4 shifted 0 ’26 volt to the right of its position in that diagram. In this experiment 
the points to the right of 4 1 volts were taken first and the others later. It will be seen 
that the first five points taken agree with fig. 4, but the later points would have to be 
given a different displacement to bring them on to the common curve. This seems a 
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clear indication of a change in the contact potential difference between the. surfaces 
taking place during the course of a single set of observations. 


§ 3 . — The CharacteriMic Curves for Chlor ine. 

The manipulation in the case of chlorine was very similar to that in the case of ('OClj 
and the results are of the same general character. Two typical characteristics as 
actually determined are shown in fig. (5, The curves show a flat, saturation j)art for 



accelerating voltages exceeding about four. There is the same tendency to liaphazaid 
displacements of the curves parallel to the voltage axis as in the case of COCJlj. 
The magnitude of this displacement seems, however, to tend to be smaller with 
chlorine, the maximum separation I have observed in six characteristics taken 
with this gas being 0 ‘96 volt. The fact that the two curves shown in fig. 6 
do not appear to be parallel is due to the distortion caused by the different vertical 
scales. The standard current has the arbitrary value 1 '09 in one case and 0 -95 in 
the other. 

As in the case of COClj, the various series have been reduced to unit saturation current 
and displaced by var 3 dng amoimts along the vertical axis to form a composite curve. 
The various data referring to the relevant experimental series are given in the following 
table and remarks ; — 
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Table II.— Cl*. 


t 

Number of 
series. 

Mark indicating 
experimental 
points of series 
on curves. 

Initial pressure, 
millimetres of 

Hg. 

Pinal pressure, 
millimetres of 

Hg. 

Displacement in 
volts from volt- 
meter readings to 
scale position in 
fig. 7. 

Date. 

I. 

X 

0-003 

0-080 

0-00 

20/4/1917 

11. 

G 

0-002 

0-062 

- 0-10 

22/4/1917 

III. 

▲ 

0-002 

0-(K)2 

- 0-26 

22/4/1917 

TV. 

□ 

0-fK)2 

0-(»40 

- 0-65 

22/4/1917 

V. 

© 

0-003 

O-KMI 

■ 0-70 

17/4/1917 

VI. 

• 

0-(K)2 

0-08(t 

y 0-25 

26/4/1917 


[The numbers I., <fcc., refer to the curves in fig. 6 as well as fig. 7.] 


RemarTcs on each Series. 

I. X . — No adjustment of generator. Chemical saturation current increased uniformly 

and slowly from about 200 divisions per minute to about 800/min. and photo- 
electric (4355) saturation current equal to about 100/min., all with additional 
capacity 0 -01 mfd. Pump stopped and gas allowed to accumulate. 

II. 0 . — No adjustment. Chemical saturation cun’ent increased slowly from 310/min. 
to 508/min., photo-electric 60/min., all with 0-01 mfd. Pump stopped and gas 
accumulating. One drop pet minute. 

III. — No adjustment. Chemical saturation current increased slowly from 10/min. 
to 15 /min., and then towards the end rose rapidly to 300/min. ; photo-electric 
12/min. ; all with 0-01 mfd. In this series the chlorine was kept immersed in 
liquid air and the pumps running continuously. One drop per minute. 

IV. 0 . — N o adjustment. Chemical saturation current increased slowly from 250/min. 
with 0-02 mfd. to 500 per minute with 0*04 mfd., photo-electric 18/min. with 
0*02 mfd. Pump shut off and gas accumulating. One drop in 110 seconds. 

V. ©. — Chlorine generator shut off from apparatus and effects presumably due to 

chlorine adsorbed in the apparatus. Chemical saturation current fell slowly, 
the measured limits being 135/min. and 97/min. with 0 •000121 mfd., but this 
differencic is partly exaggerated by errors of measurement. Photo-electric 
370/min. with 0*000121 mfd. Pump shut off and products accumylating. Six' 
drops per minute. 

VI. •. — Chlorine generator shut off and other arrangements as in V. ©. Chemical 
saturation current rose slowly from 209/min. to 268/inin. with 0 •000121 mfd. 
Photo-electric (4355) saturation current 1300 /min. with 0 *000121 mfd. One drop 
in 110 seconds. 
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These datX show that the experimental <iondition8 under wliich chlorine l)us been 
tested cover a wide range as in the case of COClj. Thus the cihemical saturation current 
is varied between the limits 500/rain, with 0-04 mfd.. equal to 5*0 X 10'"’ amperes, 
and about 3 *6 x 10“’® amperes. The photo-electric; saturation current varies between 
about 3 X 10“” amperes and 10“’® amperes. The chemical emission increases and 
decreases with time in the different series ; sometimes it is almost constant, at others 
it is changing rapidly. The pressure of gas in the apparatus ranges from 0 -002 mm. 
to 0‘100 mm. The chemical effect is nearly 60 tinces the photo-electric in one series, 
whereas it is only about one-sixth of the photo-electric in another, and this ratio has 
intermediate values in other cases. In five of the series the gaseous ju’oducts of the* 
reactions occurring were allowed to accumulate, whereas in otu; of them the jnimps 
were run continuously. 'I’lie rate at which the drops fell was varied bet ween 1 in 10 
seconds and 1 in 110 seconds. 

In spite of this wide variation in the conditions, all the points fall on the siTiooth 
curve in fig. 7 to tlie degree of accuracy which it seems reasonable to expect. An excc})- 
tion is perhaps furnished by the 3 points x of series 1. at 2 'r), — 3 and — 4 volts. 



It IS unlikely that chance errors, which would have to be rather large in any event, 
would make these three points, which were determined in 8uc(«88ion at the beginning 
of the series, lie so persistently to the right of the graph required by the rest. It seems 
likely that we have here another example of a change in the contact potential taking 
place during the actual course of the experiments, as in the case of series VI. with COClj. 
Some of the points in 1. x , II. O , and VI. • might seem ty suggest a slower voltage 
approach to saturation than the normal, and it was thought that this effect might be 
VOL. CCXXII. — A. D 
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attributable to the rather liigh gas pressures which developed in these' experiments. 
The fact that III. in which the pressure was kept down to 0 '002 by operating the 
-pumps continuously, does not show this tendency, woiild seem rather to support such 
a contention. An examination in detail of the data, however, is against it. For example, 
in I. X and VI. • the currents at the high voltages were measured at the lower pressures 
and in 11. © conversely. On the whole it seems likely that any such appearance is 
illusory and, except in the (lase of I. x , where a displacement caused by change in 
contact potential during the series seems probable, due to chance errors. 

It appears, then, that fig. 7 determines the shape of the chlorine characteristics. No 
determination of the contact potential with chlorine present has yet been made, so that 
the true zero on the volt scale in fig. 7 cannot yet be assigned with certainty. All that 
can be said at present is that an examination of the relative positions of the chemical 
and of the photo-electric curves which were taken at the same time shows that the true 
zero of fig. 7 lies to the right of — 2 -2 volts. 


§ 4. — Hydrochloric Acid. 

The effects given by this gas are of a much smaller magnitude than those given by 
carbonyl chloride and by chlorine. It was impossible to make accurate measurements 
of them with the apparatus used with the latter gases, and such fragmentary data as 
were obtained only enable qualitative statements to be made. The characteristics 
appear to be similar generally to those given by the other gases, and to drop from satura- 
tion to zero current within a range comparable with one volt. 


§ 5 . — The Characteristic Curves for Waler. 

These experiments were made in 1915 with an apparatus which differed in some details 
from that shown in fig. 1 and used in the experiments described up to this point. Instead 
of the glass tube ABC of fig. 1 , the alloy was fed into the testing vessel through a copper 
tube fitted with a tapered silver nozzle. This had a fine hole bored vertically down 
the centre and was screwed on to the copper tube. The other electrode was 7-5 cm. 
in diameter. The alloy used was also different, having the composition NaK instead 
of NaKj. The electrometer sensitiveness was 640 divisions per volt and the capacity of 
the electrometer and connections 0*00032 mfd. There is an element of doubt about 
the correctness of the voltmeter set up which was used in some of these early experi- 
ments, and I am only prepared to state the applied potential differences as relatively 
correct. The units are probably volts, but they may be as small as 0*6 volt. The 
data for the series of observations which were completed are given in fig. 8, and some 
of the details in Table III. and in the remarks which follow. 
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Tablk 


Number of 
series. 

Mark indicating 
experimental points 
of series on curves. 

Displacement on volt- 
meter scale from 
voltmeter readings to 
scale position in 
fig. 9. 

Date. 

• 

Pag<‘ of notebook. 

I. 

X 

~ M5 

J9J5 

Vol. 1, j). 77 

II. 

o 

0-75 

J9J5 

„ „ p. 74 

III. 

A 

OdK) 

1915 

„ „ p. 68 

IV. 

0 

IdK) 

1915 

„ p. 55 

V. 

© 

1*30 

1915 

p. 54 

. VI. 

■ 

-f 0 05 

(>/8/1915 

.. 2, p. 62 

VII. 

A 

- 1-00 

13/8/1915 

„ p. 58 


(The numbcw I., &c., and marks x , &c., refer to figs. 8 atitl 9 equally.] 


Remarks. 

The gas was not allowed to accumulate, but the pumps were kept running continuously 
in all these experiments. The gas pressure is not ret^orded, but jtrobably it did not 

1 ) 2 
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much e:^.eed 0*002 mm. at any time. In V. ® the water vapour was obtained by 
placing crystals of CaCl^ 6H2O in the generating tube and immersing it in ice. In 
•IV. □ the same crystals were used but the container was immersed in a mixture of 
ice and salt. In all other cases mixtures of sulphuric acid with different suitable propor- 
tions of water were used, and the mixture was kept at the temperature of the room- 
In VJl. A equal parts of the two liquids were taken. The water vapour was given off 
quietly and the liquid did not boil. In I. to V. the drops fell at the rate of about one 
per minute, in VI. at the rate of seven per nxinute. After VI. a large structure with a 
wart-like appearance had grown on the end of the nozzle, and in VII. the globules came 
out of this structure. They were very large and looked dirty when attacked by the 
HgO. In the previous experiments, in which much larger currents were obtained, the 
oxidised layer cither looked quite white or was invisible. It was noticed that the 
oxidised metal showed no appreciable photo-electric effect with the quart-z mercury 
lamp except just when the oxidised skin broke and the bright metal shone through. 
In series I. to V. the electrometer deflections wore reduced by adding suitable capacity 
from an adjustable air condenser. The added capacities are not recorded in these 
cases. In VI. 0 *2 mfd. was added from a standard (sondenser and the maximum satura- 
tion current was about 50 divisions per minute. In VII. the capacity was that of the 
apparatus alone (0 *00032 mfd.) and the saturation current was 60 divisions per minute 
in this case also. VI. and Vll. probably correspond respectively to the largest and 
smallest effects dealt with. 

In fig. 8 the individual data I. to VII. are plotted as they were experimentally deter- 
mined. The points for I. x and V. ® fall so close together that they appear to fall 
on a single curve. The same applies also to each of the pairs IV. □, VII. A and III. 

VI. Thus the seven sets of data appear to fall on four distinct curves. However, 
these cutves are all nearly parallel to one another, just as was the case with the curves 
for COCl* and Clg. They have therefore been subjected to the same treatment, namely, 
given the arbitrary displaciements which are recorded in Table III. parallel to the volt 
axis. The result is shown in fig. 9. It will be seen that, with the exception of the points 
marked a, h and c, all the points then lie on a single smooth curve to within the degree 
required by the probable experimental errors. Of the excepted points, h is doubtful 
owing to a rapid variation of emission with time when it was taken, and a and c should 
not, except for the sake of having a complete record of the observations, have been 
included in the diagram, as they are determined by minute deflections comparable in 
magnitude with the variations in the natural leak of the electrometer system in this 
particular experiment. * 

Fig. 9 shows that the form of the characteristic curve for HjO is of the same general 
nature as those for Clj and COCI2. No determinations of the contact potential K with 
water present have been made, so that the position of the true zero of potential difference 
on fig. 9 is uncertain. 
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§ 6 . — Locution of Zero on the Volt Scale for C(K\. 

A knowledge merely of the shapes of the characteristic curves does not enable us 
to say much very positively about the kinetic energy of the liberated electrons, owing 
to the uncertain and changeable contact j)otential differeiuie. In fact, it is necessary 
to find the position on the volt scale which corresponds to zero ele(^tric field between 
the electrodes, either by a determination of the contact potential dift'erem^e for some 
particular case or by something which is eq^uivalent to this. In principle the position 
of the zero on the volt axis can be found from a study of photo-electric; data. Experi- 
ments by the writer and Prof. K. T. Compton,* in which a structure similar to that used 
in the preceding experiments was employed, namely, a small photo-ele(;tric source at 
the centre of a large spherical electrode, have shown that the photo-electric characteristic 
curves have the form shown in fig. 10. They consist of a flat part. AB joined to a sloping 
part such as AC or AD, whose slope diminishes with diminishing wave-length of the 
monochromatic exciting light. The sloping portions all converge t(» a common point A 
of the saturation part of the characteristic independently of the wave-length used. 
A is the position of the true zero of potential difference, and, in fact, these small currents 
are completely saturated in any accelerating electric field, however small. Thus one 
method of locating the zero would be to find the convergence point A to the saturation 
value of different monochromatic characteristics such as CA, DA. This would, of 


• ‘ Phil. Mag.,’ vol. 24, p. 675 (1912). 
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course, have to be done simult-aneously with the measurements of the chemical emission, 
and an examination of the preceding data will show that it is .hopeless to attempt to 
determine this point accurately under these conditions. For it is just as the currents 
apprpiK-h the maximum value that the absolute errors become largest and the exact 



location of the points becomes most difficult. This difficulty can be avoided if we can 
make an auxiliary determination of !/„ the threshold frequency of the light which is 
just high enough to excite any photo-electric emission at all. For if D is the point 
where the foot of a characteristic such as DA for some particular frequency v cuts the 
volt axis ‘and 1)E is denoted by V, then 


cV — h{v — r#) 

where e is the charge on an ion, h is Planck’s constant and e and V are in the same 
absolute units. By using very large photo-electric currents, points such as D can be 
determined with great accuracy and comparative ease, whereas increasing the magnitude 
of the emission does not diminish the inaccuracies to which determinations of points 
like A are liable. 

Data to which this second method can be applied were obtained in connection with 
the Series 1. x COCI 2 of 3/8/1916 (p. 12). Observations at the end of this series showed 
that with the blue filter the photo-electric saturation current was 248 divisions per 
minute, and that with the green filter it was only 0 *6 div./min. At the same time the 
chemical saturation current was 4*0 divs./min., a capacity of 0*01 mfd. being included 
in each of these measurements. The pressure of the reaction products had risen to 
0 ‘016 nun. at this stage. The fact that the blue light of wave-length 4347-4358 and 
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frequency 6 ^9 X 10*^ gave a large deflection shows that this frequency was considerably 
higher than the threshold value. If the small value of the current with \*5460, fre- 
quency 6 *49 X 10^* could be relied on as genuine, it would establish i/„ as very close ty 
X 6460 and just on the low-frequency side of it. On the other hand, if this small deflec- 
tion is spurious or due to a trace of light of higher frequenc-y mixed with the X 5460, 

the threshold value must be well on the low-frequency side of x 4350 on account of the 
large deflection given by x 4360. This experiment, shows that. was somewhere 
between 5*49 X 10** and 6*89 X 10** at this stage. A plot of the photo-electric data 
got during series T. x shows that the photo-electric current w^ith X 4350 met the voltage 
axis at ~ 0 -20 volt. This was immediately below the 
point at which the chemical current attained 0 -50 of its 
saturation value. Taking the frequency as 6 -89 X 1 O'* 
for X 4350 and 5 "49 X 1 0** for X 5460, the value of, 

(i' — i/o) h je is 0 *58 volt for v,, = 5 -49 X 10** and zero for 
Vo — 6 -89 X 10**. Thus the true zero must lie bet ween 
a point which is coincident with the — 0 -20 volt on the 
voltage scale and with the 50 per cent, point on tlu* 
chemical characteristic and a point wliicli is 0 -58 volt, 
negative to these points. At this period the contact 
potential difference between the two electrodes then 
was between 0 -2 volt and 0 -78 volt, and the true zero 
between the points where the chemical current had 
attained between 0 -50 and 0 '86 of its saturation value. 

Comparing with the composite curve in fig. 4, this makes 
the true zero lie between -t- 0 *12 and -f 0 *70 volt on that 
diagram. It must be definitely to the right of -f 0 ’70 
on account of the large defleiitions given by X 4355, but 
how far to the right these data do not determine. 

The importance of fixing this zero led me to make a 
renewed attack on this part of the problem recently. 

For success in this determination it is necessary to have 
a series of intense sources of monochromatic radiation 
not too far apart on the frequency-scale. It is also 
necessary to carry out the successive measurements with the utmost rapidity. 
By this time the apparatus shown in fig. 1 had come to grief and a new 
testing vessel of simpler construction, shown to scale in fig. 11, was employed. 
Apart from the smaller dimensions, the principal change consists in the substi- 
tution of a cylindrical copper electrode, 2 cm. in diameter, instead of a spherical 
one. The alloy used was NaK 2 and the COClg was the Kahlbaum specimen already 
referred to. The monochromatic sources were the lipes of the mercury arc 
spectrum projected on to the drops by a Hilger glass monochromatic illuminator. 
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Some useful data pertaining to the lines used are collected in ^he following 
Table 


Table IV. — Mercury Sjie^rum {tnsihk'\ 


(V)lour. 

Wave-length between 
(cm. X 10^). 

Frequency (per second). 

Kolative intensity.* 

Yellow 

5*769 and 

n-ii) X H)'^ 

23*6 

Green 

5*790 

5*460 

5-49 X 10'< 

18*7 

Blue 

4*916 

6- 10 X lO'i 

1-0 

Violet 1 

4*347 and 

6-89 X lO''* 

14*7 

Violet 2 

4*358 

1 -046 and 

7-40 X K)>< 

8*2 


4*077 




In addition to the illuminator, I had the use of a large selection of colour filters kindly 
lent by Messrs. Hilger. Unfortunately, those which might have been useful cut down 
the working radiation too much. For monochromatism the dispersion of the illumi- 
nator has therefore alone been relied on. As a matter of fact, the lines were all sharp 
and widely separated, and no trouble has been experienced, owing either to overlapping 
or to stray light of other wave-lengths. The lamp was run at the maximum brightness 
at which it could be depended on to run smoothly and remain constant. To prevent 
trouble due to stray light it was necessary to enclose the lamp in a large tin box, and 
to prevent over-heating a water-cooling system had to be provided. Once the apparatus 
was adjusted the successive lines could be rapidly thrown on the drops simply by 
adjusting the screw setting of the illuminator. In every case the satisfactoriness of the 
mechanical setting was confirmed by visual observation. 

Very steady conditions have been obtained with these arrangements. The data for 
two determinations of the characteristic curves with this apparatus are shown in fig. 12. 
One of these, x , was taken the same day as and immediately preceding the determina- 
tion of the true zero to be described in a moment, and the other, © , as early as possible 
the followng day. The smooth curve is drawn to the first set of points marked x , 
and will be seen to cover them very closely. The first set marked x agree with the 
second, except that (1) they lie about 0*12 volt to the right, indicating a change by 
this amount in the contact potential difference between the two experiments, an^ (2) 
they give higher values for tlie small ciurents at the foot of the curve on the left-hand 

* These energy measurements are taken from a jjaper by E. S. Johansen in ‘ Strahlcntlierapie,’ vol. 6, 
j). 55 (1915), and are for a different design of lamp which ran on 220 volts, taking 2*6 amperes with 128 volts 
between the poles of the arc. The quartz mercury vapour lamp used in these experiments ran on 200 
volts and took 5-0 amperes with 150 volts between the poles. No doubt the relative intensities of the 
lines will vary to some extent with different installations, but for the present purpose it is only necessarj^ 
to know the relative energies approximately, 
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side. These small currents are important, and the collective data bearing on^them will 
be considered later. An examination of the experimental conditions on which the 
results plotted in fig. 12 are based shows that the values deiioted by O are here liabk 
to much more serious errors than those denoted by x , w’hich therefore are alone relied 



on in obtaining this part of the curve. The numbers written alongside the points 
marked O indicate the order in which these points were determined. It should be 
mentioned that point 1 is unreliable owing to a very rapid change in the standard current 
when it was determined. 

The second series of points indicate a small but definite falling off in the sat.uration 
currents with rising potentials. This may be due to some bias of chance errors, but 
it does not seem likely to be, as the data for the first series also support it. There is no 
evidence of such an effect in the COClj data for the spherical electrode plotted in fig. 4, 
but it may be masked by the errors of observation. In fact, the experimental data 
which look most reliable for this part of the curve point to a rising current with rising 
negative voltages in those experiments. On the other hand, although the matter was 
not explicitly tested at the time the experiments were made, the chlorine data which 
form the basis of fig. 7 show, on re-examination, a distinct drooping tendency towards 
higher voltages. The evidence is thus not clear that this tendency is peculiar to the 
cylindrical anode. It may be illusory, but that is unlikely. It may be a general effect 
present with the spherical electrodes, but masked by errors. There are several physical 
effects which the electric field might exert on the drops which might give rise to such 
a phenomenon. 


Vm. fMlVXTI 


A. 


K 




26 


PROF. 0. W. RICHARDSON ON THE EMISSION OF ELECTRONS 


Apart from the hump near — 2 volts, the characteristic in fig. 12 is not very different 
from that in fig. 4. The horizontal stretch from the 60 per cent, point to the 1 per cent, 
point is for fig. 12, x , 1 -40 volts, as compared with the value 1 *20 volts of the stretch 
fronn the 50 per cent, to the 1 per cent, point for the curve in fig. 4. On the other hand, 
the stretch from the 90 per cent, to the 50 per cent, point in fig. 12 is only 0 ’46 volt, 
whereas it is 0 *65 volt in fig. 4. The total stretch from the 90 per cent, to the 1 per cent, 
point is practically the same in both cases, the difference between the two curves being 
that fig. 12 is relatively steeper near the top. The data in fig. 12 are only relied on to 
give the shape of the characteristic. It is not supposed that the relative currents and 
voltages had these values when the photo-electric data were being determined. The 
instantaneous values of the relative chemical currents were determined at the same 
time as the photo-electric data. 

In taking the data in fig. 12 the pressure in each series was less than 0 -001 mm. at 
the beginning and equal to 0*004 mm. at the end. 

The determination of the threshold frequency »/„ was carried out immediately after 
the series x of fig. 12 was completed, the pressure in the apparatus being 0 *0045 mm. 
The measurements are shown in the following table, — 3 being used for the saturation 
voltage : — 

Table V. 


Nat/urc of light 
used. 

Electrometer de- 
flection in scale 
divisions per minute. 

Additional capacity 
microfarads. 

Deflection due to 
light. 

Deflection per unit 
light energy. 

No light. 

47 

0-01 



X :i055 

162 

0*01 

116 

1116 

No light. 

45 

0-01 



A 4355 

160 

0*0] 

117-5 

8*00 

No light. 

40 

0*01 



A 4916 

39 

0*01 

0-5 

0*5 

No light. 

37 

0*01 



. A 5460 

35 

0*01 

-0*5 

- 0*027 

No light. 

34 

0*01 




The deflections in the second column when no light was used are due to the chemical 
effect which was falling slowly and steadily during these experiments. The. values in 
the fourth column are got by subtracting the instantaneous chemical effect (got by taking 
the means of the preceding and following measurements) from the combined effect due 
to light and chemical action when the light is on the drop. The values in the last column 
are got by dividing those in the fourth column by the relevant energy data given in 
Table IV. 

The deflections per unit-light energy are plotted against the frequency of the exciting 
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light in fig. iS. According to measurements of the writer and K. T. Compton,* curves 
plotted from such data intersect the frequency axis at the threshold frequency vo. If 
we assume the half-millimeter deflection with X 4916 to mean something, this fixes tho 
position of vo at the point A or 6*02 X 10“. On the other hand, if the readiqg at 
X 4916 is disregarded, it follows from a consideration of the X 4055 and X 4355 points 



alone that the intersection cannot lie to the right of the point B or 6 -25 X 10'^, which 
is the point where a straight line through these two points meets the axis. Thus this 
experiment establishes the value of »/„ as lying between the limits 6 '02 X 10*^ and 
6 *26 X 10*^. It is unfortunate that the line X 4916 is so weak, otherwise these limits 
could be narrowed very considerably. 

Immediately after determining >/„ the measurements for determining the intersection 
of the photo-electric characteristic for the line violet 2 (X 4046 to 4077) with the voltage 
axis were taken. The pressure was still 0*0045 mm. The photo-electric currents, in 
scale divisions in 60 seconds with 0*01 mfd. additional capacity connected .with the 
electrometer, were as shown in the following table in the order in which the points 
were taken : — 

Table VI. 


Volts . . . 

-3 

-1-8 

- 1*0 

- 1-2 

- M 


Current . . . 

112 

101 

0-5 

12 

3 



These data are plotted in fig. 14, from which it will be seen that the photo-electric 
characteristic for frequency 7 *40 X 10“ cuts the voltage axis at — 1 *07 volts. Thus 
the true zero on the volt scale at this time was — (1 *07 — hje {v — t-o)). where 
„ = 7 -40 X 10“ and hje, = 4 *124 X 10““ is expressed in appropriate units to give 
volts. Now hje (k — vo) is equal to *569 or *474 volt, according to which of the 
limiting values of »>o determined above we take. Adding 1 -07 to these, it follows that 

* ‘ PhU. Mag..’ vol. 26. p. 662 (1913). 

E 2 
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we have ascertained the position of the true zero at that time as lyin^ between the 
limits — I *544 and — I ’639 volts. 



The next point is to ascertain what was the position at that time of the chemical 
characteristic curve in relation to the volt scale used. Relevant chemical data were 
taken at the same time as the photo-electric data given in Table VI. An examination 
of these data shows that with — 1 -00 volts the chemical current was then 34 per cent, 
of its saturation value at — 3 volts. It follows that for any COCI 2 characteristic curve 
for this apparatus the true zero will lie between the limits of 0 -54 and 0 *64 volts to 
the right 'of that voltage for which the current is equal to 34 per cent, of the saturation 
value. Applying this to the curve, points thus : — x , in fig. 12, the two limiting values 
are given by the two broken vertical lines at — 1 *78 and — 1 *88 volts respectively. 
The inclined broken line represents the tangent to the characteristic at the point of 
inflection. It will be seen to intersect the horizontal line through the unit 3-volt satura- 
tion current value at the same point as the vertical line through the right-hand zero 
limit, to the accuracy within which the lines can be drawn. Thus the true zero lies 
between the intersection of the tangent at the point of inflection and the horizontal 
saturation current line and a point one-tenth of a volt to the left of this intersection, 
These results support the conclusions already drawn from less complete data in the 
experiments with the spherical anode. In that case the true zero was only located 
to within 0 '68 volt, but it was definitely placed to the left of the corresponding inter- 
section. It therefore seems reasonable to assume that either with spherical or cylin- 
drical anodes the true zero in this potential scale lies a fraction of a volt to the left of 
the point of intersection of the tangent at the point of inflection with the horizontal 
saturation line. Considering the nature of the experiments, the location of this zero 
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to a higher decree of accuracy than one-tenth of a volt would obviously be a matter of 
some difiS-culty. 

The data now under consideration clearly determine the contact differences of poten- 
tial ruling between the electrode surfaces during the experiments. If v is the velocity 
with which the electrons reach the receiving surfac'e, V the retarding potential recorded 
by the voltmeter, K the contact potential, then for illumination by light of frequency 
V of a source whose threshold frequency is p^, in general, 

= h {v - — c (V + K). 

At the intersection of a curve such as -that in fig. 14 with the volt axis, V is just suffi- 
ciently great to reduce v to zero. Oalling this value of V, V„, clearly 

K = hje {P - - V.,. 

For the experiment to wliich fig. 14 refers, = — 1 ’07, p = 1 "40 x 10‘\ and Po is 
between 6*02 x 10" and (> -25 X 10". (Consequently the contact potential K was 
between the two limits 1 -544 and 1 ‘(iSO volts. .For the slightly different conditions 
ruling when the curves in fig. 12 were taken, the limits for the contact jtotential would 
be: — For the full cuive with points thus, O, 1 -02 and 1 '72 volts; for tlie series with 
points thus, x , 1 *78 and 1 *88 volts. 


§ 7. — T?ie Apjyroach to the Voltage Axis. 

It is well known that photo-electric characteristic curves for monochromatic illu- 
mination approach the voltage axis at finite angles, indicating a finite limit to the 
maximum kinetic energy, whereas the characteristic curves for thermionic .electron 
currents api)roach this axis asymptotically. An examination of figs. 4, 6, 7 and 12 
suggests that in this respect the (diemical electron curves differentiate themselves from 
the photo-electric and resemble the thermioni<' ones. The point is an important one 
for the interpretation of the results. It is, perhaps, not so easy to be sure about it as 
might appear from an inspection of the diagrams, inasmuch as in many cases this part 
of the curves depends on the measurement of small deflections liable to considerable 
errors. Probably the best way of testing this question is by photo-electric and chemical 
curves taken simultaneously, since any errors will then be liable to affect both curves 
in a similar manner. Fig. 15 shows the results of such an experiment with chlorine 
using the spherical electrode. The points marked x represent the relative chemical 
currents, and those marked O the relative photo-electric currents taken simultaneously. 
The values are relative to the — 3 volt values, and the currents were not saturated at 
this voltage. Some trouble arose during the measurements on the saturation part of 
the curve, and the value of the saturation current could not be got accurately, so that 
the vertical scale may be a little different from that of most of the other figures in this 
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paper. This experiment leaves little doubt as to the reality of the graUual approach 
to the voltage axis in the case of the chemical effect. It is the more convincing because, 
during the determination of the two points at 0 and — 0-5 volts, the standard current 



at — 3 volts was increased to about 450 divisions per two minutes (cap. 0 ’01 mfd.) ; 
whereas, during the determination of the rest of tlie points in fig. 15, the standard 
current varied between 20 and 30 divisions per two minutes, with the same capacity. 
Notwithstanding this very great change in the absolute value of the standard current, 
the two end points are seen to fall on the same curve as the rest. The actual numerical 
values may be of interest and are given in the next table : — 

Table VII. — Chlorine. 


Applied volts (voltmeter 
readings) 

2-5 

2-0 

1-6 

1'3 

1-0 

0*8 

0*6 

0 

Chemical effect currents 
(scale divH. per 2 mins.) 

18 . 

11 

6 

3 

2 

1 

8 

2 

Relative chemical currents 

0-78 

0-43 

0-24 

0*n6 

0‘068 

0-05 

0-025 

0|004 

Relative photo-electric 
currents 


0-51 

016 

0-CK) 

O'OO 

0-00 

0-00 

0-00 


The sensitiveness of the electrometer was 670 divisions |)er volt, the added capacity 
0 -01 mfd., making the total capacity equal to 0 ’01012 iafd. ; the pressure was 0 -002 nom. 
throughout and the pump running continuously in this experiment. 
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Fig. 16 8ho\^ some similar data for COClg, except that the photo-electric and^chemical 
curves were not taken simultaneously. The photo-electric curves, with the mercury 
lines X 4046 to \ 4077, were taken the day before the chemical data, and no doubt 
there was some alteration in the contact potential between the electrodes in the interval 
between the experiments. The chemical data shown by crosses are a replot of those 
similarly indicated in fig. 12. The photo-electric data, shown thus ©, are actual 
currents in scale divisions per minute. Avith a capacity of 0 *01053 mfd. and an electro- 
meter sensitiveness of 1100 divisions per volt. The saturation current was 130 in the 
same units in these photo-electric experiments. These <urve8 again show quite clearly 
the reality of the small currents with relatively large opposing voltages for the chemical 
emission. The actual data for fig. 10 are shown on the next page. 

The second, third and fourth rows in this table and the last but one refer to the chemical 
emission, the fifth, sixth and seventh and the last to the photo-electric. The (iorrectione 
for the electrometer drift in the fourth and seventh rows have been reduced respectively 



to the same units as the corresponding deflections in the second and fifth. Assuming 
that the determinations are liable to errors of the same magnitude as this drift, an 
assumption which is certainly conservative, the small (diemical current at -f 0*12 volt 
should be reliable to within 30 per cent, and the errors in the others are (comparatively 
trifling. The same test applied to the photo-electric data shows that the value at — ] *0 
should be correct to 16 per (cent., the value at — 0 *4 meaningless and the others reliable. 
With regard to the small electrometer deflections re(!orded in some of these experiments, 
it should be pointed out that these can be measured with considerable confidence when 
the large capacities employed are added to the instniment. The pressure during these 
chemical measurements varied between the limits of 0 *002 and 0 *004 mm., and during 
the photo-electric between 0 *0016 and 0 *0026 mm. 
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UNDER THE INFLUENCE OF CHEMICAL ACTION. 


On referrirfg to fig. 12 it may be noticed that the values taken the following day and 
shown thus © on that diagram, are not in good agreement with the crosses on this 
part of the curve. However, they are nothing like so reliable. The reading at + 0-12 
volt is only 15 per cent, of the electrometer drift ; that at — 0 -Di. 37 per cent. ; that at 

— 0 *42, 80 per cent. ; and it is not until the comparatively large relative current at 

— 1 ’0 volt is reached that the accuracy becomes better than that of the worst point 
shown in fig. 16. 


§ 8. — The Effect of the. Different Gasefi on the Photo-electric Threshold Frequency. 

In the one case for which this frequency has been closely estimated (COCl^) we have 
seen that it was very near to X 4900 (6 •(»2 x 10” < i-,, < 6-25 x 10”). This is 
not to be regarded as a reliable constant, but one which varies with apparently trifling 
changes in the conditions. Thus in one ('OC'l.^ experiment, no photo-electric current 
could be got with the full light of the mercury lamp through the blue filter (mostly 
X 4355). The chemical effect was working quite well and there was nothing (»therwise 
to differentiate this experiment from others which gave quite large photo-electric currents 
with X 4355. With this exception, so far as 1 can recollect or tell from the record, 
measurable photo-electric currents were always obtainable with X 4365 both in (JOCl*, 
chlorine and water vapour. With COCl* it is probable that the threshold frequency was 
always higher than that of the green line X 5460 (frequency 5 *49 x 10”). At any rate, 
tests made from time to time with the green filter never gave any deflections wliich 
could be relied on to mean anything. As regards chlorine, all that caji be said is that 
the threshold frequency was less than that of x 4355 (6 -89 x 10”) in all the experiments 
here referred to. In some of the tests with water vapour present it was found that, 
not only X 4355, but also the green line X 5460 and the yellow line X 5769*— X 5790 
gave photo-electric currents. The same was true of the light from a photographic 
dark-room lamp, and photo-electric currents were also obtained with the radiation from 
an incandescent lamp filtered through a solution of iodine in carbon disulphide of such 
strength as to make the lamp quite invisible through it. Evidently when water vapour 
is present the threshold frequency can lie in the infra-red part of the spectrum. 

§ 9. — Analysis of the Curves. 

the obvious way of attacking the problem of the distribution of kinetic energy among 
the emitted electrons is to take the curves, such as figs. 4, 7 and 12, and find the incre- 
ments in current corresponding to equally spaced intervals rfV along the voltage axis. 
These will be proportional to the number of electrons whose energies lie between cV 
and c (V if dY). This method will certainly give (jorrectly, to the degree t)f accuracy 
within which it can be operated and to the accuracy within whi(;h V is known, the 
distribution of velocity among the electrons as they in fact reach the receiving electrode. 
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It is not 80 reliable a guide to the distribution among the electrons as efnitte^ at the 
source, on account of the difficiilty in estimating the effects of the factors enumerated 
on p. 11 ante, which tend to prevent the attainment of saturation at zero field, in modi- 
fying that distribution before the electrons reach the receiving electrode. The picture 
may also be distorted owing to the inexact location of the true zero of potential differ- 
ence. A study of similar phenomena, as displayed by thermionic-ally emitted electrons, 
supplies a useful guide towards the interpretation of the present chemical data. In the 
thermionic case it is found that such factors exert their major effec;! in distorting the 
original distribution in the neighbourhood of zero field, and the shapes of the curves in 
the larger retarding fields are little affe(d,ed. Thus this method of analysis leads to 
much more reliable results for the faster than for the slower electrons. 

Such an analysis, when applied to fig. 4, is showti in fig. 17, curve I. ; when applied 
to fig. 7, in fig. 17, curve II., and when applied to fig. 12, in fig. 18. In each case an 




assumed zero has been taken which may be considerably wrong in the two curves in 
fig. 17, but which cannot be out by more than O'lO volt in fig. 18, if, as 1 believe, the 
experimental determinations are reliable. Curves I. and II. of fig. 17 are seen to be 
very much alike and considerably different from fig. 18. The data in fig. 18 which are 
here referred to are the experimental points marked thus ©. The meaning of the 
crosses and the full curve on this diagram will be explained below. However, all three 
have certain important points in common. They show a distribution, such that for 
low energies the number within a given range dE = etZV varies only slowly with £ 
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(or V), whereas for high energies, i.e., further to the right on each diagram, .,it falls off 
very rapidly. Moreover, the shape of the rapidly falling part of the curve is much the 
same in each case, and in fact on this part of the curves the ordinates are very nearl/ 
proportional to where a is a constant for any one curve. This can be seen if 
the logarithms of the ordinates are plotted against V when the points fall very nearly 
on a straight line. On the other hand, the slowly varying part of the curve shows 
distinct indications of possessing a maximum in fig. 18, whereas in curves I. and II. 
it falls away continuously from the initial value. This disagreement at low energies 
suggests trouble from the factors referred to above and points to the desirability of 
keeping for the present to the high energy part of the curve in trying to find an inter- 
pretation of the results. The outstanding feature of this part, of the curve is the fact 
that it falls away very approximately in proportion to the factor which at once 
suggests a Maxwell distribution of energy among the electrons, smce this distribution 
is dominated by a factor of this form. 1 have therefore calculated the currents which 
would be obtained on the assumption that the energy of the electrons is a Maxwell 
distribution pertaining to some, as yet undetermined, temperature T, and compared 
the results of the calculations with the experimental data. 

For a small source surrounded by a large electrode the direction of motion is imma- 
terial, and it is only the magnitude of the total kinetic energy which determines whether 
the emitted electrons will reach the receiving electrode against a given retarding poten- 
tial difference. If the distribution is Maxwellian, the proportion with energies between 
u and V + du is equal to 


where A is an undetermined constant and k is Boltzmann’s constant. They i^ach the 
surrounding electrode if u ^ eV. Hence the current against an opposing potential 
difference V is 


i 


A 



u 

udue^^'^' = A 



e 


a 

kT 




' ki' 


if io is the value of i when V == 0, i.e., the value of the saturation current. If the currents 
are expressed as fractions of the saturation value, the proportion of the maximum current, 
or, what is equal to this, the proportion of the emitted electrons, having energies between 
the limits eY and e (V -f dV), is given by 




YdYe-'A 


The following table of values of these various quantities calculated, to the accuracy 
of the slide rule, for T = 1600°K, taking e = 4*8 X 10"‘* and A: = 1 *346 X 10-“ will 

F 2 
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be found piseful. These values happened to be computed for T = 1600 m connection 
with another matter. However, since all the functions are homogeneous in V/T, they 
'can at once be applied to any other temperature by simply multiplying all the voltages 

by T^/1500. Of course, in dealing with the values of d (t-') the appropriate value of the 


factor has to be used. This can readily be ascertained for any values of T and dV 
fi'om the numbers in the second column of the table. 

Table IX. 


1 , «V\ _£V 

1+^ e 


eV _5V 

— e JbT. 

kT 



0-0926 


0-0418 


0-0189 


0 -( K )855 


0-00386 


0-00175 


0-000787 


0-000355 


0-000160 


0-0000730 


0-0000331 


0-0000148 


0-0000068 


0-0940 


0-0493 


0-0253 


0-0129 


0-00642 


0-00318 


0-00156 


0-000768 


0-000374 


0-000179 


0-000088 


0-0751 


0-0408 

0-0214 


0-0111 


0-00563 


0-00282 


0*00140 


0-00070 


0-00034 . 


A set of values of is plotted, on an arbitrary scale, in curve III., fig. 17. 

The right-hand part of this shows a close resemblance with the rapidly dropping parts- 
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on the right-hand sides of curves I. and II., but the low-voltage parts of the curves 
are quite different. Apart from the difference in shape, the low-voltage parts of I. and 
II. are much broader than in the case of III. relative to the rest of the figure. How- 
ever, the breadth here is determined entirely by the assumed position of the zero. In 
curve II. this is at 1 volt in fig. 17 and corresponds to the zero in fig. 4. This zero has, 
however, been shown to be at least 0*12 volt outside the possible limits for the true 
zero as determined by the photo-electric data, and it may quite well be out by as much 
as half a volt. In that case curve I. would have to come up from the volt axis at about 
1 *6 volts instead of at 1 volt, which would have made the curve show a much stronger 
resemblance to curve III. The position of the true zero for the chlorine data plotted 
in curve II. is still more doubtful. These curves illustrate well the difficulties involved 
in the analysis of the energy distribution unless the position of the zero is correctly 
known. 

In fig. 18, which refers to the data for COCl* with the cylindrical electrode, the position 
of the actual zero is known to within 0 *10 volt, and it is obvious that these experimental 
points (marked thus O ) show a much closer resemblance to the requirements of the 
Maxwell distribution. The crosses in this figure do, in fact, represent a Maxwell dis- 
tribution for the temperature T — .SGOO^K , and the same range rfV = 0 -20 volt as the 
experimental points deduced from fig. 12, and the full curve is drawn to meet the theo- 
retical points. It will be seen that the points given by the experiments are very close 
to the theoretical curve, and, in fact, the agreement is as close as could be expected^ 
except in the immediate neighbourhood of the maximum. As has been explained 
already, there are disturbing causes which are likely to produce deviations in this region, 
and these deviations should be in the direction indicated by the discrepancy shown 
by the diagram. It should be pointed out that the only quantity which can be arbi- 
trarily varied in fitting the theoretical curve to the experimental points is thvs single 
parameter T. The only other variable entering is the stretch dV, which is abeady 
fixed by the way in which the experimental points are reduced from the observational 
data. Given T and dV, the value of the ordinate for any particular value of V is deter- 
mined absolutely. 

I believe that the data exhibited in fig. 18 furnish strong evidence that the distribu- 
tion of energy among the chemically emitted electrons is of a very simple character 
and is identical with that wliich would be possessed by the molecules of a gas at a certain 
defii]^te temperature. The fraction where kinetic energy lies between u and u + du 
appears, in fact, to be given by 

— — f-~'k 
n kT ^;T 

For COCl* acting on NaEig the value of T. appears to be close to 3600° K. The evidence 
would, of course, be stronger if it were unequivocally supported by the analysis of 
figs. 4 and 7. It may be that too much emphasis is being laid on the uncertain data 
and the disturbing causes which affect curves I. and II. of fig. 17. It may be that 
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there is something real in the extra width of the low-voltage parts of the curves. Some- 
thing of this kind might arise on the not improbable contingency that, in reality, more 
I than one temperature T is involved. It is impossible to give a definite answer to such 
questions until more experimental evidence is forthcoming, but another basis of judg- 
ment on the data now available may be got by treating them a little differently. 

Instead of dealing with the proportion of electrons whose energies lie between eV 
and e(V dV), I shall now calculate the fraction of the saturation current which will 
be able to flow against an opposing potential V on the assumption that the initial velocity 
distribution is a Maxwell distribution for some temperature T, and compare the result 
with the experimental characteristic curves. The values of such currents for T = 1600 


are the values of 



_fV 

c in the fourth column of Table IX. for the voltages in 


the same row given by the first column. For any other value T^ of T the corresponding 

T^ 

voltages are obtained by multiplying the values in the first column by the ratio . 


In determining the appropriate value of T the values of ilia have been made to fit the 
experimental characteristics at 0'314 and at 0-0493. Unless the position of the zero 
on the voltage scale is known, it is necessary to fix two points in this way in order to 
determine the scale of T. Once this is done, all the other points are given by the corre- 
sponding numbers in the fourth and first columns of Table IX,, subject to the transforma- 
tion of the voltages in the first column in the ratio of the temperatures. Incidentally 
it may be remarked that this process, subject to the correctness of the hypothesis, gives 
the true zero as the point at which the value of ijio becomes unity. This affords a 
further check on the interpretation of the data. The results of this treatment are shown 
in figs. 19, 20 and 21, which will now be considered in turn. 
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The full cur^e in fig. 19 is a replica of fig. 12, and the crosses denote the^ series of 
experimental points on which it is based. The auxiliary series of points in fig. 12 have 
been left out for clearness. The currents calculated as explained are shown by the 
points marked thus •, and when necessary the curve joining them is indicated by a 
broken line. This line, therefore, gives the characteristic as it would be if it were deter- 
mined entirely by the distribution of velocity of the electrons, and if this were a Maxwell 
distribution for the temperature T = 3300°K, which is the vahie given by fitting the 
points referred to above. It will be seen that the theoretical curve agrees with the experi- 
mental characteristic for all retarding voltages exceeding abmit — 0 *20 volts. 'I'here 
is a small deviation in the neighbourhood of zero volts which is the counterpart of the 
discrepancy between the theoretical curve and the experimentally derived points in 
fig. 18 in the same region. This process plac es the true zero voltage at - 1 ‘84 volts in 
figs. 12 and 19 ; the limits assigned by the photo-electric measurements w'ere —1 '78 
and —1 *88 volts, and the value here found lies almost midway between them. 

Fig. 20 deals similarly with the earlier data for ('OClg given by the spherical electrode. 
The full curve is the composite curve of fig. 4 and the points G denote the best single 



set of data on which this curve is based. The crosses denote the calculated values 
on the assumption of Maxwell’s distribution, tlie fit at the two assigned points requiring 
a value of T = 3000 in this case. The broken lines show the theoretical characteristic 
as thus calculated. It will be seen that the agreement with the composite curve is satis- 
factory at the higher retarding voltages (shown on the. left of the diagram), but that 
the deviation in the neighbourhood of zero volts is much more considerable than in 
fig. 19. However, this deviation is greatly minimised if the circular points are considered 
rather than the composite curve, and it may be that the ratlu^r considerable errors in 
the determination of this part of the curve have displaced it undidy to the right-hand 
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side. In any event the deviation is of such character and magnitude that further 
investigation may assign it to causes outside the energy distribution. The true position 
of zero volts given by this calculation is + 0*40 volts on the scale and is well within 
the limits, marked by vertical lines at A and B on the diagram, set by the photo-electric 
observations. 

It will be seen that figs. 18, 19 and 20 lead to three separate estimates of the value 
of T for the case of tKlClg, viz., 3600, 3300 and 3000. Of these the first and second use 
the same experimeiital data but treat them in different ways. The third employs 
different data but treats them in the same way as the second. The mean of these 
determinations is T — 3300°K. It is probable that an agreement to within 10 per cent, 
of the value of T is as much as it is reasonable to expect at the present stage of develop- 
ment of the subject. 

Turning to fig. 21 , the full curve is a copy of the chlorine curve in fig. 7 and the broken 
curve represents the theoretical characteristic assuming a Maxwell distribution, the 



calculated points being shown by the crosses. The value of T for this curve was found 
to be 4350. The general appearance of fig. 21 is the same as that presented by the 
COCI 2 data in fig. 20, and, in general, the same remarks apply to both curves. The 
triangular area (5DE, wliich measures the discrepancy between the calculated curve and 
the experimental characteristic, is somewhat larger in fig. 21 than in fig. 20, but the 
increase is only about in proportion to the greater horizontal extension of the chlorine 
diagram corresponding to the higher value of T. Whatever the difference between 
the full and broken curves is due to, it is probably caused by similar factors operating 
in the case of both gases. The value of the true zero given by the calculated curve in 
fig. 21 is - 3-11 volts, which is well to the right of the left-hand limit —2*17 volts 
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set jyhS)to-electric currents and shown at A. The right-hand limit could not be 

determined at this stage. " 

Another estimate of the value of T for chlorine can be got by assuming that for COClg , 
and comparing the widths of corresponding parts of curves such as I. and II. in fig. 17. 
Keeping to the rapidly falling parts of these curves, which are comparatively free from 
errors due to the uncertain zero and to the disturbing causes in its neighbourhood, I 
find that the width from the 66f per cent, point to the 4 per cent, point, is for chlorine, 

1 *387 volts, and for COClg, 0 *840 volt. Taking the value of T for COCl* to be 3300, 


this would give the value for chlorine as 3300 X 


1 -387 
0 -840 


= 5450. 


This is considerably 


higher than the value got from a study of fig. 21, but it will be remembered that the 
corresponding operation on fig. 20 also gave a low value for COCl*. Under the cin'um- 
stances probably the best estimate that we can make for chlorine is the mean of the 
two values, viz., 4900°K. 

In each case the position of the true zero given by assuming the Maxwell distribution 
falls within the limits set by the direct photo-electric measurements. If we assume 
that the position of this zero is correctly fixed in this way, we can get another check 
on the relative values of T. The displacement in volts from the zero to the place where 
the current is a fixed small fraction of the saturation value, small enough to avoid the 
disturbances in the neighbourhood of zero volts, should be in the proportion of the 
respective values of T. The three sets of data give the following results, using 0 -OS 
as the value of the small fraction : — 


COClg Cylindrical anode- 
zero . . . 

5 pet cent. . 

COClg Spherical anode — 
zero . . . 

5 per cent. . 

Clg Spherical anode — 
zero . . . 

5 per cent. . 


^ Displacement = 1 '32 volts. 


^ Displacement = 1 *20 volts. 


= 3-11 
= 1-36J 


1 Displacement = 1 -76 volts. 


Xhe numbers 1 *32, 1 *20 and 1 *75 are in the proportion 3300, 3000 and 4400, and 
are therefore in agreement with the values already obtained. 


§ 10. — Thermo-chemical Considerations. 

An upper limit to the value of T can be obtained from thermo-chemical data. From 
" Recueil de Constantes Physiques,’ pp. 333 and 339, it appears that the heats of certain 
relevant chemical reactions are as follows : — 
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2K + CI 2 — ^ 2KC1 + 208 -1 X 10® gm. cals. 

2Na + OI 2 — ^ 2NaCl + 197 X 10® gni. cals. 

20 + O 2 2 CI 2 — ^ 2 COCI 2 + 88 *2 X 10® gm. cals. 

20 H (>2 ► 200 + 52 *2 X 10® gm. cals. 

The data are for solid K, Na, KOI and NaCl, for carbon in the form of diamond, and 

for gaseous (-I 2 , 02> C'O and OOOlg, in each case per gramme molecule, with the equations 

as written. It is difficult to conceive of any way in which the average energy of the 
electrons could exceed the equivalent of the heat of formation of two molecules of KOI 
from two molecules of K and one of Clj ; in fact, it is practically certain to be much 
less than this. In general, if H is the heat available in gm. cals, per gramme molecule 
we shall have as a limit for T 



where h is Boltzmann’s constant 1 *346 x lO'^*, J is the mechanical equivalent of 
heat 4 *184 X 10^ and N is the number of mole(;ules per gramme molecmle 6 *2 X 10®®. 
If we put H = 208 -1 X 10® this gives as a limit for T the value 69 -7 X 10®. This is 
about 14 times the value deduced from the experiments. However, sometlung has 
to be subtracted from the value of H for the unknown heat of formation of the liquid 
alloy from the solid constituents, and the assumption that the whole heat of the reaction 
is passed on to one electron is only worthy of consideration for the purpose of fixing a 
limit for T. It is much more likely that the heat available is evenly divided among the 
different atoms taking part, in the reaction. The number of these is doubtful owing to 
the somewhat uncertain degree of association of the reacting atom with its neighbours 
in the alloy. It is also possible that the actual reaction in which an electron is expelled 
is not correctly expressed by the equation of the end products written above, but is 
some intermediate reaction, such as 

K + CI 2 — ^ KCl + Cl 
or 

NaK 2 + OI 2 — > NaK + KCl + Cl, 

or the like. In such a case the value of the heat available may be quite different from that 
given by the end products. It is impossible to make any precise statements where 
the data are so indefinite, but I feel that when all these factors are taken into account 
the value of T given by the experiments on chlorine is a reasonable one. ‘ 

This position is strongly supported when the value given by COCI 2 is compared with 
that given by CI 2 . It is most likely that the mechanism of the reaction is much the 
same in both cases, any difference arising mainly from the fact that the Clg is now 
loaded up with the CO group. This would have two effects. It would reduce the 
total amount of energy available by the difference of the heats of formation of CO and 
COCI 2 , i.e., by 18 X 10® gm. cals, for each gramme molecule of COClg, and it would 
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increase by the number of atoms among which the energj' is divisible. Let us 
consider a supposititious case in order to see what the effect of these differences will be. 
If we assume 6 as a reasonable number of atoms, including electrons as a special kind 
of atom, to be concerned in the reaction which emits an elec^tron in the case of chlorine, 
there will be two more, or eight, in the case of t’OCljj. Six atoms in the case of’ (^Ig 
require a value of H = 88 -4 X 10® to give T = 4900. This value of H is about half 
the total given by the equation of the end products after making a probable allowantre 
for the unknown heat of formation of the liquid alloy, and is thus not unreasonable if 
the reaction in which the electron is emitted is of an intermediate type. The value of 
H for the case of COClg now becomes 88 *4 — 18 — 70 -4, and one-eighth of this is 8 *8, 
which on division by fj ^ gives T ^ 2950, a value quite near to that given by 


the experiments. This argument shows that the values of '1' deduced from the 
experiments are not in conflict with therm o-chemic^al data so far as our knowledge of 
the reactions enables us to apply it. 


In conclusion 1 wish to thank my assistant, Mr. J. W. Burrows, for his invaluable 
help. I also gladly acknowledge my indebtedness to the Government Grant Committee 
of the Royal Society for a grant which has defrayed part of the cost of the apparatus and 
materials used. 
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II. 77ir Problem of InniJe 7'\)ral Dejtth rerealed luj Selsmomeier.s. 

By (iEOK(iK W. Wai.ker, A .R.C.Sc., M.A., F.R.S., formerly Fellow of 

Trinity Colleye, Catnbridye. 


Kecoivod March 2.'), -Head May 12, 1!I21. 

The reaiilts disc-UHatul in this paper wore <)l)tainod about five years ajjo. Except for a 
brief reference in ‘ B.A. Ffe]»orts,' ]i>l7 ( ' Seismoloey ") they liave not beeti published. 
There were two reasons for this delay : (1) additional data wen* (hvsired in a matter of 
somewhat (Titical im])ortan(e in the measmed properties of tlui eartli ; (2) my official 
duties left little spare time for th<* pursuit of a purely scientific branch of seismology 
whicli required a good dc'al of teutativ*! mmu'rical computation. 

At the present/ date it appeals that one must abandon all hojie that additional results 
which were expected from Jfussian ofi.servatories can be obtained. Moreover, it apjxiars 
very doubtful if relevant, data from any of the Allied countries can be expected for some 
years to come. Accordingly, publication of the r(‘sults so far obtained now seems 
desirable, and may serve to show how urgent is the need for the equipimmt of a few 
seismological observat ories cajjable of obtaining the data that are want ed. 

A brief introduction t.o the problem is neiressary, although it covers ground which is 
fairly familiar to those interested in seisniometry. 

If we have complete dat/a giving the brachistochronic time for a seismic ray (say the 
P wave) to travel from a given point on the earth’s surface to any other poini. on the 
surface, it is possible t.o calculate the way in which the speed of propagation of the ray 
varies with the depth. Two methods are open : (1 ) we may use the differential equation 
for the path of the ray, or (2) we may use the integral equation obtained from this. 
Both methods (jorrectly carried out must give the same result, and it is merely a question 
of convenience which one adopts. By using a comparatively rough graphical method 
based on (1), Wieohert and Zoppkitz showed, about 14 years ago, from their accumulated 
data that the speed for the P wave increases from 7-17 km. /sec. at the surface to 12-7 
km. /sec. at a depth of 1500 km., while from 1600 km. to over 3000 km. depth the speed 
inerSases but slightly. No data are available for investigating greater depths. 

More recently Knott (‘ Roy. So(;. Proc.,’ 191 8-1 919) applied the second method to 
the same data as was used by Zoppritz, and his results do not differ materially from tho.se 
of the earlier and rougher method. 

A very important supposition has to be made, however, before either of these methods 
can be applied. That is, that the true focus is either at the surface or so near the surface 
that a small correction can be made for it. If, however, the focus is at a considerable 
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and unknown depth botli methods fail, as is obvious from the consideration tnat, since 
all the fays we can observe must have passed out from the focus, we have no data for 
the com])aratively large range of distance AB on the surface for which brachistochronic 
rays would vwt penetrate as deep as does the observed seismic ray. In fact, another 
unknown element enters into the connexion between the observed time curve and the 
variation of speed with depth. 

A finite depth of focus implies a minimum angle of emergence at some point on the 
earth’s surfacie and a point of inflexion on the time curve, and vice verm. Now, in 
considering ZorrRiTz’s accepted time curve for P, we re(!ognize that up to A ~ 1000 km. 
the curve is jirobably hypothetical, but from 1 000 km. to 1 3,000 km. there is no induration 
of a point of inflexion. It is not until we come to (ronsider CJamtzin's direct measure- 
ments of the angle of emergence that we are confronted with a most marked minimum 
angle of emergence near A — 4000 km., implying a point of inflexif)n on the time curve 
and a very considerable depth of focus. As (Ialitzin's observations form the whole 
basis of this paper, they are reproducred here (althougli published elsewhere), as the 
reader may desire to have them convenient foi- direct referencre. 

T.\imK I. 


Rpicentra) 

flifttancp. 

A in kiloinotros. 

For P. 

, e from tin ip 
curv<‘. 

f poinputpd. 
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f) 

o 
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o 

22 


.^)00 

11 

23 


1,(KK) 

21 

27 

— 

1 

30 

32 

— 

2,(KK) 

37 

37 

— 

2,500 

44 

42 

48 

3,CKK> 

49 

47 

44' 

3,600 

53 

52 

43 

4,000 

57 

54 

42 

4,500 

60 

58 

43 

5,000 

63 

60 

44 

5,500 

65 

62 

46 

(5,000 

65 

62 

48 

0,500 

65 

63 

51 

7,000 

65 

63 

54 

7,500 

66 

63 

58 

8,000 

66 

64 

62 

8,500 

67 

64 

65 

9,000 

67 

65 

67- 1 

9,500 

68 

66 

68 

10, (KX) 

69 

67 

70 

10,500 

70 

67 

71 

11,000 

70 

68 

72 

1 1 ,5(K) 

71 

69 

72 

12,000 

72 

70 

73 

12,5(M) 

73 

71 

73 

13,(K)0 

74 

72 

74 
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The quantity c is called the apparent angle of emergence at the surface, and jfi defined 
by 

tan c = Z/H 

where 


and 


Z is the observed vertical component of displacement 


H is the observed horizontal c.omponent of displacement. 


Thus e is the direct subject of measurement by vertical and horizontal seismometers. 

The angle e is called the true angle of emergence of the brachistcH'hronic ray. It caimot 
be directly measured, but may be calculated from the time curve for P by the formula 


Cf»S c 



where Vj is the speed for longitudinal waves at the surface, and T the time is supposed 
expressed in terms of the e})i(!entral distaix-e .1. 

When the conditions of reflexion are examined it can be shown that for a longitudinal 
ray incident 

COST — {| (1 - sinc)!^ 

where V 2 is the surface speed of transversal waves. 

It is seen from the table that the values of c calculated from Zoppritz’s c;urve do not 
agree with the values of e directly measui'ed at Pulkovo. The discrepancy is so marked 
that we may set aside the supposition that the Pulkovo values are merely instrumental 
errors. In a matter so imj)ort.ant Galitzin would hardly have published them ii he had 
not felt assured that they were substantially cjorrect. There remain two alternatives ; 
(J ) that the ratio 'Vi/Yz for Pulkovo depends on the angle of impingence in such a way as 
to exactly aimul the discrepancy. The probability of sucdi comj)en8ation of actual facts 
to explain a theoretical formula must be regarded as small, and so we are left with 
alternative (2) that within the limits of possible error in the time curve we can modify 
it so as to agree with the direct measures of c. We shall show that this alternative is 
quite possible within quite a large range of d. But we must at once point out the 
somewhat startling csonsequence of accepting the Pulkovo numbers as correct. 

It has been shown that a ray which emerges with a minimum angle must have set out 
from the focus in a direction at right angles to the radius vector from the earth’s centre 
to the focus. Thus for a minimum angle at A — 4000 km. we find that even for a 
uniform earth the depth of focus required is about 0-2 of the earth’s radius, or about 
1250 km. The actual value may be a little less or a little more, according to the way 
in which speed varies with the depth. Anyhow, this is a much larger estimate of depth 
than has formerly been suggested, viz., of order less than 1 00 km. 

H 2 
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A number of novel consequences with regard to reflexion follow if we adm^ such a 
great depth of focus, so that before showing how a time curve (;an be deduced from the 
Pulkovo observed angles c, we may within advantage consider what is to be expected 
in a uniftnm earth, as thereby we shall be in a better position to deal with what nqiy 
be inferred from the ol)served data. 

We shall select for discussion a uniform earth R = 6370 km., depth of focus 0*2 R, 
with V 1 /V 2 having tJie theoretical ratio -s/3, while is taken as 10 km./sec. These 
numbers are taken partly for convenience of calculation and partly to get as near as 
possible to the actual (;ase. 

The times for P and S may la; computed for different epicentral distances from the 
trigonometrical formula for the paths traversed. The results for epicentral distances 
from 0 degree up to 180 degrees are shown in fig. 1. We may note that the j)oint of 
inflexion on the time curve is very ill-defined, and might easily escape detection by 
direct observations of the time. 

The direct measurement of 1-lie a»igle of emergence is, however, fairly precise, and 
from siudi measurements we can, in fact, calculate the time curve more accurately than 
we can determine it by direct observations of the time. 

We may further note that the time increases but felowly for the first 1000 km., and 
since the angle of impingenc.e for this region is not far short of 90 degrees, the true P 
might escape observation by horizontal seismographs, since the ground nmtion is almost 
entirely vertical. 

Passing to waves reflected at the surface, we consider first waves which maintain their 
longitudinal character throughout. We may call them PR . . . PR„ waves. The 
simplest way of computing is to choose the point at which the first reflexion takes place 
and then calculate the epi(;entral distance to the final point of emergence (the station). 
The results are shown iu figs. 2 and 3, where, in order to lead up to the largd depth 
of focus, we have first shown the efl’ect for depth 0-01 R (about 64 km.). We find that 
for this depth we cannot get a reflexion at all until /i is about 23 degrees, and that for 
J > 23 degrees there are two PR waves, the reflexion taking place at two different 
points, and they occur at different times. For depth as small as 0-01 R we see that we 
can proceed to PR„, whei’e n is moderately huge. 

When we pass to a fo(!al depth ()-2 R we find that the smallest epicentral distance for 
which we can get PR. is 1 03 degrees, and beyond this we have two PR’s. But when we 
try t<j calculate the PRa we find that the least epicentral distance is over 180 degrees, and 
so we stop. The corresponding times for PRj are calculated and shown in fig. 1 , and 
^e note that the earlier arrival refers to the PRj which is reflected at the smaller 
distance from the epicentre. Figs. 2 and 3 are equally appli(;able to S waves in which 
the vibration is at right angles to the diametral plane through focus and station. Tlie 
times for the SR waves are shown in fig. J . 

We consider next waves which undergo change from longitudinal to transversal, or 
vice versa, on reflexion. PS or SP, which for a very shallow focus would arrive together 
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on the seismogram, are now totally separate phenomena for a deep focus. Fig. 6 shows 
that PS cannot occur until d is 1 49 degrees, and beyond this there are two PS’s for any 



PR or SR waves, PR,, or Sli,, waves. 


given /I. There is no PS* until d exceeds 180 degrees, and we do not pursue it. The 
times of PS are included in fig. 1. Fig. 4 explains the position as regards SP . . . SP^. 

We cannot get an SP wave at all until d = 11 degrees, and thereafter it may continue 
to be shown up tiO 180 degrees, the point at which reflexion takes place approaching the 
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epicentre as .4 'increases. At /I = 99 degrees a second SP wave makes its appearam^e 
and may continue up to 180 degrees. The times for these are included in fig.^, dotted 
lines showing the limiting waves SP^ . 

From jd ~ 11 degrees up to 1 — 99 degrees the reflexion of S waves with vibration 
in the diametral plane through focus and station is complex, and it is thus natural to 
suppose that this is the region within which the manufacture of Rayleigh waves goes on. 



SP„ waves. ]*S waves. 


,We should infer that these would not appear until .d = 11 degrees, but for greater /J’s 
we should have a continuous succe.ssion of contributions of Rayleigh waves starting 
immediately after S. We need not confuse this with the long-wave phase, which 
appears to be a crustal phenomenon. 

This now completes the effetvts to be expected for the hypothetical case selected. If 
it is desired to look into the question of magnitude of the effects at different points, 
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the investigation might proceed by aid of the tables and diagrams ib ‘ Phil. Trans. 
Roy. Sdc.,’ vol. 218, A, p. 373, etc. We shall only point out that, on account of the 
large angle of impingence in some regions, some of the P effects would only be shown 
on vertical component seismographs. 

The preceding discussion on elementary lines of the effect of finite depth of focus has 
led to inferences which differ in a very marked degree from those wc are accustomed to 
draw from actual seismograms. 

Naturally our results are qualitative in the first instance, and wc must be prepared 
to find quantitative alterations when data for the earth are available. For example, 
we may be prepared to find that the cpicentral distances at which I Ml, SR or PS start are 
less than the values we have c.alculated. In the ca,se t)f SR or PS this may be so (we 
have not yet the required data to decide the matter), but in the ca.se of IMI, (Ialitzin's 
data, which we have taken as our l)asis, .settle this at once. Anticipating the proof 
which will be given later, we find that PR starts at 11,000 km., whiidi is only slightly 
le.ss than the 103 degrees' calculated. This, however, implies that the efi'ects hilherto 
interpreted as PR], PR. 2 , etc., cannot be so described, but in place w(‘ may be able to 
interpret them as SP,, SP;., etc. Their capricious occurrence in practice favours this 
suggestion, and direct test c-an be made by means of the vertical (component 
soismograj)!!. 

There are other po.ssibilities as well as serious difficulties when a deep focus is con- 
sidered, but wc camiot discuss the problem with advantage until we have the requisite 
data. Hence we now proc^eed to show what may be deduced fjoin Galitzin’s data 
themselves and what additional data are wanted before proper tests can be applied. 

Fig. 6 shows in graphical form the Pulkovo observed angle of emcrgeiMie c for various 



epic.entral distances A. No data are given for A < 2500 km., and the dotted part 
from /I ™ 0 to /I ~ 2500 km. is hypothetical. It is certain that e must be 90 degrees 
at J — 0. 
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From the tormulse, p. 3, we have 


dT 

dA 


Vj, ^ = {J(l - sin r)}-*, 


jrn 

so that we can at once calculate V., ^ as a function of J from the numbers in fig. 0. 

■ (t J 



The results are shown graphically in fig. 7. Graphical integration of the curve now 
gives us 

I = p {^(1 _ sinc)}«aM 
• 0 


as a function of A, whence 


T = A + 


Vs 


where A is a constant, 


gives T as a function of A . 

Table II. gives the value of the integral I for different epicentral distances. Since 
ZoPPRiTz’s time curve meets with general acceptance for the purpose of determining 
epicentres, we first seek to see how far we can fit our new tune curve with Zoj'pritz's. 
Taking first Zoppritz’s value for Vg, viz., 4-01 km./sec., we find that the two curves fit 
over the range 6000 km. to 12,000 Ian. with a discrepancy + 1 1 seconds, but the discrepancy 
rises to 100 seconds at 3000 km. Taking a larger Vj one can fit the curves together over 
various ranges. For example, taking Vj = 5'63 km./sec. we get the values shown in 
Table II., where over the range 3600 km. to 8000 km. the discrepancy ranges through 
only ± 6 secs., an error we might quite well admit. But large differences must ari.se 
towards the epicentre, for on the present view A must be a substantial number repre- 
senting the time from focus to epicentre. No special significance is to be attached to 
the above calculation beyond showing that in the middle range of distances we need 
not make Any large departure from Zoppritz’s time curve. 

VOL. ocxxii. — A I 
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Table II. 


A kins. 

€. 

I. 

1/5-63 

secs. 

Z 

8(‘C.S. 

Z - 1/5 -63 

0 

0 

90 

0 

0 

0 

0 

D(tO 

79 

25 

4 

69 

65 

1,(100 

«9 

95 

17 

1.36 

119 

],5(KI 

(11 

203 

36 

199 

163 

2,000 

54 

344 

61 

257 

196 

2,.5(M) 

48 

512 

91 

310 

219 

3.(KK) 

44 

699 

124 

358 

234 

3,600 

43 

894 

159 

402 

243 

4, (MX) 

42 

1,096 

195 

442 

247 

4,500 

43 

1,299 

231 

478 

247 

5,000 

44 

1,497 

266 

612 

246 

5,5(K) 

46 

1,688 

3(X) 

542 

242 

6,0(Kl 

48 

1,871 

332 

I 572 

240 

6,500 

51 

2,044 

363 

601 

238 

7,000 

54 

2,206 

392 

1 631 

239 

7,500 

58 

2,351 

418 

660 

242 

8.000 

62 

2,481 

441 

688 

247 

8,5(K) 

65 

2,696 

461 

716 

256 

9,000 

67 

2,700 

480 

743 

263 

9,600 

68 

2,797 

497 

769 

272 

10,000 

70 

2,888 

613 

795 

282 

10,600 

71 

2,972 

528 

820 

292 

11,000 

72 

3,055 

543 

844 

301 

11,5(X) 

72 

3,133 

556 

867 

311 

12,(K(0 

73 

3,209 

570 

888 

.318 

12,500 

73 

3,283 

583 

909 

326 

]3,(K)0 

74 

3, .355 

596 

! 

929 

333 


We Bow proceed to show how a direct test may be applied to the Pulkovo data, and one 
which will give a determination of A and 

If r is the emergemte angle of a ray, then the Pulkovo data gives us two distances, 
say, Ji and for which e is the same. We hence infer that a PR wave will be reflected 
at dj and pass to epicentral distance and another PR wave will be reflected 

at J 2 and pass to distance 2d.j + E.g., c = 48 degrees gives = 2500, and = 

6000, fron» which we get distances to station 11,000 km. and 14,500 km. 

In this way fig. 8 has been determined directly from the Pulkovo data. It shows that 
the least distance at which PR occurs is 11,000 km., and for greater distances there are 
two PR waves for a given epicentral distance. The curve is in very close agreement 
with the theoretical curve in fig. 2. , 

The test of the validity of the Pulkovo data is, then, whether for J > 11,000 km. we 
can identify the two PR waves on the seismogram. The Pulkovo Bulletins for 1913-1914 
show quite a number of records for A > 11,000 km., and it would seem desirable that 
a careful study of the seismograms for such distances should be made. Should the 
search prove successful the curve fig. 8 will then give two distances, Ai and for which 
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J = 2 Jj -f and J ~ 2 Jg + -Ij, and there is a check on this La- nieaiw of the 
measured c for the two waves. Further, if 1, Ij and 1* are known integrals for .1, Jj 
and J 2 Tj and Tj, the observed time intervals between 1‘ and the two 1*K waves, 
we have 

T, = 2A -f (21, + 1, - 1)/V, 

and 

Tg = 2A 4- (21, + 1, - I)/V„ 
which theoretically suffice to determine A and Vg. 



o Sjooo moo 

Ep/C£NTRAL D/STANCBor /“REFlBy/OM 

kms. 


Fig. 8, 

It is manifestly a matter of great importance in seismology to settle whether the large 
depth of focus suggested by the Pulkovo observations can be maintaine<l. 

If confirmation is obtained by the research suggested above, the problem of deducing 
the focal depth and the velocity at any depth must be attacked anew. The two things 
are related, and it looks as if the process of analysis Avould be largely tentative. In any 
case, it is clear that the speed at any depth cannot be uniquely determined until the 
focal depth is fixed. But one might hazard a guess that a large depth of focus would 
probably lead to a smaller variation of speed \A ith depth than has been deduced by 
ZoPPRITZ. 

An, investigation on S waves might prweed on similar lines, although the relation 
between the angle of impingence and the apparent angle of emergence is more complex 
than for P waves ; cf. ‘ Phil. Trans.,’ l.c. ante, p. 378. 

The equations are 

cose = V,jj , 


tan e 


V, sin e' tan 2e 
V, sin e 
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Tlie nratter is further complicated by the circumstance that for a certain range of A 
the reflexion of S waves vibrating in the diametral plane is complex. Some attempts to 
estimate e for S waves were given in the paper referred to, p. 388, but they are isolated 
results, and what we require is a systematic investigation for a large range of A. 

In the absence of such data^we may tentatively proceed a little way in the problems 
arising from finite depth of focus by adding to the time curve obtained from the Pulkovo 
data the values of S — P given by Zoppkitz, whicl\ are known to be not seriously in error 
over the middle range. Although T have made some calculations in this direction, one 
cannot proceed very far. and it is an obviously unsatisfactory method. 

Summary. 

Observations of the emergence angle of P waves at Pulkovo suggest that the depth of 
focus is of order one-fifth of the earth’s radius. It is shown that important modifications 
would have to be made in the interpretation of seismograms and in the attempt to deter- 
mine how' speed of propagation depends on depth. It is further shown that an important 
test of the accuracy of the Pulkovo values can be made by a careful scrutiny of seismo- 
grams for distances > 11,000 km. Further progress cannot be made until this re.search 
has been carried out, and until we liave corresponding measures of the angle of emergence 
of S waves by means of three component seismometers. 
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Introduction. 

It is well-known that a considerable proportion of the effective resistance of inductive 
coils when used at radio frequencies is caused by the eddy-currents set up in the wires 
of the coils by the alternating magnetic field in which they are situated, and that in 
extreme cases the alternating current resistance may amount to more than one hundred 
times the direct current resistance. It is therefore important tt) have reliable formula; 
for the eddy-current resistance of such coils in order to determine the conditions which 
will reduce the eddy-current losses to a minimum. 

The simplest case, that of a long straight cylindrical wire under the action of its own 
current, has been treated by Kelvin,* * * § Raylkioh,! Heaviside, J and others. The 
general effect is known as the “ skin effect,” because the current tends to concentrate 
more and more upon the skin of the conductor as the frequency increases. 

The case of two parallel wires forming a go-and-retum circuit has been considered 
theoretically by Nicholson, § and experimentally examined by Kennelly.|| Kennelly 
found that when the wires are close together, the added resistance due to the proximity 
of the wires may be of the same order as that due to the simple skin effect. 

Nicholson’s theoretical treatment includes the possibility that the dimensions of 
the system may be comparable with the wave-length of the disturbance. His formula 
is very complicated and difficult to apply numerically. A formula {formula (47) ^ 

* ‘ Math, and Phys. Papers,’ vol. 3, 1889. 

t ‘ Phil Mag.,’ vol. 21, 1886. 

{ ‘ Electrical Papers,’ vol. 2, p. 64. 

§ ‘ PhU. Mag.,’ vol. 18, p. 417, 1909. 

II ‘ Trans. A.I.K.E.,’ vol. 35, part 2, p. 1953, 1916. Cuetis (‘ Bull. Bureau of Standards,’ 1920) has 
recently published a formula for this case which gives agreement with Kxnnxli.y'b results. 

, VOL. OOXXII. 596. K [Published September 10, l»ai. 
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for this^case is obtained in Section 8 of the present paper. This formula is shown 
(Section 9) to give results in close accordance with Kennelly’s observations. 

In order to reduce the eddy-cxirrent losses solid wire is often replaced by stranded 
wire in which a bundle of thin separately insulated wires are interla(!ed symmetrically 
with each other, the notion being that the sum of the eddy losses in the individual wires 
shall be less than the eddy loss in the corresponding solid wire. Lindemann* verified 
this experimentally at certain frequencies, but also found that if a solid wire coil and 
stranded wire coil were compared at various frequencies, the stranded wire coil increased 
in resistance more slowly at the lower frequencies but less slowly at the high frequencies,' 
until above a certain frequency the stranded wire coil had a greater effective resistance 
than the solid wire coil. 

HowEf has treated the problem of straight stranded wire comluctors, assximing the 
eddy losses to increase as the square of the frequency, and from his formulae has shown 
that at high frequencies it is difficult to make the resistance of the stranded wire less 
than that of solid wire of equal section. 

In view of the extensive use of stranded wire in the construction of coils for high- 
frequency currents it is important that the limitations of stranded wire in reducing 
effective resistance should be known, so that the present investigation includes the 
consideration of such coils. From the formula) obtained, conclusions are drawn in 
regard to the utility of stranding and in regard to what degree of stranding it is necessary 
to employ, before any improvement over solid wire coils may be expected. 

In formulae hitherto given for the effective resistance of coils, one or other of the 
following limitations occur : — 

(1 ) The coil is very long. 

(2) The frequency is limited to so low a value that the “ square of frequency ” law 
holds. 

(3) The coil is wound with wire of square section. 

The formulae deduced in this paper differ from those already established in that — 

(1) The dimensions of the winding sections of the coils are small compared with the 
coil radii. 

2) There is no limitation imposed upon the frequency. 

(3) The wire is taken to be circular. 

In regard to (1) it is shown that coils of this type have better alternating-current 
time constants than long coils. 

In regard to variation with frequency, the factor governing the upper limit to tl?e 
application of the square law is the magnitude of //Rq where / is the frequency and 
Ro is the direct current resistance per unit length of the wire used. If (in C.G.S. units) 

* ‘ Deut. Phys. Gesell.,’ 1909, p. 382 ; 1910, p. 672. ‘ Jahrbuch der Drahtlosen Telegraphie,’ 1911, 

p. 661. 

t ‘ Boy. Soc. Proc.,’ A, vol. 93, p. 468, 1917. 
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//Ro is less than* 0*226 the eddy-current losses vary as (//Ro)* to an accuracy of one 
per rent. At higher frequencies the variation is slower, the ultimate rate of variation 
being as (//Ro)*- A knowledge of these limiting rates of variation enables an immediate 
explanation to be given of Lindemann’s results with stranded wire coils. 

A solid wire in a given alternating field has eddy losses which are a function of 
//Ro = ^ (//Ro) say. If the solid wire is replaced by s strands of the same total metallic 
section, the loss per strand in the same field is ^ (//«Ro) and the total loss in the 
s strands is sf (//sR«). 

• Thus, as regards the losses due to the general field of the remainder of the coil, we must 
replace <j, (//Ro) by s<i> (//sRq) in passing from solid to stranded wire. 

At low frequencies (//Ro) = C where C is a constant independent of the 

stranding, so that tlie respective losses are C (//Ro)* and C« (//sR,,)* = C {fjR„yis. 

The effect of stranding at low frequencies is thus to reduce these losses in the ratio 1 js. 

At high frequencies <p (//R,,) = 0' (//Ro)* and the losses are C' (//Ro)* and 
C's (//sRo)* = O's' (//Ro)*, or the effect of stranding at liigh frequencies is to increa.se 
the losses in the ratio 

Since in inductive coils the general field produces the main losses, LiNr>EMANN’.s 
results are explained. 


(A), Eddy-Current Los-ses in a Cylinder in an Altbrnatind Magnetic Field. 

(1) The cylinder is supposed to be non-magnetic and to have electrical conductivity k. 
Its radius is a. The magnetic* field is perpendicular to the axis of the cylinder and does 
not vary along the axis ; otherwi.se its form is general. The field alternates with 
frequency tt)/2tr, and the alternations are so slow that the dielectric current «an be 
neglected in comparison with the conductance current. This means that the wave 
length of the disturbance producing the field is large compared with the dimensions 
of the cylinder. On the other hand, the cylinder is supposed to be long enough to 
render its end effects negligible. 

The procedure is to represent the electric and magnetic forces by rotors* Ee*“', &c. 
The values of these rotors are found at all points in terms of the (given) undisturbed 
field. Then by application of Poynting’s Theorem over unit length of the surface of 
the cylinder, the energy flow into the cylinder is determined. 

This energy flow may be regarded as made up of two portions, one continuous and 
the other alternating. The former portion is the energy dissipated by eddy-currents 
set up in the cylinder. 

(2) Take the axis of the cylinder as the axis of a right-handed system of cylindrical 

* These are the rotating vectors used to represent these quantities on the vector diagram. The term is 
chosen to distinguish them from the space vectors which are also involved in the problem. 

K. 2 
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co-ordinates {z, r, 0). 
are 


With the assumed conditions the electromagnetic equations 


. -p 1 0E 
—uvP = - 

r 00 


1 d (Qr) 1 8P 
r ?ir r 30 





( 1 ) 


in which P, Q represent the components of the magnetic force acting along and 
perpendicular to r, and E represents the electric force acting parallel to z. 

Eliminating P and Q, the equation to be satisfied by E is 


r 3r\ 3r/ 


“f- 


1 a^E 

r* 30“ 


= 47rAift>E, 


( 2 ) 


the normal solution of which is 

E = R„ cos w0-t-S„ sin 7i0, . . . . 

in which R, and S. are functions of r both satisfying the equation 


( 3 ) 


( 4 ) 


Writing A* == —irkiw and putting x for Xr, (4) may be written 

&*R„+(a:*-n*)R„ = 0, (5) 

in which 

' d 

5? = O’-r- , 

ax 

This is the general differential equation for the Bes.sel functions, so that inside the 


cylinder the appropriate solution of (4) is 

R,. = A„J„ (Xr), (6) 

the second solution being excluded, since the electric force is not infinite at the axis. 
Outside the cylinder k is zero, so that the solution of (4) is 

R,. = B,r"-I-C7r» (6x) 

except when n = 0, in which case • 

R» = Bo log, r-i-Co (6 b) 


In order to maintain the continuity of E and ^ at the boundary of the cylinder, 

Of 

A,, B„ C, must satisfy the relations 
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A,J,(X«) = B„a"+ 0,,/a" 1 ^ 

A,\aJ', {\a) = n {B„a*—Cja’‘) j ^ 

Ao.T*(Xa) = Bo log. a+Oo 
AoXaJ'o (Xa) = B« 

or, expressing A„, 0, in terms of B, and, making use of the properties of tl»e Bessel 
functions, 

A„ = 27tB„a’'/XaJ,_, (Xa) 

0„ = B„a**J,+,(Xa)/J„_,(Xa) 

Ai = Bo/XaJ'o (Xa) 

Oo = Bo {Jo(Xa)/Xa.ro (Xa)-log. a} j 




The general solution of (2) is the sum of the normal solutions of the type (3), so that 
the electric force may be expressed as a Fourier series, whose form inside the 
cylinder is 


E, = 1i. 4 2 2 (.,« 4 «.), 

X«.J o (Xa) I Xa tJ„_, (Xa) 


(H) 


and outside the cylinder is 




The corresponding series for P and Q follow by differentiation using the relation (1). 
The combination of the cosine and sine terms into the form cos {nd -f «») is per^jiissible, 
since the ratios of the arbitrary constants are the same for both the sine and cosine 
series. The values of and a, may be determined when the form of the undisturbed 
field is given. 

(3) Energy Dissipation in the Cylinder. — From (8a) and (1) the values of E and Q 
at the surface of the cylinder are 

E = B„x„+ l:B„a" (1 +x..) cos (n0 + a„) (9) 

1 

Q = - — jB,+ !:nB„a* (l -x„) cos (7i9+a„)} (lO) 

L 1 J 

in which 

Xn = MAT..-1 M 

2 

Xo = Jo(Xa)/XaJ'o(Xa) = i(l + x*)- ^ 



Ji e, q represent the instantaneous values of £ and Q, the rate at which energy flows 
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into the cylinder tiirough a small area dcr about the point a, 6 is egda-j^ir hy Poxjyusno’s 
theorem, and the integral rate of flow into unit length of the cylinder is 



Now, by (9) and (10), e and g have the forms Zu, cos (nO a») and Z't>„ cos (n0 f a,) 
respectively. 

Using these forms in (12), and remembering that 

cos (?/d + a„) cos (md + a„) dO — 0, tL ^ m, 

-'o 

the integral rate of flow becomes 

^ (2n„c; + Z«„'C„) (13) 

To determine the products the obvious method is to determine the real parts 
of the complex coefficients in (9) and (10). The product u„v„ expressed as a function 
of time would then be of the form ic„ cos td cos {(d + v!>»), so that the rate of energy 
dissipation in the cylinder would be cos </>„, 

A better method is to make use of the method of conjugates. If U', V' are the 
conjugates* of two complex quantities U, V ; u, v their real parts, then 

w = i(U + U'), v = i{Y + Y'), 

so that 

7fc = i(U + U'){V + V0- 

Further, if U, V rotate with time in the same sense, U', V' will rotate in the opposite 
sense, so that UV' and VU' will not rotate. The steady portion of uv is thus 

i(UV'+U'V). 

Applying this to the present case, the steady flow into unit length of the cylinder 
is from (9), (10) and (13) 

w = £|B„B'„(xa-x'.)+f 

in which as before the accents denote conjugates. 

Now xn is a function of \a and X‘‘ — so that, putting 

2* = (l^) 

x» may be written 

Xn = (l^) 

from which 

i{Xn-x'n) = 27A.(*). 

* If U ■= Ac**, then U' •= Ac"** ie the oonjugste of U. 
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and when w =?: 0 

» (xo-x'c) = ~2 {*)• 

Using these expressions in the equation for W with (B„) for the modulus of 


W = (B„r I J (^) } + ^ ( BJV, • 


. . (16) 


The energy dissipation in unit length of the cylinder is thus expressed in terms of 
coefficients B„ depending on the fonii of the applied magnetic field and of functions 
having argument z — 2a (irAoi)’- The functions are discussed in the next 

section. As regards the (coefficients B„, if the (components of the magnetic force in the 
undisturbed field are B,,, Q„ these components may b(! expressed in the forms 


P„ = i: K„r" ' sin {//t> + a„) 

' ' (U) 

at all points ()utsid('. the cylinder as these cxpr(csHi()ns are derivatives of a potential 
function satisfying Laplace’s equation and constant along t he a.xis of the cylind(>r. 

Further, by differentiation of (8a), similar expressions to (17) are obtained, when 
X is made zero — that is, when the disturbance due to eddy-currents in the cylinder is 
removed. These expressions arc identical with (17) if we make 

I3() ■ — ffw "" 


= — " 4- cos (j/.6+ ((„) 

r I 


Hence, using K, in place of B„ in (16) 


W = [(K.,)^' II +hh (2)| + i (K.)V"V^, {z)/n . . . 


• (IH) 


(4) The Functions </>„ aiul These functions are defined by 

(z) -iir„ {z) = J„+, (v' -?z)/,I„_, (\ -iz). 

Series formulae for these functions have been developed by the author.* 

The cases n = 1 and n ~ 2 are the moat important ones, and in these cases <f, and i/r 
max be expressed in terms of ber and bei fun('tions as follows ; — 

Let 

X (?) = ber* ?-(-bei* ? 

V (?) = ber'* 2 + bei'* 2 

^ - (16) 

Z (?) = l)er 2 ber' ? -t l)ei ? l)ei' ? 

W (?) = ber ? bei' ?— l)ei ? ber' ? 

♦ Buttbrworth, * Proc. Phys. Soc. Lond.,’ vol. XXV, p. 294, 1913. 
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Ther 


(2) 


2W(g) 

2 X(«) 


,/ M - 2 Z(2) 
~ 2 x{zy 



Z{z) 

Y(z) 


V'a (2) 


4 W ( 2 ) 8 

2 V(2) 2» 




( 20 ) 


The combinations W/X, Z/X, W/V and Z/V are tabulated.* 

In the limiting cases of 2 very small or very large, it may be shown from the formulae 
already cited that 0, and assume the following simple forms : — 


2 small 
2 large . 


r = -2z*l{2‘nf (2»+2) (2n + 4) 1 
■ [V/„ = 272w(2« + 2) J’ 

• ^« = -1. \lr„ = 2 hI\/'2z. . . 


{21a) 

{21 b) 


In regard to the limitations of (21a). the following table of values of (the 

functions most generally used) has been calculated : — 


- 


fj. 



0-0 

o-oooo 

0-00(K) 

0-1250 

0*04167 

o-t) 

0'031]9 

0-01041 

0*1248 

0-04164 

10 

0-1215 

0-04149 

0*1216 

0-04149 

1-5 

0-2458 

0-0918 


— 

2-0 

0*3448 

0-1563 

0*0862 

0*03908 

2*6 

0*3770 

0-2244 

— 

— 

3-0 

0*3600 

0-2827 

0*0400 

0*03141 

3-5 

0*3257 

0-3212 

— 

— 

4-0 

0*2920 

0-3389 


— 

4*5 

0*2643 

0-3408 

— 

— 

5*0 

0*2416 

0-3337 


— 


For (21a) is a good approximation up to 2 — 0*5 and a fair approximation up 
to 2 = 1. For higher values of n the range of (21a) increases. 

In regard to (21b), its region of application has not been reached at 2 = 6, but if 


we take a second approximation we find, when 2 is large, 

2 * 1 ^, s= v 22— 1, £‘\lr 2 = 2y/'2z—G. ...... /^21c) 

These formulse give the following values for \j/.j : — 

2 = 2 3 4 6 

Vr, = 0-457 0-360 0-291 0-243 

=-0-086 0-276 0-332 0-326 


• Savidoe, ‘ Phil. Mag.,’ 6, 19, p. 49, 1910. Rosa and Gboveb, ‘ Bull. Bureau of Stande.,’ p. 226, 1912. 
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while the actual values are 

0-345 0-360 0-292 0-242 

0-156 0-287 0-339 0-334 


.so that if z is greater than 3 the values given by (21c;) are fair approximations to 
the true values. Tlie values of i/z-j and i/z-j from 2 = 0 to £ =» 5 are plotted in fig. 1. 



(5) Eddy-Current Losses at Low Frequemdes . — The argument z is related to the 
radius and conductance of the cylinder and the frequency of alternation of the field 
by tlie formula 


If Ro is the electrical resistance per unit length of the cylinder, the formula may be 
written 

=*=4«/R, (22) 

The frequency wj^v will be defined to l>e low when z is less than unity, so that the 
VOL. ocxxii. — A. L 
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condition of low frequency is w < lit, j4. When this holds, formula (21a) applies in 
regard to \/^, so that by (18) the rate of dissipation of energy is 

W = -i U„ (K„)“+ ^ I (K„)='+ I {K„)V"/2 m=' (2;. + 2)| (23) 


Now by (17) tlie terms involving Ku are due to a field whose components outside 
the cylinder are Q„ ~ R,,//-, P„ — 0. This field can only be due to a current of 
magnitude I = distributed symmetrically round the axis and flowing parallel to 
the axis. 

Hence the energy dissipation due to such a current is 

w, = 511.(1 + ( 24 ) 

This is the usual formula for the skin efl'ecl. at l<*w frequencies. 

If a uniform field II is acting on the cylinder, then H =^4 K,, Km =- K., 0, so 

that the energy dissipation due to a uniform field H is 

W, = icHdV/Il., (25) 


The remaining terms are due to non-uniformity of the field. 

If the external field is expressed in a Fourier series of the form (17), and if the 
coefficient of the term cos (m 6 -H a„) in the series for Q,, has the value L„ at the surface 
of the cylinder, then this portion of the field contributes an amount 


uWL’‘„f2’n/‘ {2n + 2) R,, 

to the energy dissipation. 

The way in which n occurs in this expression shows how unimportant are the higher 
terms of the Fourier series in producing eddy losses at low frequencies. 

The assumption that the external field is uniform and has its central value will, 
therefore, in most cases give a good approximation to the actual loss when the 
frequency is low. In illustration, suppose the external field to be due to a thin wire 
carrying current I, and stretched parallel to the (sylinder at a distance D from the 
axis. The value of Q„ in the plane common to the axis and the wire is 2l/(D — r), 
or, in ascending powers of r. 


so that 





T - ^ “1 

'■ ~ D I>’ 


and therefore the energy dissipation is 
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In the extreme case in wliich the wire touches the cylinder, the sum of tjie series 
becomes 

^1-1= 0'64493. 


Upon the assumption of a unifonn field, the first term of the series would be the only 
one employed ; and as this is 1 /2, the correction due to non-uniformity of the field is 
a multiplying factor ranging fiom ] -00 to 1 -29. 

If there are two thin parallel wires and the (cylinder is situated syni metrically between 
them, the axes of wires and cylinder being eoplanar, the alternate terms of the series 
(26) vanish, and the losses beeojue 

4(0^0^!*'/ 1 I o' 1 a" \ 

KJ)“'P2 3='4i)' f)V.l )«'•••' ^ ’ 

if the currents flow in opposite directions in the two wires, and 

4<^VU / 1 . 1. f?! , \ A>o\ 

R„D“ \ I )“ 4“r. D" ! ^ ’ 

when the currents flow in the same <iirection. 

When the wires touch the cylinder, (27) reduces to 




and (28) to 


Ho ' H 

irfe '"*• 


X 0 ’ 54 Of ) 5 


X 0 ]() 4 ; 58 . 


The uniform field theory would give — X 0-500() and zero respectively for these 

XV) 


cases. 


(6) Eddy-Current Losses at High Freqmncies. — At very high frtMpjencies 

i//-„ = = ‘u \/ 

so that by (18) the energy dissipation is 


W = ^(K,,)" -H 2 {K„ya^\ 


^ The first term is due to a current I = distributed symmetrically round the axis 
of the cylinder and flowing in a direction parallel to the axis, and when this is the only 
factor producing the field the energy dissipation is 

W, = (30) 


This is the formula for the skin effect at high frequencies. 
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The energy dissipation due to a uniform field H is got by putting K, = H, 
K, = K, = ... = 0, giving 

W, = iHVv/R,;«.,/2 (31) 

If the field is non-uniform, a comparison of (29) with (17) sliows that the various 
harmonic ternivS in the field produce terms of equal importance in the expression for 
the eddy-current losses. 

The examples (d the last section give, for the single thin wire. 


w = yi W2 + n* ■" ■■■) = ■ ■ • • 


and for the pair of wires, 


W 




(83) 


according as the currents flow in opposite or the same direction in the two wires. 

As regards (32), it is seen that the uniform field theory may be applied if we take as 
the uniform field the field at the point where the tangent plane through the wire 
touches the surface of the cylinder. 


(B). Eddy-Cukrent Losses in Two Parallel Cylinders Carrying 

Eqital Currents. 

(7) If the field acting on the cylinder is due to currents in neighbouring cylinders, 
then, because of the distortion of the current distribution in these cylinders, the external 
field acting on the cylinder under consideration is itself variable with frequency, and 
the assumption that tliis field is that which would occur if all eddj^-currents are absent 
will lead to wrong results. The case of two similar parallel cylinders carrying equal 
currents may be solved by considerations of symmetry. 



(8) Let the cylinders each have radius a, and let the distance of their centres be D. 
Take two systems of cylindrical co-ordinates (fig. 2), the first system (r, ej having 
A as origin and AB as the line of zero 0, and the second system (/, 0^) having B as 
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origin and BA as the line of zero Consider the field at the point C external to the 
cylinders situated on AB and due to two current systems flowing in the two cylinders 
parallel to the axes and symmetri<'al on either side of AB. By symmetry a„ of equation 
(17) is zero ; and since is zero, we have from (10), using K„ instead of B„. for the fipt 
system of co-ordinates, 


K '»■ [ /o''*" 

Q = v K„r-> 'l- - 

r 1 i vr 


Xn 


for the second system 


Q = -/'+ iK'y- '-|i- 

7* j 1 


a 


Xn ; • 


(34) 


(35) 


Also, if the currents are equal and sitnilarlj/ directed in the two cylinders, 


if oppositely directed. 


K'n - - K'// ; 
K'w - 1 K>/. 


Further, (34) may be divided int.(t two portions, 



and 


■x 



I 


(36) 

(37) 


the former arising from causes inside the cylinder A, and the latter from causes outside A, 
which in this case are located inside B, and therefore Q, lias also the value 


/) _ K-^II V IT' 


Equating (37) and (38), 


V K ^ - V K' V 


(38) 

(39) 


Putting K'»* = +Kw, r' — D—r, expanding the right-hand side of (39) in 
ascending powers of r, and equating coefficients of a series of equations are 

obtained to determine K, in terms of K^. Now if I is the total current in either wire, 
Ky = 21, so that the method yields the values of K„ completely. Thus, in the case where 
the currents are similarly directed, K'n ~ - Kn ; and on equating coefficients we 
•find 

K,a = — 2l/u -f (Kitt) /u‘*xi-t (K,a’)M^X2+ ... 

K/k* = -2lM“-f-2(K,rt)Ai®x,-(-3(Kaa*)aV+-' 

KgO.'' = - 2l/u'' + 3 (K,a) n*x\ + 6 (K/<“) -t- . . . , 


in which /a = a/D and is less than 1 12. 



70 


MR. S. BUTTERWORTH ON EDDY-CURRENT LOSSES 


Solving by successive approximations to the order 


K,a - -21 m U+M^i + M^Xi^ + Xa) +•• 

= ~2V(J +2MV + ---) 

K;,a'' = — 2 Im ''(1 + ...) 



( 40 ) 


In the expression for the eddy-current losses (IS) the moduli of the c()mplex quantities 
K,, K^, K., are recpiired, which, from (40) with xn — are 


(K,)' = II + 2p-V. + /'‘(-<’.+ 'W'.‘'-V'i”) +■•■ 

(K:r = j]^‘'(l+ 4 ,.>,+ ...) 

(K,)= = ^'{l + ...) 


( 41 ) 


Substituting in (18), tlie energy dissipation per unit length in either cylinder is 
given by 


W = (oT“ 


3 + iV'a + MVi { l+M*(2V>i-t5 4^)-|-M‘'f-0i. + 'J — l/yj" + j- 


V'l' 


Vo /i. 


. (42) 


When the currents are in opposite directions a similar treatment gives 
W = (.d' -)-i4/A,-f-M‘V'i I 1 +m'‘ ^ 4- m''^O 0,“' — Vo* — 2v'>a— ^ V^^)jl ' 


In (42) and (43) the term 


r(l +iV'. 


is due to the ordinary skin effect. Since 2 o)/ 2 ‘* = ^R„. this term may be written 
|RoT“ [l+F ( 2 )) in which F ( 2 ) {= plotted in fig. 3 up to 2 — 5. When 2 is 

greater than 5, then, by (21c), 

F(2)%(n/22-.3)/4 (44) 

This is shown in fig. 3 by the broken line A. 

The next term, /a'V'i. i» due to the proximity of the two cylinders when they are so 
far apart that the quantity in { | may be regarded as practically unity. It would, 
have been the term obtained liy assuming the current in the second cylinder as 
concentrated on the axis and producing a uniform field of strength 2 1 /D on the first 
cylinder. Including the proximity effect to this order we may write 

W=: J11.,p[i+F( 2) f^~G(2)], 


(45) 
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in which d {=^a) is the diameter of either cylinder, and G ( 2 ) = j2^\/ri plotted in 
fig. 3, its limiting value 

G(2)-N^(v^22-1)/8 (4(5) 

being indicated by the broken line (B). ' 



Finally the expression included in { } includes the effect both of disturbance of 
current distribution due to proximity and of non -uniformity of the field. 

At low frequencies, by (21a), is negligible and both (42) and (43) give for { j 

1 +^fx‘‘+ ... . 

This is identical with the result obtained for the thin wire (Equation 26), so that at 
Jow frequencies the distortion of distribution due to reatrtion of eddy-currents is quite 
negligible, and the effect of non-uniformity of the field will give in the extreme case 
where the cylinders are touching a correcting factor of amount 1 • 0456 to be applied to 
the result obtained by the uniform field theor}\ 

At frequencies so high that (21b) holds, the factor ( } becomes 
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when the currents are similarly directed, and 

wlien the currents are oppositely directed ; while, if distortion is neglected, its value is 

1 ^ 


by (32). Thus the effects of distortion and of non-uniformity of field are equally 
important. When the currents are similarly directed the distortion is such as to tend 
to reduce the losses, and when the currents are oppositely directed the losses are 
increased. 

The term involving fi* will conti’ibute less than 1 per cent, at high frequencies if 
D > 2 -50! with the currents oppositely directed, and if IJ > 2d with the currents 
similarly directed. 

To this accuracy we may write for any frequency 


in which' 



If we assume the remaining terms to be in geometrical progression (46) may be 
written 


W = 


l-tF(2) 


G (4 





F. 


(47) 


At low frequencies this formula gives 1*043 as the correction for non-uniformity 
when the cylinders touch, and will certainly hold to 1 per cent, up to D = 2d at 
extremely high frequencies. 

H (z) is plotted in fig. 4, up to z = 5, the curve 1 holding when the currents are 
oppositely directed, and TI when the currents are similarly directed. 

Since the effective resistance R' of a coil system is such that 

W = ^R'F, 

the effective resistance (apart from electrostatic capacities) per unit length of a pair of 
parallel wires is given by the formula* 

1F = R„ Jl+F(z)-t- 


G 




l-|,H(z) 


. (48) 


in which d is the diameter of either wire D the distance of their centres, and F, G, H 
are functions of z { = 2 ^/to/R„} drawn in fig. 3 and 4, and tabulated below. 

♦ At extremely high frequencies it may be shown that ratio of the resistance of a go-and-retum system 
to the skin resistance is given by D/ >/D-— Formula (48) is then 3 per cent, in error when d «= 0-8D. 
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Values of F, Cf, H ii\ Formula (48). 


^ r a)/ 27 r = frequency. 

> — 2\ <o/li„ 1 of cylind(!r 

p( 0 ‘ c(‘otimeire 




H (z). 


F(s). 


1. 

11. 




(kirronts 

(Hirrouts 




()]) posit r. 

Similar. 

0.0 

0*0(K) 

0*000 

0*0417 

-1 0*0417 

0-5 

0 -000320 

()-0(K)975 

0*042 

-1 0*041 

1-0 

0*00519 

0*01519 

0*053 

1-0*033 

1-6 

0*0258 

0-0691 

0*092 

{0*001 

2*0 

0-0782 

0*1724 

0*169 

-0*056 

2*5 

0*1750 

0*295 

0-263 

- 0*114 

3-0 

0-318 

0-405 

0*348 

-0*152 

3*5 

0*492 

0*499 

0*416 

- 0*170 

4*0 

0-078 

0*584 

0-466 

-0*176 

4*5 

0*862 

0-669 

0*503 

- 0*181 

5*0 

1-042 

0-755 

0*530 

0*185 

Large 



0*750 

-0*250 




i 

! 

- 


(9) Test of Formula (48) hy Comparison with Experimental ResitUs— An extensive 
series of measurements of the resistance of a go-and-return system of parallel conductors 
has been made by Kennelly, Laws and Pierce.* 

* * Trans. American Inst. Kl. Eng./ Vol 35, Part 2, 1953, 1915. 


^OL. OCXXIL — A. 


M 
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Tlie wire used was copper of diameter ] -168 cm., and the frequencies employed 
ranged from fiO i,o r).(»0(t cycles per second, so that the range of z in formula (48) is from 
()-84 to 7-7. Tfie spacing (1) -- (i) varied from 0-03 cm. to 60 cm., so that the observa- 
iipns afford a ver}' complete check on the adequacy of the formula. 

The resist auce of tlie lo(»p, which for direct currents was of the order O-Ol ohm, was 



measured by an alternating current bridge. In this method variation of (ontact 
resistance would probably be the chief source of trouble. As to whether this efi’ect is 
appreciable, may be judged by a comparison of the tabulated direct current resistances 
after allowing foi' temperature variations. In fig. 5 this is done by plotting the 
resistances on a resistance-temperature diagram. Of the five groups of observations at 
spacings 60 cm., 20 cm., 6*4 cm., 0-8 cm., 0*03 cm., four show' to within half a per 
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cent, a linear increase of resistance with temperature, this increase agreeinji \\;itli tlie 
temperature coefficient of copper. Tlie fifth group, tliat corresponding to tlie sjiacing 
6’4 cm., is low. The discrepancy is removed if we suppose the measured resistance in 
error by 4 per cent. (0’0004 ohm). • 

In the following tables the ratio of alternating current resistance to the direct 
current resistance H has been calculated from fornuda (48) and coni})ared vitli tlie 
observed value. This ratio is not indejiendent of the temjierature as tlu' eddy-current 
resistance varies with temperature in a different way to tliat of the direct currenl 
resistance. The value of z has been calculated u.sing that value of 1’ which corresponds 
to the temperature of the observation as dedu<-ed from fig. r>. 

Tables comparing observed values of the efl’ective resi, stance t>f two ])arallel wires 
with the calcidated values ; — 


d = temperature of observation. 

/ -- fi'equency in cycles per .second. 

K ~ direct (uirrent resistance. 

Rjj — K = increase in re.sistance due to skin effect. 

Itj, -- increase in resistance due to jnoxiinity of win's. 
R' — R,.< 1-R,, — total alternating currenl resistance. 


Taulr I. — Spacing - = (»() cm. 




23 -r, 

21*2 

25*0 

2r> ■ 0 

2(;*2 

27 * 1 

27*4 

•!>7*0 

/ 

«i0 


888 

Hi(M) 

2010 

:M ibf) 

aono 

5000 

CK/ii 

1 -OOIT 

1 • 108 

1 bbO 


2*270 

2*708 

;i*o:io 

.’5*572 

Calculated-^ Rp/R 

Ncfclifiiblc 

— 

- 






[RVR 

J(I0I7 

1*108 

J *5001 


2*270 

2*708 

:o():jo 

1 :}*572 

Obnerved R'/ii { 

J -(HtSS 

Mil 

J *587 

2-(H2i 

2*270 

2*00} 

;i*o:vi! 

;5*3()1 

l)i (Teronce i cent. 

' 1 

iO-1 

-0*2 

-1*4 

-f 0-2 

o-l 

1 ()*r» 

i 

^o*J 1 

i 

1 0*5 


Tahle II.- Sjiaeing — 20 cm. 


C 

17*2 

15*2 

15*2 

15-0 

14*0 

15*2 

15-4 

15-3 

15*4 

/ 

60 

288 

868 

16 ( 5.3 

2061 

3063 

3112 

3860 

5040 

THh/R 

1-0048 

M 0 (> 

J -578 

2-120 

2*328 

2-775 

2-790 

3 - 07 .b 

3*472 

Calculated -< R,./R 

0 - 0 (KX )4 

0 -(KI 0 C 

0*002 

0-002 

0 -(KJ 3 

0 -(K )3 

0-004 

0 -(H )4 

0 -(KI 4 

[R'/R 

1-0048 

1-107 

1 -.580 

2-122 

2 -. 3.31 

2-778 

2-799 

3-070 

3 - 47 (r 

Observed R'/R 

1 -0058 

I-IOC 

1-584 

2-120 

2-313 

2 - 75.5 

2-781 

3-007 

3-446 

DifEerence per cent. 

i 

- 0-1 

40-1 

1 - 0-3 

+ 0-1 

+ 0-8 

- 1 - 0-8 

4 0-5 

4 0-4 

- 40-9 


M 2 
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Table II T.- Spacing — 0-4 cm. 


O'’ V- 

KS-f) 

18-9 

]o-a 

20-4 

20-7 

20-9 

21-0 

21-0 

21 -G 



/ 

(iO 

2(iG 

582 

923 

1405 

2019 

1992 

3028 

3960 

5320 

lis/H 

J -(Kl'IH 

1-OKK 

1-340 

1-602 

1-984 

2-280 

2-268 

2-728 

3-075 

3-470 

H,./K 

()-()0().S 

0 -004.9 

()-0099 

0-01.32 

0-017 

0-021 

0-020 

0-026 

0-031 

0-036 

R7R 

1 -oorji 

l-()93 

1 -350 

l-Glf) 

2-001 

2 -301 

2-288 

2-7.94^ 

3-106 

3-506 

Oliserved 11 ' /ii 
J)iiTeron(’(‘ jior 

1 -0087 

MOO 

1-354 1 

1-640 

2-037 

2-344 

2 -3221 

1 

2-8.91 

3-145 

3-558 

{'(‘Tit 

{)-i 

-O-G 

-0-3 

- 1-6 

-1-8 

-1-9 

-1-5 

-3-6 

-1-2 

-1-6 


This grouj) is ul)nonnal on tlie resistance-temperature diagi'am. If we assume B' 
and R as measured arc hoih too small by a constant amount — 0-04 B, the group 
be(‘omes norjiial on tlie resistance-temperature diagram and gives the following values 
replacing the observed IT/ It : — 


(!ornl. OI)S(l. 
R'/R 

1-(K)8 

1 -096 

1-343 

1-617 

2-000 

2-296 

2-27.9 

2-784 

i 

3-062 

3-466 

DiftVreijcr jkt 
rout. 

~j 

0-3 

0-3 

-f 0-5 

-0-2 

4 0-0 

4 - (02 

4 0-6 

-M 

[1-5 

+1-5 


Table iV. — Spacing = 0’8 cm. 


(P C. C ... 




16-3 

16-5 

16-9 

17-2 

17-8 

18-0 

18-3 

18-4 

/ 

Calc.ulatod 

60 

2.39 

671 

1068 

1509 

1991 

1988 

2486 

3028 

388(* 

4900 

Rh/R ... 

j -0050 

1-073 

1-424 

1 -732 

2-028 

2-283 

2-280 

2-517 

2-744 

3-067 

3-409 

R,./R ... 
K'/R ... 

0- 00,92 

0()61 

0-187 

0-2.94 

0-314 

0-382 

0-380 

0-424 

0-477 

0-550 

0-620 

1-0102 

1-1.34 

1 -611 

1-98G 

2-342 

2-665 

2-660 

2-941 

3-221 

3-617 

4-029 

Observed 












R'/R ... 
Difference 

1-0J24 

1-132 

1 -604 

1-981 

2-330 

2-043 

2-G38 

2-912 

3-179 

3-587 

3-955 

per cent. 

- 0-2 

+0-2 

+0-4 

10-3 

4 0-5 

4-0-8 

4 0-8 

41-0 

+1-3 

-4-0-8 

41-8 


The calculated values are in general too l)igh. A spacing 0-85 cm. would giVe the 
following calculated values and differences : — 


R'/R ... 

1-0100 

M31 

1 -602 

1-973 

2-326 

2-646 

2-641 

2-920 

3-197 

3-589 

3-998 

Difference 
per cent. 

-0-3 

j 

-0-1 

-01 

-0-4 

j-0-2 

+0-1 

44) -1 

+0-3 

4-0-6 

+0-1 

+0-4 
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Tablk V. — Spacing = 0*03 cm. 




2M 

21-4 

21-5 

21-5 

21-2 

21 -0 

20-9 

21-0 

21-1 

f 


236 

740 

KKK) 

1173 

2038 

,'Mir)S 

3918 

5170 

rKjH 

I’OOf) 

l-0(i8 

1 -m 

I -658 

1 uim 

2-31 

2-71 

.■yo(; 

a-m 

Oalculated < R,./R 

(l-OLf) 

. 0-165 

0-759 

1-(K) 

1*37 

1 -83 

2-56 

.•i-Oit 

3-72 

LrVR 

1-020 

1 -243 

2-223 

2-66 

3-37 

1-11 

5-30 

i.f) 

7-18 

Observed R'/R 

i-un; 

1-244 

2-231 

2-688 

3-460 

4-272 

5-522 


7-51 2 

Difltcrence per cent. 

+(i-.3 

-0-1 

-0-4 

1-1 

3-2 

3-5 

4-3 


~ 4-5 


. The oalculated values are in general too low, Init W'ith so small a s])acing It' is varying 
rapidly. The formula gives the following values of K'/lt when the wires touch ; 


R'/R 

1-021 

1*253 

2 -288 

2-75 

3-52 

1 -35 

5-61 

(; • 57 

7-71 

Difference jier cent. 

1 ()'4 

t-O-7 

] 2*6 

i-2-2 

1 1-7 

1 i-t 

i 1-8 

y i-(i 

i ‘^'7 


In Tables 1. and 11. tlie skin effect is the only one of im})ortance and very good agree- 
ment is obtained. These tables really check the exp<iJ'ji>>t‘iital observations as the skin 
effect formula is well established. Tables IV. and V. form the real test of t he ])roximity 
effect. It is seen that the small discrepancies are sufficiently accounted for by a slight 
adjustment (0’5mm. at most) in the spacing. In 'J'able 111. tin' skin c'fff'ct. is ju-e- 
dominant, but there is a rather large discrepancy. It is notewoitliy that t his gioiij) 
also shows a discrepancy on the resistance-temperature diagrani, and that both the 
discrepancies arc removed if we assume the measured values of 11' and K to be both 
in error by 0-04 II. 

(C) Losses in Parallel Wire Systems and in Short Coils. 

(10) When the field acting upon the cylinder is uniform and has magnitude Tl, then 
by (18) the eddy-current losses per unit of length are given by 

W = (c), 

or eliminating w by «> = s^ll„/4, and putting ^ 2^^/, ~ G (z), 2a — d, 

W = iKd='G(c)fP (4<i) 

Consider a system of parallel wires each of diameter d and occuj>ying a square sfjace 
of side D. Let these wires carry equal c.urrents 1 in the same direction. Then, if the 
spacing is not too close, the currents may be supposed to be concentrated on the axes 
and producing uniform fields acting on the other wires. The field acting upon any wire 
e may be written H, = 2\k,fD where k, is a numerical quantity depending upon the 
distribution of the wires and the position of the wire s in the system. By (49) t he eddy- 
current loss in the wire s due to the field of the neighbouring wires is 

W = iTU;^/l(2)F 


per unit of length. 


(.^. 0 ) 
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If there are n wires each of length I, the total loss due to the proxiiruty of the wires 
will therefore be 

i 

or if the wires are connected in series to give a total direct current resistance R = R„nZ, 
t he added resistance due to the proximity of the wires is 


in which 


= ( 51 ), 


= ( 52 ) 

//. 1 


and depends only on the geometry of the axes of the wires. 

The total resistance (apart from capacity effects) is got by adding the skin effect to 
(52) so that the formula for the alternating current resistance R' of tlie parallel wire 
system is 

R' = K[n-K(2)+»,„i;r.(.-)} ( 53 ) 


This formula may also be applied to circular coils if the winding section is small in 
comparison with the radius. It remains to determine the values of u„. 

(11) Single Larger Systems . — If all the axes lie in one plane (fig. 6), then, numbering the 
wires 1 , 2, 3 s n from left to right, 



+ ...+ 


1 

ll—S ’ 


From this formula the following values of are calculated : — 


s 

n == 4 

11 

oc 

n = IG 

n ~ 24 

1 

3-35 

0-70 

11 -00 

14-00 

2 

0-25 

2-10 

5-OG 

7-30 

3 

0-25 

0-Gl 

2-82 

4-C3 

4 

3-35 

O-OG 

1-Gl 

3-14 

5 


O-OG 

0-89 

2-lG 

G 


0-Gl 

0-42 

1-40 

7 


2-10 

014 

0-98 

8 


G-70 

0-02 

0-62 

9 



&c. 

0-36 

10 




0-18 

il 




0-06 

12 




0-01 
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Fig. 6. Biwglo layor 16-wiro Hysiuin. , 

Curve A shows the distribution of effective resistance produced by eddy-current losses due to the proximity 
of the wires. 

Curve B shows the distribution of the losses throughout tlie system . 


The value of when /? = oo is obtained as follows. Consider a long strij) of width 
I composed of N/ parallel wires each carrying a current I. The field at a distance x 
from the edge in this strip is 2N1 log (/ - x)lx. and the mean square field is 





But since N = 1 /D, 
so that 


ht u — 00 w, = = 3-2899. 
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Tlie ty^)ulated values of wlien plotted against 1 jn (fig. 7) enable the value of 
to be determined for any number of wires. 



(12) Distribution of Losses in Single Layer System. — The energy loss in the wire s, 
due to the fields of the other wires, is proportional to Jcf. From tlie table for kf it is 
seen that this is greatest in the end wires. Thus, in the case of four wires, 93 per 
cent, of this loss takes place in the two outer wires and only 7 per cent, in the two 
inner wij-es. For a greater number of wires, if the system is divided into four equal 
sections the distribution of loss is still such that approximately 93 per cent, of the loss 
occurs in the two outer sections. This may be of importance in measurements of 
effective resistance based on the determination of the increase in temperature of the 
system, and account should be taken of the possibility of a temperature distribution for 
alternating currents different from that for direct currents. 

(13) Distrihution of Besistawe in Single Layer System. — The distribution of eddy-current 
losses throughout the system does not represent the distribution of effective resistance. 
In fact the energy required to produce the losses in any wire is supplied by the currents 
flowing in the other wires, and therefore the other wires behave as if certain resistances 
were added to them. 

In order to determine these equivalent resistances, consider two coils (I) and (II) 
carrying currents I,, ly which produce fields acting on a cylinder carrying no current. 
Ultimately these currents will be assumed equal, so that for simplicity they will be 
considered in phase. Let the fields in the neighbourhood of the cylinder due to these 
currents have intensities 

H, =al„ (54) 


and let them be inclined at an angle <ft. 
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By (40) the ^dy-current loss in the (ivlinder is 

w = y(Hr + H/-f 2H,H* cos V-) 

= y («=•'!/ + /3=’l/ + 2a/3l,T, cos 0) (;•/>) 

in which 

y = iK.,dT4(c). 

Now, instead of the cylinder l)eing present, suppose the two circuits c’arryiug the 



currents I„ Jj to be linked by the resistance system shown in fig. 8. The rate of 
dissipation of eiierg;^' by this system is 

= i(Ri + Tg (lt.+ It.) 

W' is identical with W if the resistances have the values 

H, = 2a (« + /'■! cos <f>) y, It. = 2/it {fi^a. cos 0) y 
R;i = — 2 («/8 cos 0) y 

In the case 1, = I^, no current flows through R;„ so that the potential difterences 
produced by the eddy losses in the cylinder are then such that they may be represent (ui 
by the resistances R,, R, in series with the resj)ective coils. 

Applying to a single layer system, suppose w'e require the resistance to be added to 
a wire s which would represent the contribution of s to the eddy losses in the whole 
system. Let the wire s be the coil (1), another wire r be the cylinder, and the 
remaining wires be the coil (II). al is the field acting on r due to the current in 
s, /8l is the field acting on r due to the currents in the remaining wires, so that 
(jn_p^ cos 0) I is the nett field acting on r resolved in the direction of al. Since in 
the single layer system the fields due to individual wires are collinear, (a+^ 0) 1 

is the total field in which the wire r is situated. It is to be regarded as positive 
when the field due to s is the same sense as the total field. 
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Hence if H, is the whole field acting on r , and H,, that portion of the held contributed 
by the wire s, the resistance to be added to the wire « to imitate the eddy losses in the 
remainder of the system is 


Remembering that 


(68) may be written 


R, 




f -8-1 


2^ H„-H,+ 2 H„-H. 


r 6-t 1 


H, 


21 rr _2T/1_, 

(r-s)I)’ 


.+ 


1 


n+r. 


(58) 


(59) 


where u^, is a numerical quantity depending on the number of wires and the position 
of s. 

The general distribution of resistance is sufficiently illustrated by the case of a 16- 
wire system The values of u„ for this system are found by the above method to be 

1 2346678 

[ 16 16 14 13 12 11 10 9 

= — 0-19 -I-0-08 0*17 0-22 0-26 0-27 0-28 0-29 


The values of when added should give the value of u„ for the whole system. Thus 

« 10 

2 «„ = 2-74, and this agrees with the tabulated value of u„ for the 16- wire system. 

« = 1 

As regards the negative value of for the extreme wires, it must be remembered 
that the equivalent resistances for each wire are such as to imitate the potential differences 
produced by the eddy losses in the wires, and it is quite possible that the phase relations 
may produce a rise in potential in phase with the current in part of a sy.stera. The 
only condition that is essential is that the value of w, for the whole system shall be 
positive. Curves A and B of fig. 6 (p. 79) show the distribution of proximity resistance 
and of loss respectively for a 16-wire system. 


(D). Single Layer Solid Wire Coils. 

(14) Single Layer Coils. Effect ofradkis of curvature of Coils. — ^A single layer circular 
coil, whose width of winding is small compared with the radius of the coil, differs only 
slightly from a straight parallel wire system, so that formula (63) will hold for a coil of 
this kind as a first approximation. The slight differences which occur, due to helicity 
of winding and owing to the fact that the wire (regarded as a cylinder under the 
action of a transverse field) is curved, are probably too small to be measurable and 
the mathematical difficulties too great to make a theoretical treatment possible. 

A more important difference is the modification of the transverse field acting on the 
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individual wires. In a straight single layer system the field acting on one wire is per- 
pendicular to the surface of the layer, but in a single layer coil not only is this normal 
field modified but there also exists a component of the field acting along the surface of 
the layer. The case where the number of wires in the coil is large will alone bfe 
considered. 

Solenoidai Coil . — Let the mutual inductance (M) between two equal parallel coaxial 
circles of radius a and separation b be written 


Then* 


M = 4Tra/{2afh) (GO) 

fM = log4M-2-ff-’j,(log -4 (log 


+ (log 4|t — iff X)-t- (61 ) 

so long as /a < 1 . 

From this expression it is readily shown by differentiation and integration that the 
radial and axial components of the field at the point on the prolongation of the surface 
of a cylindrical coil distant ^ from the edge are given by 



n being the numlwr of turns per unit of length and I the current. 

When ^ is very small, Hj, tends to the value H„— in which 

Ho=U/Jlog^f, (63) 

and is the field due to a straight strip of width b, while 

h = 2;^I If (log4/i-^)-)i2-^(log4/i-§/,)-(-2Y<; AO^g 4/^- • (^4) 

[ fl fJL (i J 

fi = 2alb. 

tei\ds to the value 

HT = 2nl|^^S-^-i-^(log4/i-l)-f /4 -VOog ^(log4/i-3X)+...[ (65) 

I fX fX fx fX J 

fi = 2alb. 

To find the normal and axial components at any point on the surface of the coil, 

* Rcttxbwobtr, ‘ Phil. Mag.,’ vol. 31, p. 216, 1916. 

N 2 
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divi(ile tbf- coil into two portions A and B to the left and right of the point in question. 
Then the two components of the field are 

where the accented letters refer to the field due to the portion B, and the unaccented 
letters l.o that due to A. H,, — H'„ is the normal field for a straight strip, and h — K 
t-lie correction on the normal field due to curvature, while — H is the field tangential 
to the layer due to c.urvature. 

Fornnilee (04) ami (66) give the following values for h and : — 


6/2« 

hj2n\ 

Ht./2»1 

O-l 

0*025 

0*369 

0-2 

0*079 

0-.595 

0-3 

0*149 

0*767 

0-4 

0*229 

0*902 

0-5 

0*313 

1*010 

0*6 

0*400 

1 *096 

0*7 

0*486 

1*167 

0-8 

0*669 

1*225 

0-9 

0*651 

1*273 

1 -0 

0*728 

1*313 


from which the values of A — h', -- may be calculated for any point on the surface 

of a coil if h/2« < 1 . 

For the eddy loss formula we require the ni<;an square field acting on the coils ; that is, 
denoting H„ — H', by H, h — h' by H„ -j- H't by H^, we require the mean value of 

throughout the surface of the coil. 

As regards the integrations required in determining this mean value, the integral of 
H“ leads to the straight system formula; that of H," and H/ may be carried out by 
fipproximate methods, since and H/ are finite throughout the range of integration. 
The integral of H *11, is obtained as follows. Choose the length of the coil as twice the 

1 -f r 

unit of length so that H/2wI — log — ^ at a point on the surface distant x from the 

1 —X 

(ientre. Suppose H, may be expressed in the form 

H, = a + ^X + y.r^-i-Sx^+ , 

The integrals required are then of the form 

[ x'log 

J_i ^ l-x 
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When s is even these integrals are zero, and when s is odd have the values 


4 

6f 4- 1 


1 + i + • 



Neglecting terms beyond in the series for H, 

J' HH.ria: =4>/l (/«+i{^). ' 

There is no need to evaluate /3 and for H, (a:,) — 11, { — 2j', (ft -j Sx^^), which 

inmiediately gives ft -f- if we put = 2/3. Greater accuracy may be obtained 
by suitably choosing a series of values of x, &c., to take into account the higher terms 
of the series, but the above expression is sufficient for the present purpo.se. 

The evaluation of the integrals by the above metht«ls leads to the following table of 
values for u„ in applying formula (53) to solenoidal coils of length h and radius a. 


Single Layer Solenoidal ('oils. Radius ~ a. Length = b. u„ in formula (63). 

6/2a = 0-0 0-2 0*4 0-6 0-8 1*0 

u„ = 3-29 3-63 4-06 4*60 4-93 6-28 

The assumption u„ — 3*29 -f bja will give results which do not -differ by more than 
2 per cent, from the above values. 

Flat Coils. - By methods similar in principle to tho.se used in determining the values of 
for solenoidal (toils, the following values of have Ix^en found : — 

Single Layer Flat Coils, r = inner radius. R = outer radius. 

r/R = I'O 0-9 0-8 0-7 0-6 0-6 

M, 3-29 3-36 3-58 3-84 4-24 4-78 

(15) Single Layer Coils at High Frequencies. — When z is greater than 3, K ( 2 ) and G ( 2 ) 
assume the simplified forms 

F(2) = (v/22-3)/4, G (2) = (v^2-1)/8, 

so that formula (53) becomes 

R' = (x + /32 (66) 

in which 

a = iR(2-74„(f/D*), ft = ^(2 + «„(f/rF). 

Now u^d^[YF seldom exceeds 6, so that ajft will usually lie between -f- ®'i^d — 0'4. 
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Even w!^en z is as small as 3, a is therefore less than J/Sz. For most purposes it is suffi- 
ciently accurate to take 

\V = ftz (67) 

From the. relation — 4:wjR„ we may write 

a = 0-0470\/^U^, = 830/\/K>, (68) 

in which J is the frequom^y in cycles per second, A the wave-length in metres, R',, the 
resistan(;c f»f the wire of the (!oil in ohms per 1,000 yards. 

Hence (67) hec.ornes _ 

\V = A/\ A = A\ (69) 

wliei e A and A' arc given by 

A = 146 -7 (li + '//„dVl)") 11/ \ H?„ 

A' = s • 47 X 1 0 " (2 + v„(P/\f) IV\ It;, 

(16) Comparison of Formula (69) u^h Experimental Obser nations. — Lindemann 
and Huter* have measured the efiective resistances of a series of single layer coils over 
a range of wave-lengths to which formula (69) is applicable. 

Their method was to bring the coil into resonance 'with an air condenser at the required 
wave-length and to measure the effective resistance in this condition by adding a known 
non-inductive resistance and observing the reduction in current. The method measures 
the resistance of the whole circuit of which the coil is a part, so that the resistance of the 
coil may be deduced if the resistances of the non-inductive })ortionK of the (dreuit are 
known, and the condenser is assumed to be free from loss. 

Their results included four solenoidal coifs wound with thick solid wire, and for these 
(!oil8 they found that the effective resistance could be expressed in the form 

ir - A \/a-kH/a^' (71) 

The data given by Lindemann and HfiTER for these coils enable the value of A in formula 
(70) to be calculated. The results are given in the following Table, which includes also 
three other coils measured by a similar method at the National Physical Laboratory. 

It is seen that the value of A as calculated from formula (70) is in good agreement 
with the value of A determined experimentally. In the calculation, the value of u„ 
taken has been the value given in the short table for solenoidal coils in Section 14. 
These values have been deduced upon the assumption of a large nuniber of turns. 
Calculations based on the value of v„, as deduced from a straight system containing 
the same number of wires as there were turns in the coil, were found to give a value 
pf A which in every case was lower than the value deduced from observations. 

* ‘ Verb. Peutsch. Phys. Gesellschaft,’ vol. 16, 1913, p. 219. 
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Table. — Effective Resistance of Single Layer Solenoidal Coils. • 


Coil. 

Kadius 

a 

Lenpth 

h 

TuruB 

Dia- 

meter 

of 

Direct 

Current 

Induct- 

ance 

L 

Experimental. 

Calcula- 

ted 

Obsr. 

i 

Range 
of * 
Wave- 


om. 

cm. 

n. 

wire 
d mm. 

H ohms. 

micro- 

henries. 

A. 

R. 

A . 


length 

metres. 

1 

15-6 

1-8 

7 

2-2 


30 

9-5 

2- 14 10^ 

10-4 

L.U. 


2 

9 - 7 s 

2-6 

11 

2 

0-0382 

43 

n -8 

2-15x10' 

11-2 

L.H. 

100 

3500 

3 

11-3 

2-0 

13 

0-71 

0-425 

75 

25-1 

7-4 xl0‘ 

25-5 

N.P.L. 

150 

600 

4 

10-0 

6-5 

18 

3 

— 

80 

14-3 

7-0 vio* 

13-2 

L.H. 

— 

5 

9-8 

2-16 

15 

M 


84 

25-5 

7-0 xlO^ 

26-6 

L.H. 

— 

6 

11-76 

1-0 

13 

0-71 

0-444 

](K) 

49-0 

<l-8 >10' 

50 

N.P.L. 

200 

6 ( X ) 

7 

8-76 

7-3 

40 

1G2 

0-193 

320 

56 

1-7 > 10'' 

56 

N.P.L. 

600 

1500 


The direct current resistances were not known in the cases of the coils 1, 4, 6. For 
the calculation of A, their values were deduced from the dimensions of the coils using the 
resistivity of copper as given by the known direct current resistance of Coil 3. 

It was to throw some light upon the properties of the second term (B/x“) in Ltnde- 
mann’s equation that the three coils marked N.P.L. were measured. Coil No. 6, which 
was wound with D.S.C. wire and held together by wax and silk without any other frame, 
was measured first to confirm Linijemann’s results. The observations are given below 
for this coil and are typical. In the Table, R, is the measured resistance of the coil. 
R' is obtained from R, by dividing by (1 - f/LC)®, where C is the measurcjd self 
capacity of the coil. The values of A and B are deduced by plotting R'y/X against X-''‘ 
(formula (71)). 


Coil No. 6. L = lOO'O microhenries. C = 20 /x/a F. 


X 

metres. 

Ri 

ohms. 

R' 

ohms. 

A/v/A. 

R/Ax 

R' 

(formula ( 71 )), 

2tK) 

7-2 

5-0„ 

3-4., 

i-(j, 

5-0, 

229 

6-2 

4-64 

3-2, 

1-3, 

4-5, 

* 260 

5-2 

4-16 

3-04 

1-0, 

4- Of, 

294 

4-3 

3-6, 

2-86 

0 - 7 .,. 

3-64 

360 

3-5 

31 o 

2C4 

0 - 5 « 

3-2„ 

463 

2-8 

2-6.. 

2-28 

0 - 3 , 

2-f.„ 

600 

2-6 

2-4« 

2-l„ 

0-2; 

2-4(, 

543 

2-5 

2-8k 

2-lo 

0-2., 

2-3„ 

564 

2-3 

2 - 3 , 

2-0.. 

0-2» 

2-2a 
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Coil No. 3 was of bare wire and supported by eight pieces of ebonite upon which equi- 
distant grooves had been cut to keep the wires in position, these ebonite pieces being 
spaced equally round an octagonal wooden frame. The arrangement involved no metal 
except tlie wire of the coil. Coil 3 approximately imitates Coil 6, except that the insula- 
tion had been removed and the spacing increased. Coil No. 7 was wound on a wooden 
frame with T).S.C1. wire and no wax. It is included in the table to increase the range 
of inductance and to put a severe test on the curvature correction for ?<„. 

In regard to the se(^ond term in formula (71), it is interesting to notice that if B is 
divided by 1/, the result is of the same order of magnitude for all the coils tested although 
the inductanfic increases nine fold. Thus : — 

Coil No. : 1 2 3 4 5 (5 7 

B/L* = 16-3 11-6 8-6 10-9 9-9 7-2 10-7 

A leakage of conductance C would contribute a term to the expression for the 
effective resistance. In terms of wave-length this becomes 3*66 if x is in 

metres, L in microhenries, and G in micuomhos. In order to imitate the resistance 
B/x’' by such a leakage the value of 1 /G must range from 0*2 to 0-4 megohm to give the 
values observed for B. 

As to whether leakage is the cause of the second term in Lindemann’s equation, and 
as to whether it lies in the coil or the remainder of the circuit is a matter which requires 
further investigation. There is no doubt, however, that the first term of Lindemann’s 
equations may be closely predicted by formula (69). 

(17) Conditimis for Minimum Eddy-CurrerU Losses in Single Layer Coils. — The 
inductance (jf a single layer solenoidal coil of radius a and length 6 may be written 

L = 4W/X/I)^ (72) 

in which 1) is the distance apart of two consecutive turns and X is a function of a/h. 
The effective resistance of the coil is by (63) 

R'= 11(14- F+M„Gd7L)-') (73) 

where F, G dejiend on the frequency and diameter of wire only, wliile u„ is a function of 
a lb. The values of X and u„ for the range of a/b 1 *0 to 2-4 are given below, the latter 
being obtained by interpolation from the table of Section 14, and the former from 
Rayleigh’s formula 

X = log, 8a/b- 1/2 + 6732a* (log, 8a/6-i) (74) 


ajh 

= 10 

1-2 

1-4 

1-6 

1 -8 

2-0 

2-2 

2-4 


=- 4-29 

4-10 

3-98 

3-87 

3-80 

3-73 

3-69 

3<6S 

X 

= 1-651 

1-816 

1-968 

2-084 

2-196 

2-296 

2-388 

2-466 
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With wire of a given diameter, the value of R'/L depends upon the values of,D, a. h. 
If the length of wire (i!) is also fixed, a may be expressed in terms of h D and b, since 

1 = lirahfl) (75) 

4 

Writing D — ^d,b = t/a we have from (72), (73), (75) 



The minimum value of R'/L is required for variations of ^ and ^ the former gives 
the best spacing of the wires with a coil of given shape, and the latter gives the bosi. 
shape. 

Best Spacing . — (76) is minimum with regard to variation of ^ when 

^* = 37/„G/(1+F) (77) 

and then 

U'/L=JR(^)'l3«(l + K]:?'i (7«) 

Condition (77) shows that at the best spacing the proximity losses are one-third the 
skin losses. If the best spacing is not emj)loyed, then, writing R'/L — t, and letting 
Tu, be the values of t, ^ when the spacing is best, 

= (79) 

from which the following values are found : — 

^/^o(= D/D,,) =- 0-6 0-7 0-8 0-9 1-0 1-1 1-2 1-3 

t/to = 1-120 1-053 1 0J9 1-(K)4 1-000 1-003 1-012 1-023 

iUn— 1-4 1-5 

t/t„= 1-037 1-055 

Best Shape . — Keeping the best spacing, the best shape is that value of ajb which will 
make [ajhf uJjX a minimum. The following values are obtained from the table given 


above for u„ and X : — 

ajb = 1-0 1-2 1-4 1-6 1-8 2-0 2-2 2-4 

XfuJiafbf = 1-147 1-165 1-172 1-174 1-172 1-167 1-161 1-152 

so that if condition (77) is possible the best shape is ajb = 1-6, and then 

R'/L = 1 •872R {d/Py {0(1 + Fy‘}i (80) 


“When z is very large, F = 2, G = s/ 2zj^, so that at very high frequencies 

R'/L = 0-557R2(d!/f)*, 

or with 

R = 4plf‘7rcP, z* = 2v^y<Plp, 

WIL = 3\5{/plldy (81) 

VOL. OCXXII. — A. O 
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If the frequency f is not sufficiently high for the approximation to told, (81) must be 


replaced by 

li'/h = yiz)ifp/ldy, (81a) 

In which y(c) e JTIS jC! (l 4- F)”(V2 S'l'd has the followmg values : — 

2 1-5 2-0 2-5 3-0 3-5 4-0 4-5 6-() oo 

y{s) 3-8i 3-61 3-53 3-48 3-43 3-41 3-39 3-37 3-16 

It is seen that y (z) dt)es not vary nuich throughout a large range of frequency, and if 
the formula 

ir/L T 3-4 Ifp/ld]- (81b) 


is used this will represent the best value of alternating current time constant attainable so 
long as 2 is greafer than 2. Taking for copper p — 1 ,600 C.Ci.S., expressing/ in terms of 
wave-length A (in metres), and supjiosing Jj to be in microhenries. I and d in centimetres, 

IT/L = 2-3!)fx/Id\. 

Thus A in Lindemann’s formula cannot be less than 

A„„.. =- 2-35L/s/d. 

In illustration we have for coils No. 1 , 2, 3 of the table of Section ] 6, 


while 


A„..,.. -7-1, 8-6, 22 




tuai 


0-75, 0-73, 0-86. 


The ratio 2-35 L/A\ Id may be taken as a measure of the efficiency of any coil. 

Condition that Equation (77) inay he satisfied. — Since, if the best spacing is used, 
ajh = 1 - 6 is always the best shape, we have from (77), with — 3 -87, 


[Dldf = 11-610/1 +F. 


This gives the following values for D/d : — 


s = 1-0 

I -5 

2-0 

2-5 

D/d = 0-425 

0-88, 

1-36 

1-70, 

2 == 6-0 

7-0 

8-0 

9-0 

D/d = 2-14 

2-17 

2-20 

2*22, 


(82) 


3-0 3-5 4-0 4-6 6-0 

1*89 1-97 2-01 2*04 2-07, 

10-0 inf. 

2-24, 2-41 


Now D/d must always be greater than unity in practice, so that if z is less than 1*6, 
close winding is the best. When z exceeds 1-61, spacing rapidly becomes advantageous, 
the best spacing at very high frequencies being D = 2'4d. As regards departure from 
the best spacing, the table of t/t,, shows that the time constant will vary by less than 
1 per cent, from the best value if D /D„ lies between 0 • 86 and 1 • 1 8, by less than 6 per ceiit. 
if D/D„ lies between 0*79 and I -28. 
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If olofie winding is employed (keeping ajb =■ 1-6), the losses at high frequencies will he 
42 per cent, greater than when the proper spacing is employed. Fig. 9 summarizes the 



B' ~ Alternating current resintancp, L — Inductance. 

T — R'/L , To — Minimum W/h. 

z — 830/ v/R'oA , R'o -= D.C. resifitance in ohniH per 1,(KK) yardw 

A Wave-length in tnetrcH. 

Frequency high if c > 2. 

At high frequencies best shape in afh — 1*6, best spacing (average) is D/d 2. 

At low frequencies best shape (average) m a /h = 1*4 and close winding is the best. 

reaultd of this section. The full curve gives the best spacing, and the broken curves show 
the limits allowable if losses 1 per cent, and 5 per cent, greater than the minimum losses 
are permissible. The figure may be used to grade coils for different ranges of frequency. 

Thus the 6 per cent, limit will be attained if below 2 = 2 we make ajh = 1 "4* and 
employ close winding, and above 2 = 2 we make ajb = 1 • 6 and space the wire so that 

• Between 2=0 and 2 = 1 • 6 the best value of a/h rises from 1 • 2^ (the steady current value) to 1 • 6. The 
value afb = 1*4 wiD never produce a loss exceeding by 0-2 per cent, the minimum loss. 

O 2 
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D = 2(Z. In estimating, for a given diameter of wire, the wave-length at which 
spacing 'should be employed, the formula 

R'„X = 172,000 (83) 

f 

(deduced from (68) with z = 2) is useful. Thus, with No. 28 S.W.G. wire, K'o in ohms 
per 1,000 yards is 140; so that if X is less than 1,230 metres, spaced winding should 
be used. 

Flai, Coils. — A similar treatment for flat coils has yielded the following results : — 

Spacing becomes advantageous at practically the same value of z (viz., z — 1'’6) as 
that for solenoidal cods. At any value of z greater than 1 *6, the best ratio of inner to 
outer radius is r/K = 0-60, and the best spacing is 1 '04 times that for solenoidal coils. 
When both these conditions are satisfied the eddy-current losses in the flat coil are 
5 per cent, greater than those in the solenoidal coil wound in the best way with the same 
wire. When z is less than 1 • 6, clo.se winding is the best, and the best ratio of radii 
varies from 0-4 to O-G. The value r/R = 0*6 will therefore be the best ratio to take 
for a range of working from z = 0 to * = 1 • 6. 

(E). SiNGJ.E Layer Stranded Wire Coils. 

18. Single Layer Stranded Wire Coils, — If we replace the solid wire in a coil by a 
number of insulated parallel filaments of the same copper section and connected in 
parallel, the direct enrrent resistance of the (u>il will be imaltered, but for alternating 
currents the distribution of current between the filaments will not be uniform unless 
the filaments arc interwoven in such a way that they traverse similar paths. 

As a non-uniform current distribution will cause increased losses, and twisting will 
produce increased length in the filaments, it is a matter for investigation as to what 
gain may be expe(!ted by using stranded wire coils. 

It will be assumed that each strand traces out a helix about the axis of stranding, 
the angle of which is «. Actually the radius of the helix will vary along a particular 
strand ; but this need not be considered in getting the average result, as we may pass 
from one strand to its replacing strand, and thus keep at the same distance from the 
axis throughout the length of the stranded wire. The further assumption that a is 
(sonstant throughout the section will assure that there are the same number of strands 
in the same axial length of any layer whatever its distance from the axis. 

1 9. If r is the direct current resistance per unit length of one strand, the skin resistance 
of each strand in unit ax,iai length of the wire is 

sec a ■[ 1 -I- F (z) } 

where z* = , 8 being the diameter of one strand. Upon this must be superposed 

the resistances representing the losses due to two fields : — 

(a) A field H, due to the strands in the same turn of the coil as that in which the 
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strand in question is situated. This field is normal to the axis of stranding and tangential 
to the cylinder on which the strand is wound. 

(b) A field Hj, due- to the remaining turns in the coil. This field will also he assumed 
to be normal to the axis of stranding, and will have two component s cos H tangential 
to the cylinder and H. sin 0 normal to the cylinder, 0 being the aingulai- position of the 
element under consideration. 

Thus an element of one strand is situated in a nett field whose component s tangential 
and normal to the winding cylinder are H, -f cos 6, Hj sin fl. These may further 
be resolved into components along and at right angles to the direction of the element, 
viz. : — 

cos 6} sin a, 

Hj, = (H, + H3 cos 0) cos a, sin 0. 

Now, as regards the axi^l component of the field, it may be shown that if a cylinder 
is placed with its axis along the direction of an alternating field, the losses in the cylinder 
are one-half the losses which would occur if the cylinder were placed at right angles to 
the field. 

Therefore the loss in an element d\ of one strand due to the fields Tf,. H., is by (49) 

dW = 

Now, as we pass along one strand, the value of 0 increases uniformly ns we are rotating 
relative to the field Hence the average loss in one strand is got by replacing 
Hb“ by their mean values throughout a complete cycle of 0 ; that is. are replaced 

by 

si n^* a ( H .=* + A M /), cos^ a ( H -f ^ H /) + | H 
The loss per unit arial length of the stranded wire is thus 

W = sec ad (2) -j H,“( I — I sin^ a) + H/ ( 1 — sin" a) j . 

(20) Since each strand carries the same current, the value of H, at a distance r from 
the axis is 2lr/a„^, where I is the whole current and a„ the over-jjJl radius of the stranded 
wire, the number of strands being assumed large. 

Again the number of strands crossing an annular belt of width dr in the cross-setdion 
of th* wire is 2rs dr/a,^, s being the whole number of strands. The mean value of //,* 
throughout the section is therefore 

= 2T7a„- = SF/ri/, 

in which d# = 2a„. 

The field H, is the same as that for the corresponding solid wire coil, and the mean 
value of throughout the coil is 4 m,F/D®, D being the distance apart of consecutive 
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turoB. ysing these values in W and adding the skin losses, the following fonuula is 
obtained for the effective resistance of a stranded wire coil : — 

, li' = KoSeca I h-F (2) + s“i5^G ( 2)|^(l— ^ sin“ «)+ 0^,(1 “i “)j’J • 

in which 

R„ (= r^Js) is the direct current resistancie per unit length of the equivalent solid wire, 
8 = No. of strands, 

S = diameter of each strand, 
a = angle of twist, 

du = over-all diameter of stranded wire, 

D — separation of turns in coil ; 

while in the calculation of F and G, 2“ = vJcmf. 

(21 ) If the twist is so small that sin a — a, (84) becomes 

= + • • ( 85 ) 

The correction due to the twist will therefore be less than 1 per cent, if a < 0*14 
radian (8°). In determining the most efficient coil only the main term in (85) need be 
considered. 

(22) The quantities fixed will be taken to be the length of wire, the number of strands, 
and the diameter of each strand. Under these conditions it is clear from (85) that the 
best value of d^, is d„ = D, as adjustment of d„ will have a negligible effect on the 
inductance. Then 

R' = R„[l-hF+^'G(2-f'a„)] (86) 

The best value of D and shape of coil then follow by a method identical with that for 
the solid wire coil, except that sS replaces d, and 2 -j- replaces 
The method gives as the conditions for the best time-constant 

a/h= (87) 

(D/sa)" = 17760/(1 +F) (88) 

and the value of the time-constant is then 

R7L= 11117(2) v<Z^, (89) 

7 (z) l)eing calculated from the diameter of a single strand using (81 a). 

(23) Lirmts of Application. — The quantity is the diameter of solid copper wire 
having the same section as the copper section of the stranded wire, so that if it were 
possible to pack the circle D entirely with copper, D*/s^* could never fall below unity. 
Actually the limit is greater than unity, partly because the wire is circular, but also 
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because of twisting and the need for symmetrical distribution. Thus if three wires 
each of diameter S are arranged so that their centres form an equilateral triangle, the 
diameter of the cylinder in which these wires (!an be twisted is 

(I +2\ 3)n^ = 2-|;)5//A, 

in which n is a factor greater than unity, introduced t<» allow for iusulatitui l»etween 
contiguous wires. Denoting by fi^ the value of ft f(>r th<' t.hr«M‘-wire system is 

1 ' 244 «. If three three-wire systems are twisted, then, assuming rigidity, tlie over-all 
diameter of the resulting nine-wire system is (2- 155)^ /*<!, and the value of fi is 
(l-244f n. 

(Generally, if the operation is repeated p times, the result is a 3'’ .system for which 

D = (2-|55)"a<I, fx = (I '24 4)'' a. 

Applying tliis result to (88), it is seen that, as G/(l F) increases with frequency, there 
is a lower limit of frequency below which the tamditions may not be satisfied. Jf we 
depart from the condition of best internal space the resulting in(Tease in R'/D follows 
a law similar to that for solid wire. If we allow a 10 per cent, variation, the actual value 
of fi may range between 0‘63 and 1 *75 /a,, where y,, is the ideal value of /a. and this 
may be used to extend the lower limit of the range of application. A( the higher 
frequencies, although G/1 f- F tends to the finite value 1 /2. the spacing required is so 
large as to give unpractical coiI.s. 

If we set as practical linuts to n the values 1 •! and SGI, and alh>w a JO per cent, 
variation, the wave-length limits for copper wire of the usual gauges u.sed in stranding 
are given in the following table : — 


Table giving Limits of Application of Formulue (87), (88). (8S»)- . 

X Wave-length in metres. 


Wire No. S.W.G. 


42 


40 

38 

36 


No. of strands ; 

fX = 

0 


0 

0 

0 



Lx 

430 


630 

960 

1670 



rx - 

10 


10 

20 

30 



^x 

600 


850 

1330 

i 2160 

i 

1 

rx - 

80 


!20 

180 

! 290 


27 ^ 

Lx ^ 

m) 


1290 

' 2030 

’ 3200 

1 

1 

rx = 

140 


200 

300 

600 


s. j 

Lx = 

1270 


1800 

2800 

4600 
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The shorter wave-length assumes » — 3 • 3 and the longer wave-length assumes w = 1 • 1 . 
If we introduce a third system with n — 2-2 for the mid -regions, a choice of one or 
other of t.li(‘se systeins will enable the time-c.onstant (89) to f)e secured to within 10 
per (icnt. throughout the range of the table. The table shows clearly the transference 
of the applicability of the results to the regions of lower frequency as the stranding 
bec.t)mes finer. The observed inferiority of stranded wire coils at short wave-lengths 
is thus due to lack of iiilernal sj)ii,(dng at these wave-lengths. 

(24) Comjtarmm of Stranded Wire. Coils mth Solid Wire Cails. —Assuming both coils 
to have the same length of wire, the same total copper section and wound to give the 
best tim.e constants, the ratio of the time-constants is by (81a) and (89), 

t'/t = r 1 1 I y {z)fs^y (sh), (90) 

since 8^ = d” and z is proportional to d. 

In (90) T = B.'/L for the stranded wire coil and t that for the solid wire. Now, the 
ratio y{z)jy{sh) lies between 1 and 2* for all possible values of z and s, so that the 


formula 

T7T»r2/.vi (91) 

may be taken as comparing the two cases. 

For the S-system we have therefore 

s - 3 9 27 81 

t'/t - 0-91 0-69 0-63 0-40 


when the same length of wire is used in both coils. 

If coils of equal inductance are compared, the conditions are different, as the spacing 
for stranded wire coils is not the same as that for solid wire coils. In fact, throughout 
the range for which spacing is advantageous, 

D 

for the solid wire coils, and for stranded wire coils on the 3-system having the same 
copper section, 

D=-(l-244)'’wi. 


For coils of the same shape and of radius a, the inductance L is proportional to 
o^/rf* and the length of wire I is proportional to cdjJ). Hence, to keep the inductance 
constant, IfD must be constant. We have then 

I Qc D‘^*, a oc I)*'’, 

and from (89) 

R'/L ocD-''*. 
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Thus, if accented letters refer to the stranded wire coils, the relative value8«for equal 
inductance are 

(/'//)» = {a7a)*'* = (l •244V’ n/2 
and 

t7t= r2/s''‘{( 1-244)^ 

in the extreme case, when s = 81, ;) = 4. w = .S-3, V — 1 *58/, a' = 2-5a, t'/t = 0*32. 

(25) Modification of FormulcB when Strands are few in number. — The value of the 
field Hi was calculated on the assumption of a large number of strands, giving 
Hi* ~ If there are two touching strands each of diameter the field acting 

on one strand due to a current 1/2 in the other is lj$, and (the diameter of the 
circumscribing circle) is 2,1. Hence, for this case, H/ = 4l7d„". The factor 2/d,* in 
the formula (84) must therefore be replaced by 1 jdf With three strands whose 
centres form an equilateral triangle of side ,1, H,* = 4P/3,1* and d„ — 2- 165,1, so that 
2/d,* is replaced by 1'66/d,*. 

With four strands in square order, the centrc.s form a square of side , 1 , H,“ = 9P/8,1* 
and di = 2'4l4,l; 2/d,'‘ is replaced by 1'65/d,*- These new values react on the 
conditions (87), (88), (89) ; the “ shape ” condition (87) is practically unaltered. The 
“ spacing ” condition (88) gives slightly too high a value for D, viz. 

S = 2 3 4 

D/D„ = 0'90 P'96 0-97 

where is the value calculated by (88) and 1) the true value. 

The factor 1-111 in (89) must be replaced by 1 -054, 1 -078, 1 -084 when s = 2, 3, 4. 
These differences are small, so that the theory may be safely applied even w^ien the 
strands are few. 


(F). Many-layered Coils. 

(26) Coils of Many iMyers. — Let the winding section of the coil be t x c. Let c/6 
be small, and let 6 be small compared with the radius of the coil. Let there be m layers 
in the depth c and n turns per layer. 

The field at any point in the section will have two components H* and H^ parallel 
to b rind c respectively, which will act independently in producing eddy-current losses. 

As regards H„ the field acting on a single wire is the same as that for a single layer 
coil for which D = 6/mn. Thus the added resistance due to the action of H, is 

^^*110 ( 2 ) {mndfby, 

d being the diameter of the wire and R the direct current resistance of the coil. 

As regards H^, each layer behaves as a current sheet having current density nI/6, 
VOL. ooxxii. — A. p 
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In the ipunediate neighbourhood of the sheet the component of the field parallel to 
the sheet is 

/# = 'lirlillh 

and reverses its direction as we pass through the sheet. 

Assuming h to be constant throughout the depth c, the field acting on the first layer 
is (m — 1) on the second layer (m — 3) h, and generally on the layer (m — 2r — 1) h. 
The mean square value for all the layers is therefore 

P {{nj — ])*-f(m—3)* + (r)).— «)*+.. .[/m = (m*— l)/i73 = l) ( hI/&)*. 

Upon applying this result to (49) it follows that the added resistance due to the 
action of H,, is 

K(m*-])RG [z){7,dlbY. 

Adding these resistances to the skin resistance, the formula for the resistance of a 
many-layered coil is 

ir = 11 {1 -hF-t 1) (n(7//>)‘*G} (92) 

The corresponding formula for a stranded wire coil is obtained by replacing F by 
F -4- 2s^(f‘GjdJ‘ and d by sS. F and G in this case are calculated, using the diameter 
of a single strand. 

Assuming that the correction for curvature for the many-layered coil is of the same 
form as that for the single layer coil, the following formula includes all the previous 


formulte — 

R' = R (M-F-f MG) (93) 

in which for solid wire coils 

M. = v„ {nd /by ( 94 ) 

and for stranded wire coils 

M = 2 (s + ->(-« (2m^ — l) («s (?/6*)* (95) 


(27) Best Conditions for Many-layered Coils. — If different coils are wound with the 
same length and diameter of wire on the same shape of frame, and with the same 
spacing between the wires but with different radii, then the inductance will vary as 
m* while the resistance will be of the form 

a -f 

in which 

a = R { 1 -I- F — {ndfby G}, jS = 2u„ {ndfby G. 

At low frequencies F and G are negligibly small, so that increasing the number of 
layers will always improve the time-constant. At high frequencies the best time- 
constant is obtained when 


a = 3 / 8 / h *. 
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which gives » 

6m*+ 1 = ( 1 + ¥)/Gn„ {7id/bY (96) 

Assuming the condition such as to make m large, 

6 {innd/bf % ( 1 + F)/n„G (97) 


an expression determining the total number of turns (N = tw x w). With this value 
of N we obtain from 

L = 47rNVeX(^*), / = 27KtN, 

the relation 

2^ i X=*(i+zy 

yrd a 

for the inductance of the coil, and this leads to the same value for ajb as for single- 


layer coils, viz. : — 

afh =]■(■>, v/„ = 3-87 (98) 

When both conditions are satisfied 

R'/L = ]-l87y{z)\/fpHd (99) 


When 2 > 1, condition (97) with — 3*87 shows that {mnd/bf < 3 ; and since ndjb 
is of the order unity, m will not exceed 2. Many-layered coils are therefore only of 
advantage when 2 < 1, When this is the case, G = 2^/64 and F is negligible. 
Condition (97) may then be written, when a/b = 1 ’6, 

^d(b = l-66/z^; 

or, expressing z in terms of wave-length and diameter, and assuming the wire to be of 
copper of resistivity 1600 C.G.S. units, 

N = 2-8 X 10-*Xa/d^ (lOO) 

X being the wave-length in metres, a the coil radius in centimetres, and d the diameter 
of the wire in millimetres. 

For stranded wire coils of the same total copper section the conditions are 

t 

o/6 = 1*6 


N = 2-8 X 1 o-*\a \/s/tP, (101) 

while 

R'/L = lT87y(2)v/^/Z^, (102) 


d being the diameter of the equivalent solid copper, i the diameter of one strand, 
8 the number of strands, and z is calculated from the diameter of a single strand. 
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Thus the gain in time-constant by using stranded wire is 1 ; but, in addition, a larger 

number of turns, and therefore an increased inductance, may be obtained with stranded 
wire, while maintaining the best conditions. 

'(28) Design of Coils of Large Inductance. — If a coil of large inductance is required 
to have minimum effective resistance at a specified wave-length, the conditions 

ajh = 1-6, 

N = 2-8 X 10-‘Xa \/sl(V, (A) 

together with the formula for the inductance 

L = 25-5N*a, (B) 

determine the radius, shape and number of turns for a given diameter of wire. 

Usually these coils are required to resonate with a condenser of given capacity. 
In this case, if C is the resonating capacity in micro-microfarads, 

= 3-55xU)-'’LC (C) 

Eliminating L and X^ between (A), (B), (C), we find 

= r4 X 10VZ''’sC, 

a relation independent of the number of turns. Thus, whatever inductance is used, 
the coils must all have the same radius if wound with the same type of wire. In 
illustration, let the wire consist of nine strands, each of diameter 0*2 mm., and let the 
resonating capacity be 1,000 /x/x F. 

Then 

s = 9, d — ^/s(5 = 0*6, 

from which 

0 = 9 cm. 

Thus, if L = 20rnh, N = 297. As the winding length 6 = 5*6 cm., this could be 
arranged by having 6 layers of 60 turns each. To avoid large self-capacities the 
winding should be “ sliced.” 
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IV. I'he JnfJiiemr of Snfo/li/e.s tifton the Form, of Satunf.s Ixiu<]. 

By G. li. GoLDSlilKHUili, J).,Sc., Annstroog (hlleyr. Neivcasth-oti-Tyto'. 
Communicated hy Prof. T. II. II.wkmk’k, F.Ix.S. 

Keooivod Feliruary J7, — !\ea<l ]\Iay 20, Il>2l. 

§ 1 . liitvcnhici ion. 

In his '‘Adams’ Prizr Essay for tla* yt^.ar ]8r)(h MaxwklI; showed that Ifio rinos 
of tho plaiiot Saturn, oould only ho stable for small distnrhancos on the thoory that 
they W(U’e composed of meteorites sullicii'iitly small. This has ht‘on con(ii*med sinc’o 
by spectroscopic evidonci* a-mr is now |[join‘rally acet‘j)tod. In continuaneo o(* the 
same idea, the various divisions of tlie rinpfs have lieeii ac'c.oiinted for by ])r<*sumin;i 
that, in thos<‘ positions wlien‘ a single particle mosing in a. circular orliit about tht^ 
planet \vould luive a peiiod simply commensurate with tliat of one of* the nearer 
satellites of Saturn, instability would result. This idea has been fully emj)hasi/ed 
recently liy Lowklu. t Ilis observations a.t Flagstaff Iuim* disclosial a larg«‘ number 
of additional divisions in the rings (see Appendix to this pajxu'). Th(\y ha\«* the 
appearance of fine liiu'S traced on the surfaci^ of the rings. In each case is 

able to show tliat the divisions occur at intei’vals of* pei’iods commensurabh* with that 
of satellite Mimas. Tlie periods have the ratios such as vj, /’i , &c. LowKnu 

has stated the argument for this view in ‘ Bulletin,’ p. 18D. lf‘ the action of* one 
body upon another revolving about a third Ik* examined by the method of the 
variation of arbitrary constants, in the expressions for the periodic iianjualities 
in the radius vector and the longitude, there appear terms of the tyjie 
[C/(pn — cos — M Q I , where 7i and n' an* the mean motions of* the 
perturbing and perturbed bcxlies, and qr are integ(u\s, and tin* n^niaining rjuanlities 
are constants. It is clear that when the ratio n/// is apjiroximattdy (*qual to (//p, 
then the inequality will liecome very large. 

We may take a satellite of Saturn as one of the bodies and oiu^ of the particles 
forming the ring as the other ; if = q/p, approximately, then the particle* will 

* Maxweli/s ‘ Collected Works, ^ I., p. 288. 

t Lowell, ‘ Observatory Bulletin,’ No. 66. 

Q 


VOL. CCXXII. — A 597. 


[Puhli«h*Hi OrOiWr l.'l, 1921. 
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<l(^piirt c()nsi(leral)ly from its unperturlK^d path and collision with othhr particles will 
result. 'Tn this way the divisions in the ring have, Ixien explained. 

Some doubt has been cast upon this theory, and it has been shown* that even 
wIk'Ii 11 and u' are commensurable, a closta- examination of the motion leads to the 
eonelusion that the denominator will not vanish. 

It is also notictiable that this exjdanation takes no account of the attraction of the 
numerous p!irtieles upon one another, which may be considerable. 

A ri‘-examination of the matter is made in the prt^sent paper. As the satellibss of 
Saturn are all approximately in the same plane ns the ring, the problem is formulated 
iti two dimmisions only. The satellite is assumed to follow an unperturbed circular 
orbit, and the probhun reduces to a slight variation of the “restricted problem ” of 
thie<‘ bodies. We shall consider the effect of this satellite upon a number of particles 
foi'ining a single ring round the planet, subject to their mutual attraction as well as 
that of the satellite and of Saturn. Tlie actual Saturnian rings are supposed to be 
comjiostfd of a numljer of such rings firranged concentrically. These will have some 
effect one upfui the other, but, for tlie j)r(!sent, this effect is disi’egarded. 

In his paper, Maxwei.l considered the single ring of particles fuily. He found 
tha t the etjuations of motion could be satisfied by assuming that the particles rotated 
round the f)rimary in a circle with suitabh; angular ipotion. He then examined the 
effect of a small arbitrary disturbance upon them, and his results show that the 
disturbances W'ould nunain small if the masses of the particles were sufficiently small. 
Tliat is, the ring would l»e “ ordinarily” stable. 

In th<* present paper the plan is different. 1’he disturbance of the ring of particles 
by thf‘ satellite is (‘.xamined, with a view to determining under what, conditions the 
dejiarture from a certain fixed circle will Ix^ large. If is clear that if the depai’tures 
do Inicpme large, collisions with adjaceiit rings of particles will result, and the particles 
will leav(^ the vicinity of the original circle irrevocably. In this case a division in 
the ring will I’esult. It is with this meaning that the terms stability and instability 
have be(m us(d in the paper. But, as will be pointed out again in its proper place, 
tlm orbits in which the departure from the circidar form does not become great with 
increase of tinu' may yet Ixicome “ ordinarily ” unstable if further small arbitrary 
displacements are imposed upon them. 

Tlie rt'sults of this paper will therefon* indicate some, but not necessarily all, of the 
positions of divisions in the rings due to instability of whatever kind. 

In !$§ 2 to 4 an analytical theory is fully worked out on the supposition of equal 
particles in each ring. In § .5 it is shown how amendments may l)e introduced to 
cover the case of unequal particles. The application to the Saturnian system is giveii 
in ^ G, and tln^ last paragraph summai’ises the results obtained. 


Ti.ssEUANn, ' Mcc. Celeste,’ vol. iv., p. 420. 



SATELLITES UPON THE FORM OF SATURN^S RING. 


lo;^ 


55 2. Formation of the Egnatlohs. 


Lot M bo the mass of llio primary and the mass of ila* piincijjal satollilo wliiol) 
is assuiTHul to dosci'ilK^ an nnpoi-tnrbod circle round tin* primaiy. Tak(' tla* orijjin at 
M. Lot tluTo ho H particles forming a ring round the })rimaiy, subject to attraction 
from M, and one anotlier, and lot the mass and co-oi*dinat(\s at t ime t o(‘ j)a] ticlt‘ A 
be, TYix, ^A- L* the co-ordinates of at tlu^ saint^ tiin<‘ ar(‘ r\ 0\ tluui the motion 
ol* particle \ will ho produced by foices wbi(‘h an' tin' d(‘ri\ at i\ «'s of* the function 


whore 

and 


M f 7a, A 7n' 


Ax 7 *'^ M Dam 


w- nr, 


Ca 


M 7 ^ 

A/ = cos 

+ ''V - 2'V7-a c‘( )s 


The t‘(juations of motion o/*7Ua an* then 

i 


As we ai'(‘ assuming that 7 // describes an un|M‘rturbed circle, 


dt 


n 

" ' cit , 


(d\ 


- T (/-a'^a) = ^ 

■>\ df ^ ’ r 




r' = <i' and = o// + f', 


( 1 ) 


where o/W’ = M + m' = M, with sufHciont ajiproximation. 

Let \18 assume now tliat the remaininjf particles are inovine in the vicinity ol’ tlif 
vertices of a regular polygon of radius a. 'I’hen we may put 


'"a = <r+ 7 >A. 

= o)/ -|- f 4- X . “Jtt/ a + (Ta, 


for all values of X from 1 to ti, where f) and rr are assumed small, so that H(pmres, 
products, and higher powers of them and their first derivatives with regard to the 
time may be neglected. 

The equations (l) now reduce t«j 

Q 2 
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(P <l s S 

^ /)A — ‘Mw (Ta — (>' pK — ao) = 




?T 

tirJo 


' 'tt + 2,0 % - ( -- i| ) + 2^. f 

f// f// '/'a ^Oa 'u o 


V I '' 

■^r^'‘'ar,cVA^» 

/ a’T \ 

'"^''fl.rVAA; 
?2p 


-f 2rr^ 


-f 


rx?0^?0x\, 


( 2 ) 


III ol'dci* to (li^l<‘rniiiit^ the (lerivat/iveB, we write in the lorinula for Aa, ^ ^a? 

and a = /‘a/^’^ Then 


Aa'^ - {1-t a^--L>acosV>Al --^v' 

= { A f cos 4 ... 4- />J f5C)S V 0 h ... 1 -r 7’^ 

l)y FouiUEii s HC‘ries. 

This 5i(M‘i(%s will he taken as ahsolutel}" and nnifcnanly convergent. 
We find then 


'■'I = _ m.± 2>‘* + h,'±‘ + ... + » ,> 

rrx n" r'M-ca f’a ^ J 


V [ ’’x — '>v P OH (^M 4. ZA*A) I 

^7)lu '» ' V V n “““ ' . li I 


Dx^* 


'Am 


J’ 


V <lF 




v,„ fj •L(nr2V_£i’?i'V,- (!,))’ 1 

r 'III.,* 1>:‘ ' 


r>^ 




V,>R(0^--ex) .3 IrA-'/v C(>s(0^-0x)} |')V-r;xCos((l^-0A)[ 

. i>j' !>>;■ 


+ 


2ci>H{e,-e,J 


/•>. 




-0- 4!2L. 

7 " 


!^iL 

r'“ 


(/,, sin 0 + ... 4 v7>, sill v^, 4 • • • ) — ^ sin V* 


fl^x 


, sill B {n- ?v c(»s sin (0^- Ox) ' 

1W‘ 




‘ Dx ‘ 






/»♦ 2 


(<r^ — ffx), 


I £? = { . . , 4 v7>, sill y> +•■•)- ^! S‘" ^ i 1 ’ 

■/•aiX /i-a' '• 0 L ‘V j 
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)n c 

?a 


{byfihi il>+ ... + j7>, 8111 1</>+ ...) 


• > K 

[ 3>v ain b\-}\ cos (^,-0^)! 


M I 
+i:wi 


I>.x“ 


/'X 


sin — 3)-^ sin — 0^) 1 — cos 

Dx/' ^ 


-f- ~ sin 


/V. 


(IT 






lit f -y, . \ , in 

— ( . . , r/i. COxS /^> . . . ) i — COB fji 

r t\ r - 


fT\ 




?v (^<>H — ^a) _ 3r/> A 

IV 1>A^‘ 


Am 


- --O()H{0^-rt*) 


((T^ — (rx). 


In the siiniinationR of the rijjht^harul nieniliei’s, lu takes all iiitt'f^ral \ahi(*s fr<»ni 
1 to n, except = \. 

The zero valuers of these derivatives aro o))taiiit‘d hy putting 


Whence 
where <f» now is 
and 
Then 


r' = a\ n = a, 

(Y = (t/f ^ ~ “t f \^‘ 7 rl fi, 

_ a'" f cr*— 2aa' cos 0 

(a/”~(i») A -f — f — \2irjtl ; 

Da^ = 2(( sin (a — x) nrln. 


((T/(V.)o = — -r + + + 




2 (M + wix) w' 


f/ 


7 " sin (m — a) it/h a 
+^, ... +?>. C(JS«V>4 •••) 




+ ■ j,COg (m — ■^) 2Tr//( , , 


ri2 


rt fia 


V J 1 J i 

M ^ ifia*’ Bin'* (a — X) tt/u Hci' sin (a-'X) Tr/a I 


^A 


"f 


COB (a^'^X) 27rln 


[_Ha/^ sin'*' (a — X) irfu Ha*' sin (a""X) x/a ^ a*' 


cos (a"“X) 2x//< 


j"'- 
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rj ^ 

n fa 


— (/>! si n 0 + . . . + U>, sin itj> - -j., sin <}> cry 

>a <t ~ 


.. ft c(»K {n — a) 7r/ff . sin (/j— a) ‘iirlii 1 / \ 

+ ^ 2—2 / 1 ' r /- ^ L- “ "’Vf 

M L Ha sin {/n—Xjir/it <r 


1 1 TiP \ HI / ,•/••, \ • , 


4a‘*8in"(^-A) x/ff a- ' ' 


/y/ fO 




— (/>i sin 04 - ... l-vV>, siii i(p ...) 


/7 * , , , * i \ ^ cos (/ii — X) x/y/ I 

(/>, Kill 0'i -4y/>, 811170,..)-^?/?, ■ — r\ / 

/Vr M lHf//‘Biir X) x/v/ L 




ft cos ifi-x) irfu , ^ ■ 


Hfr siir (m — x) Trjn a 


4 — HIM (m — X) 2 TTjn /V, 




-7- (/>! cos 0 -f- . . . 4 v^/>, cos v0 . . . ) f — cos 0 

(f fi f/ " 


co s (/X — x) 2 x/y/ f] siir"^ (/u — X) 2x /// 

Sfr’ sill ' (/u~ X) tt/// t42f/^ sli/’ (m~X) x// 


— --yCos (M — X)2x/yy J(fr^ — rrA). 

Til the suniniatioiis of* the ri^ht-haiicl inemlierR, /m takes all integral values from 
1 to vy, (‘XC(^pt /X = X. 

Next assume tfiat all the small particlt^s forming the ring are equal to one another. 
T^hat is = 7n. 

Further, l(^t = /^^A) foi’ values of X. 

Then 

f*K /^Affi /^Ai 

whence 

= 1 ; 

or 

/3 = eos — 4-1 sm — , where < = ^/( — ]), 

7 / 7 X 

and s takes all integral values from 0 to n— 1. 

The quantities appearing under the signs of summation are then : 

V / s\ I 

:^-cos{M-X)2ir//f = - 3 ; 

ff (x 

- ” sin (/u— a) 2fl-//( = 0; 


V = ^ K ; 

M 4«“ sin (/u — a) x/ff «■ 
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ni I uwft — a; sJitl'il 1 COS (/x — X)l!7r/7i4'< sill S {/li — \ ) I^Tt/ // ] — 1 


8a" 


(*08 N j /UL’— M ^ t t/// -f / si 1 1 M — A)w7r/?/ 4 2 
sin (m — X) 'Jt/// 


7 8f^" 


_ ^ m f I cos'^N 1 sir)" s tt/;/ cos' (// — X) tt 1 _ _ j 

7 a" 1“ sill tt/// ‘ sin" (/x — X) 7r/y/ ! o’* 


m cos (/i — X ) tt/// , / x\/.* / \\ i i! 

% ^ -t-t;- r ^ > ; cos ,s (m““ A) TT/l^ f I Sill N (xx — A) TT U — I , 

8a/ siir (iuL--X) tt/?/ 

— m V ‘lii’ (/tx — X) tt/;/ _ ^ ^ jyj . 

8<r M sill" (/X — X) tt//^ a"’ 

V OOS (m-X) x/// ( X) x/;- I M i = , M, : 

V Icos (/x — X) 2x//( •) Rin '' (m — X) 2x///l , , ^^.> /. , ./ ^^.. / i- 

/ -‘T • ,coK.v(;x-X)2x/M-i <Sin.s(^x-X) Jx//^ -1 ; 

8a*“ I Kin (xx~X) TT/;/ sin (xx — X)7r/>/ J 

_ 'm y siir' N (xx^x) tt/h j, cos" (la — x) ir/n ^ j siir' N (xx— a) tt/// I _ />/ 
a^7l"^ sin" (xx — a) 7r/;x sin(xx— A)^/?/ ! ir 

The quantities K, L^, M,, N, can readily be found liy direct Humnnition wliioi //, the 
number of particles, and .s* are known. 

In re-writing the differential (Mpiations (2), we may now omit the Kuflix(*s of /»and(T. 
(^liange the independtait variable from t to = (u/ — 1 »') / + </ — t — A . 27r//o Also put. 

7a/M = is = /, o/lm = K\ - K, and, to secun' honxigemrity, rej)la.ce 

p by (ip. Let us further assume tliat (»>’“<//’ = M, and c^yf/'' = M (the latter holds \ery 
approximately wlnm 7 h' describtis a circle), so that we liave ajaf = 

The differentia] (^(juat ions thmi Ix^come 


— 2 k “ = ••• *t cos f/> 

({(fr dfj) (a 


(l(T 


-f 


4 - 


lU*" 4 k'^k^v ( 4 " • • • 4 “ /xj cos uji \ . . . ) — 


A'‘ ( 7 x, sin ... 4 /Vx, sin /f/> 4 “ ...~ sin f/d 4 a“V/AL 


and 


4- 2/c ^ V k'^k ^u\ f]) \ . . . 4 sin 4 ...) sin 0 
cr^ fi0 


f 7 ‘^* 8 in 70 f ... j — rW'^''(... 4 '^/>, sin / 0 -f-...) 
— i/a ( . . . 4- COS 704 . . . ) 4- V K^K^ cos 0 4 rA^N, 


(:0 
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Tlie equationK (2) may replaced, ilic Biippositiorm made, 'by eqiiations (3). 

EquatiftiiR (2) fr>rm a Ryatom of ?/ pairs of linear equations of the second f)rder. The 
conqdete inte^fral will tlierefore invoh^e 4m ar})itrary constants. The system of 
equations (,S) will give the same result, for the solution of (3) will he a function of s 
invohin^ four arbitrary conslaiits. By giving s its n valu<'S, 0, 1, 2, (a — l), we 
arrive at the complete intejjral involviiiff 4a, arbitrary constants. 

Now it has Insen shown by TlRSERAND* that for larffe values of a,, whatever the 
value of .S' may 1«\ the limitiiifj value of L, is 0'01947i'*, N, = "JL, and M, = 0. 

I’hese values Iarg<!ly simplify the discussion of the stability of the system. 

Lastly the equations (3) may he written, for convenience, in the form 


f /' — 2(c(r^ + (C)| „ + (4) 1 cos + ... f COK V ^> ...) f> 

+ (ft, , sin + f*'"' 20-1- ... -f ft,, r sill 1'04 ■■■) rr 

= f L, II -1 f’h. 1 0-1 ... 4- <4;,, r cos I'f/, + ... 

rr" + '2 ki>' (f),.! sin 04 H,, . sin 204 ... 4 B, sin vv/,-!- ...)/, 
-t (f4.,.„ + H, , cos 04- ... 4 tt,r cos ?’0 I ...) T 
= (4,, , sin 0 4 ... 4 sin 7'04 ... 


U) 


I'lie values of the (juantities f4 are : 


1 1 _ .->3 }/ a rj f 0,1 . 3 r 

'^h.ii = — <>)c — ^ -t-w Ij, 

vnL~ 


B,.. = 


B:,. - 
B,,„ = 
B.., , = 
B.,,. = 


B,„ = 


f>.„o = 

B,„. = 
B.,,,= 
B„,, = 


/ L» rj 
l' K K 




' 2 'V.'i., 

-IK K • / — 

f'a 

'^7 

1 / y /Vi 217 

fri' K A' “ — I'A' i\ 


/ 2 /«/i ' 2 f*L 

I' k K IKK 

<0t 


t 2 /‘/i 

V K K 


VOL 

' 2 1 ' 2 /’/a,.;. . 

— V K K " 7 ’ 2 V K K *) ; 

ha 

V ; 

; 


{r^O) 


{r 0, 1) 


{r 0) 

(,•5^1) 



* * Mdc. Celeste/ vol. ii., p. 184. 
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The Ijest inethtwls ol' (letermitiiiig the values of />„ and its first and secoinl 
dsrivatives for known values of a, or are {jiven hy Tiksekand.* The complete 
evaluation of a iiumher of thest* quantities for various ratios, applicable to the solar 
system, is given by FoNTK(!OunANT.t For the purpose of i^stimating the order of the 
numerical values of the quantities t^,. „ we may take the higln.'st ratio « likely to 
occur as that of the outer edge of the ring to the mean distance of Mimas. This 
ratio is 074G1 (s(»e Appendix for data). PoNTk(^ouiiANT gives the Aalues for 
a = 0’723.3?1, which we may use. to avoid laborious calculation. If we take i ' = 7 . 1(( ", 
the value for Mimas, we find 

H,,„ = -20-25'J0-1 ()7o30rL. : 

H,,, = - rai) . 10-“, O,., = -1-53 . I(r“, 

Bj , = -4 07 . 10-^ = -7'39. 10 \ 

= - 1 ■40 . 1 0- 1 79 . 1 0- ’K. (>,. , = 

= -]3-50(i0rL,. 

It is clear that, companfd with B, all prcKluctfi and squares of the remaining B's 
may l)e neglected. 


B, , = -re, .3 . in 
B., , =r -!r34 .10 : 

4‘07 . ]0-^ B;, =: 3’G9 . 10 ’ ... 


§ 3. of the Eqimtiotis. 

(a) The complementary function. 

The equations 

//"— 2^o'^ + /uwBj cos r^H cr— B„ sin vtf, = 0, | 

. c (G) 

o-" + 2v/ + /j-Bj , sin r^H rriiBj cos rt/) = 0. J 

belong to the class of homogeneous linear difi’erential equations with jauiodic 
coefficients. The integral is known to be the sum of the forms c'^f {tp), when*. ,/’(</>) 
is a periodic function of <p with the same pe.riod as the coefficients in the equations (G). 
Equations of this form in one dependent variable have been di8(ni8sed by W iii'n'AKKK,![ 
Youn(;,§ Incf.,|| and Baker.^ The present 8oluti<»n is a simple extensum of the. work 
of these writers. 

Let • 

/> = c”*A, 

,r = C'^X, 

* ‘ Mbf. Ci^.leste/ vol. i., p. :!70, cf set/, 
t ‘ Systenio du Monde,’ voL 3, pp, 3r)3-37r). 

} ‘Proc Inter. CongresK Math.’ vol. 1, 1912; ‘Proc. Kdin. Math. Soc.’ xxxii., ji. 7(). 

§ ‘Proc, Iklin. Math. Soc.’ xxxii., p. 81. 
l! ' Monthly Notices K,A.S,’ Ixxv., 5, p. 436. 

1 11. F. Bakkr, ‘Phil. TraiiH,’ A., vol. 216, p. 129. 
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where A and X are, as has lieeri said, purely periodic functions of period 2ir. On 
BubstitutiiifT in equations (6) we find 

, ('''A ( ‘2c A' -i A"— '2 k (cX t X') 1 A2lH| , cos r0 I , sin rt/> = 0 

(■‘‘X -f 2cX'4 X" f ‘2k (cA ■) A') t Ai;< >,|,r sin /•(/> ^ Xiifl,,,,. sin ri/> = 0 

!,iet us now assume tlial A and X can 1 m? represented in tin? most general way hy a 
series of terms in (t with suitahle coefficients, thi; coefficients lieing periodic functions 
of 0 with ptu'iod ‘2v. Tliat is, let 

A — Aosin (/^0-T) + i;EA,/\, + XX:£iiB,, ,,,, ,, , 

X = X, , cos (/.0 -t)4X:‘X,,.H,,. + XXXXY,,.,,,,,O,,,H,, . 

In these exjiressions A„ and X,, will Im^? arbitrary constants, ii is an arbitrary 
intciger* and t a. paramiite.r wliich will lx? defined presently. 

We shall assume that the index r is of the form 





f-) 4-4 

, S^fK q ■ 


Then, if w<? substitute' these- values in e'ejuatieuis (7) anel equate to zero those terms 
wliich de» imt involve any O e-xcejit O, „ and B;, ,,, which are large coinjiared with the 
others, we find 

{ (th,„— A„ + 2AHX„j sin {n<f> — r) = 0, 

■l2/fa A„4 {B, X,,} cos (//0-t) = 0. 



On eliniinatinfT A„ and X(, wc find 

= (» (9) 

In general, the? given values of B, „ anel B. „ will neit satisfy the ielentity (9) for any 
integral value of ii. Le't us re-place B, „ by eq whei-e a, „ is a ejuantity which 
satisfies the relation 

('<1,0— "*) (B., „—//*)— = 0 (10) 


For some suitahle value- of ii, it will usually Ije lound that approximates closely 
te* B, 

Feillowing the metheid of Whittakeu previously referred to, let us miw assume 
that 


(B|,„-a“)(B,,,„-a''‘) - («1,0-"’) (H-.,..-"") = --'"r..ffr,. + ----'V,..p.v^r.,h>/,.,+ . 


or 


B,,„ = n^+ (i i ) 


* The uHe of n is to l>o diatiiiguiBhed from u former use where it referred to the number of particles in 
the ring. 
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We now substitute the assumed values for A, X, r*, H, „ in equations (7) and equatt^ 
to zero the coefiicients of each term in „ H,. ,, &c. It will l>e found that the 

relations (8) are satisfied identically. Two conditions furllaT must be iinjK)sed in 
order that all the unknown coefiicients may b(‘ determined. Tliese are : 

(i) The term cos — t) must not appear in the series for A ; 

(ii) The solutions for A and X must be purely }»erl(Klic with period i!7r. 

The condition (i) amounts to a definition of r, and C(Hidition (ii) secures that no 
part of the exponent shall apjK'ar in the ])erio(lic serit*s. FurtlKU’, th(*8e conditions 
determine uniquely the uiidetermiruHl coeHicituits in the sei-ies ibr „ and z'. The 
woi’k from this point is purely mechanical though lon^^. The following sample 
Bufficiently indicates its chai’aeter. 

On equating to zero tlie terms involving f), we find 

2c, Ao cos — t)-!' A", ,.-“2/vC, ^.X,, cos (ui/t — r) 

— 2/v'X'i ,,4 Oj,„A, ^A„ sin — t) I A„ cos /*</> sin (//(/> — t) -- 0 > ( 12 ) 
— 2z*i p/X,, sin (y/0 t) - f X^Y , -f 2 a-z‘, yA,, sin {mp’—r) f 2/v A^, I O,, ^ =r 0 

In the case when /' is uoi 2// or //, It is clear that 


~ 0 and o, ^ — 0. 


Equation (12) then reduces to 

A",,,.-2a-X',,, -I iA„[sin !(// f /-) 0 -T; I Hill '(//- r) I - <\ [ 

X",,,4 2kA',.,-M>;„„X,,, - (». J 

Solving in the usual way we fiiicl 

A _ A„a’' + — <)■,,„ I sin ;(/( t£)v^Tl A„/r‘ ! (e — y)- — (>.■,,„ } sin |(/< — rly)- 

"" ■' 2'/- (2/4010 ;,Xn-44/ ^ 4) 2/-(2//-/') h', „n;,,-//^'(//-/f : 

Y A||'//'V (// 4 '/•) COB !(// {-/•)< /< — t| A,|//~V ( // — /•) Cl >B !(//-/') ^. — T I 

^ ■r(2//4 4 I "uA, +41 r(2//-/-yio',>„.,-//='(//-/fV 

In the special case where r = n, we have 


1 , w ' I, n > 


A"i,,,-‘2a,X',,,, 4 f iK l«iu sin rj = 0, [ 

X",„ ^2^-A^.„ = "J 


From which 


A = A„ (4//- - H ,., ) giu^/tjj^) Ji,,_ 


Y — & COB (Ziii/i — r) 

4/r— 


and 
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Again, in the special case where r = 2n, we find in place of ecjuations (12), the 
following 

A„ cos cos (w^-t) -2/i:X',.2, 1 

sin t) I- JA„ {sin t) — sin — t) cos 2t { 

I ( ^ ) 

— COS (>^</> — t) Sin 2 t 1 =0. j 
-2r, a„wX„8in (ey^-r) + X",,:i«4 2/irc,,^„A« sin ('//^,-t) 1 2kA\_u„ I-Hb „Xi.i.„ = 0. j 


In ordor to avoid tlio explicit appearance of we must liave 

i 2t. 

Since we have already stipulated that A must not contain any term in cos r), 
J must he so chosen as to make (piantities involving cos(7/</> — t) annul. Hence we 
nust have 

l2^,,a„'/^A^-2^-(!,,..„X^,-|A„.sin 2 t} -'2k'X\,.j„ = 0,t 

{-2c,.j„'//Xo4 2/rr,,i,„AuJ Kin(7/V'-T)+X",,a„ + Os,„X,,.j„ = O.J 

Whence 

4 (a,, A,, „-•/<*) 

V _ 1 (W6,» + ''A') sin 2 tA„ sin 

ft ' "7 77 IT ' 

KU ) 


To the value f(»r X,,o„ must l»e added the furtlier pai ticulai- solution arising from 
he term iA,, sin (na^— t) in (15). It is 

A = A-u (37/ . 0 -t) 

10(^L..A.,o-9//^) 

Y 3/t/cA„ cos (3^0 — t) 

' 8(a,„a,.n“9/7) ■ 


Proceeding in this way, we have llie following results : — 


T<'rms not rnvolrlng orgume/ni f> : 


In A 

A„ sin («^— t). 

In X 

X,, cos {in/t—r). 

In c 


None. 

Also 



rhen 


2/f//Xu = - (n,.„-w“) Au, 

«i,u = »P + 4A:*n7(W6,u-«*)- 
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Terms imioJving argument tvhere r is not n nor 2n ; 

<<\.r = 'Vr = 0 , 


A = _ A„w-’‘-{(9/-fr)‘*— sill T i- k„n'^ »»» ! Of “/') ' 

27’ (-" + '■) +'*)’*) 2r{2n-r) {n^ „()l, „-n'^{n-r)'^} 


X,. + - 


A,{n\ {n + r) cos {{n + r) ip — r] A,;n\ jn — r) (‘ o .s } (// — i') — t | 
■r {2n + ■/•) -I I '■ (2*/ - '•) ! :-n'^{n- I’Y \ 


Terms involving argument (I, „ .• 


<fx.„ = 0, e, „ - 0. 

. A„ (4/(“ — ♦)., „) sill (2/7y> — t) A„siiiT 

Y _ ‘Jki/ A,, cos (2n<l> — r) 


Terms involving argument B, 


a. leaner, 


n 'f!).0'L-T 


A _ (Ot,,,— 9/r’) A,, sin (3ii./. — t) 

V _ _ 'L tA-A„cos (:t7t v>-T) t/'i.'l) (lift. 

" ~ H {a, „H, ,,-9//) Ha-// (a, A,o-97/0 


Terms involving argument H_. r, 'tvhere r is not n mo' 2n : 

^ ^*2. r 


_ «*■ {H,,,- (//->■)“ 1 X„siii 1 (//-/•) ^/-rj 

“ 47i(7i + 7’)0'i.»Hr,, ♦ '■)“! 4>’(//-/’) „-//“( //-/•)-: 

V X|,ii\ ( n -f r) c o s \ { u + 7’) «// — t 1 


Ti'Tifis THVitInttg (irynmvni 


•^2, n 


a,j, ,, = 0, Cv.„ = 0, 

X..(e. „- 47 <*) sin (27 i^ -t) _ X. Kin 2 t 

2a, „ 


Y _ _ 2XA>t COti (2/<0 — t) 
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Terms in rat ring (irgnmrnf 2 ^, : 

Kh COK 2t 






Kill 2 t 


^ ^ (H„n— X„ sill — t) 

.A„n 


Y _ 3<i</,X „ cos (t{; /.^< — t) <f/tX|| sill 2t Hill {utp —r) 

H (l)//" — 3 (Bj, /r') (//— ^/, yH. ,j) 

Tt'rtns iitrith'iitg n.rgicttient B 4 „ 'ii'Iirrt' r ts not -n nor 2ii : 

‘'Vr = (K >fi.r = 

^ _ A,|7/\ (w +?•) will ■[ {n -f ?•) 0 — T |- Ai,77V {n—r) win -{ [n —r) «/>— t} 

•!'#,,„B,r,,u—v/^(7( + /•)“! 7-(27/ — /•) V/i.iiBr,,,— 7 /^( 7 /— 7-)‘ 


j_ 

lai ’ 

J 


X - A.,7A* { (/<- + 7-)‘* I COS -I (77 4-7-) — A„7^^ ■!(7/-7')’'-7/.|.„1 COS 

27-(277 4 7'){«,,„H,.„-v/=‘(7/-f/-)=‘l ■' 2/- (2y< -/•)'//, 


v>— t! 
{n — i'Y I 


Terms ittvolrrng argiinieu/ B^ 


^'4, ?? 


0, 


(t 


4, V/ 


. _ 2/</(- A|, BUI (2/<^— t) 

3(77.4,..B,,.,-4,/^) ’ 

\ — A„ (47<’*— ai,„) cos (27/0 — t) _ A„ cob t 

'*''' 2B.,„ 


Terms involring argimient B^ jj,, : 

_ UK 0.08 2t 


utk Bin 2 t 


3 (o,,nH=, 


4. 7» — 


3^7/ A|, s iti (3> t0 — r) 


V _ ^^i .ii) A „ COB ( 3/<^ — t) A„ oqb 2t cos {u^—t) 

" ' ~ rc'K^*;„«-y/^^) 2 (B,.o-/7=') 


4- 


(*^'i.i)4 sin 2 tA„ sin {n<f>—r) 
4 


Terms inrolrlng nrgnment B.-, irfieti r Is tiot 7 / tior 2 h : 

C!..r = <*, *<:,r = 0, 


_ X.,7<\- (7/ 4-7") sill 1(77 f 7') T|- _ X„77\ (n—r) sin 1 ( 7 <— 7*) — 

r {2n + r) { 77 .,, „Bf„ » - ('i- 4 - rf j 7* (2>( - 7') {«,, „B,, (n - r^ } ’ 

{(' 0 — cos 
2r (2o - r) ■[ 7f,,„B..,,„— (x — 7')*} 


r 


Xo7/’'* {(77 4-7-)’‘ — 77| ,,} COS ■{ (71 4-7*) ^ — t} _ { (77 — 7-)’' — COB 'I (/< — 7’) 0 — t} 


i — 

2r{2/M7-) !^7,,„B,,,„-«>'{M4 7-)n 
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Terms invohing argument 0, „ : 

A — Bin t) _ X„ cos T 

\ X„(4//~— „) COH — t) 

Terms iuroleiug argnmt ut tL j,, : 

)! (cy, — sin 2 t 


('^ — i> ') Cos ‘Jt A,i cos ( </»■/■ — t) 

4a-;/ (n„ „—//■■) 

('^1 II I ,1 — //~') sin ‘JtA,i sin (//^> — t) 

Ha-// ,,— //‘) 

Terms iiivolviiifj powers products of tlie 0’s follow in similar fasliioii. 

If wo summarize, the parts spoci/illy ro(piire,(], we tind 

(0i.o~''d’)(0., I,— //“) = 4 a''//'’4 h (0-, ,„—//') cos C(>S 2t(L ( a// cos 'Jr^h j,, 

— a cos f ... ; . . (17) 

and 

2e(o,,,„H, ,,-//, ^) = ki> (H, ,,-//-) sin L’tO, ^..-A-z/^sin 2 tH. ^ + /f//* sin 2x0 

— a" ... ; . . (IH) 

whore, as already stated, 

(//, „—//") (H-, ,,— //■) = 4a"//, 

It is necessary to e.vainino the expressions just obtained in ojder to see whether 
the complete integral of otpiations (6) has Immui' Ibund. 

The integer a, is determined so as most nearly to satisfy the relation 

* (0|.«-»''“) {H\n-'0 = 4 aV, 

when 

01.01 0;,,o and K art*, known. 

The negative value f»f u will also satisfy this relation. 

On solving equation (17), for each value of n there will be, in general, two values 
of 2 t, equal and opposite in sign. So that altogether there are four distinct values 
of 2r obtainable. Each of these with the corresponding value of a will give a 


a 


. '‘ill 


cos 2r 

2(0,,-//^’) ’ 


A .‘!y/A-X„ sin (.S//f/) — r) 

8(9//.^-o.,,„0.„„) ’ 

y _ !)(//■—//., ii) X, I COS (,'1//i/> — t) 
Ui(l)//''-O,..0;„„) 
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lie 


(lifierent value ofr on BubHtitutin^ in equation (IH), and different vaiutw lur and X. 
Hence there are four distinct solutions and these when multiplied by arbitrary 
constants will ^rlve the complete primitive of equations (6). 

The T'iirticular Integral. 

We have now to determine the particular integral of equations (4). We shall assume 
only one general term on the right-hand side and take the complete solution as the 
sum of a series of the corresponding solutions. The equations may therefore be 
written 

//'-2^V4 ,, cos sin ?;/> = {.(L 

fr"i 2 k// - i sin ^ cos ri/> = 0. j 

Assume 

./, = 

and 

a = 


where X and A as before are functions of On substituting in equations (19) and 
reducing, we rind 

— urA -f 2tin.A' + A"—2K {nnX + X')4 A-B^.,, cos rf/) + XSBj( ^ sin r(f> = ^B;, 

—’>ii'^X + 2i‘tHX' + X" + 2 k {<mA-l- A')-f A^Bj ^ sin r^ + Xi^B,, ^ cos rip = 0. 

As a solution we now take 



A — A(, -f iiA r, |B,. , 4 
X = X|, 4 -i<i,X,. ,,Br., 4 - 


* ^r. X, ft, 7' ) , s' 7 

v;vvvy f.) (4 



In these summations all the H’s in the coefficients of /> and a are to be included 
except B, „ and A„ and X,, are constants, and the other coefficients functions 

of (j>. 

Now substitute these expansions for A and X in (20), and equate to zero the terms 
involving no B except B, „ and B.-, We then have 


ill A^^ ^AfU?/'X,, 4“ Bj^„A,) — ^'Bj 

— wcXii 4- 2kUhAu 4- B-, ||X(i = U. 

Whence 

•Ao = iB., ,,.(B,-,,„-m®) 4- {(B,.„-w^) {B,-,,„-w^)-4(rWl, 

X„ = -»cmiBa„.-r [(Bi,u-m*) (Bf,,„-m^)-4(cW| . 

Next, taking the coefficient of B,,„ we have the equations 

— ?>i”A,.,4-2iwA'j,r + (‘«tX,_,4-X'j,,.)4-Bi,„Ai,o4- A„ cos r<p = 0 

— wr^Xj ,.4- 2<7n.X^i ,.4‘ X^^i^ ,.4" 2 k (<wiA|_f 4- A^i f) 4'B,,ij,Xj , = 0 

* The use of m here to represent an integer is to be carefully distinguished from its previous use to 
represent mass. 




SATELLITES UPON THE FORM f)F SATTTRN’R KINO. 


tl7 


Wf‘ shall form the solution hy taking only c‘''* in the term cos ?•</). (^hanging the 
sign of )• will then give the otht'r part. Assuming that A, ^ anfl X, , vary as we 
have 

Ai — (») + /•) X,,r = — ^ A,„ 

A,.,. (5/i + ?") 2^'/4■Xl , ( — 7?;®— ?•- 4 B(, ,,) = 0. 

From these 

A,,r = -Mo '')‘i (»'-l IH...,,- (»' + '■)■ 1 f '■)"!. 

and 

Xl.r = +Mi> • ■t I ^1.0— (■’" + '■)' i d {yi + '■)■ 1 h" 0» t '’)■]■ 

On determining the corresponding values for +In‘ term and eomltining the two, 
we have 

A,,, = |H;,.„-{'m4 /•)-; 4- r)-] 10,,„-(m + 7f I (m + r)“l 

-|Am''' „ -(?»-/•)*' j -r[ 10, „-(7;( |H, (7»-r)-l - - /•)'!, 

(2;i) 

X,,, = A,/'‘'\-( (m4-7’) 4- [ (?n 4-r)-l lO. (a/. 4 e)*! — 4^-- (?// 4 ?-)-J 

4-A,/'-‘'^^( (m-r) 4- [!0,,„- (/n— r)-| |B- (77(.-r)-j -4r (7//-r)-]. 

Expression {‘2^) shows that A, ,. and X, , are factored hy A,„ which is a multiple of 
O;,.,,,. Now the terms in the expansions of A and X that we are seeking are A,.,0, , 
and Xj Ah Since Loth of these involve the product ft|,„,0,.r- clear t.liat they 
may be neglected in comparison with the values of A„ and X,,. 

We have farther to deterrniije the parts of A and X arising from a term ^ 0„ 

in the right-hand member of the sectmd ecjiiations (4). 'riieso can lie writh-n down 
from the residts already given, and are 

X„ = (O;,, „-«/“) 4- 

A„ = ^i.0,|,„4 - w“) (B,-,,„— 7H^) — 4/th7rl . 

Hence to the clef^rec of accuracy wv are using, we may summarise the results as : 

p = 'Z [B;, (Bs cos 7n^.4-2/c7»B„ cos |4-[(B, r/r') (B,-, — ?>r) — 

(T = [2(icmB;, sin m^4 B«,„, (B;,.,,— m^) sin -r-[(B,_„— wA) (B., „ — — 4 Anr'j.J 

m 

Except when the denominators aiv small, it is seen that, owing to lla* very small 
factors 03 and 0,{,,„, the values of ^ and nr derived from the al)OV(‘ equations are very 
small. 
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§ 4. Discnssioii. of the Sohdiiois (f tho Equations for the Case of Equal Particles. 
(i.) The ccmiplenieiiiary function. 

'• EquatioiiH (17) niid (l8) which (ietermine the value of the exponent c, may l)e 
re written here, 

(f^i, (0 ->'■) = a,, 

+ (''L,..— 0,5, 2,,} 

2e((7-i,„0-,„-/d) = li?' (0.-,, „-»<*’) 0,,a,,-'f?''^02,2i< 

4 0.%2«} sin ‘Jt 

In these a,,,, is deteriniiied hy the relation 

m 

M^) (0,,„-H“) = ixhr. 

It is noticeable that th(' coefficient of sin 2t in (26) is n times that of cos 2t in (25). 
Owing to the sniallne.ss of the (piantities 0 (excepting 0, „ and 0;,,,,), it is clear that 
the coefficients of cos 2t and sin 2t are l)oth very small quantities. Now real values 
of c are only given b}" real values of t, and conversely. Hence in order that (25) 
may give real values of r it is ntfcessary that the expression 

(0i.o-»(^)(0.5,o-«=')-4K'b.^ (27) 


}. . (25) 

. (26) 

J 


should bo less than, oi' at most e(iual to, the coefficient of cos 2t. That is, the real 
values of c will be in the vicinity of these values of k that nmke (27) vanish. The 
actual limits of the zone in which real values of r are found will be given by 


(0i.(>— i'“)(0.-..u — = 4/0(,'+ {|(B. r/')0,,2„ + K-?/0;,,a„±*n04,^„ — Kai.o— n®)Bf,_,,„} . (28) 


There are four grouj)S <»f signs possible in this expression, and there will result four 
values of k. TIh^ outermost and innermost of these will define flie zone in which 
some real v.ilue of c appears, and this zone will be the zone of instability. Owing, 
however, to the extreme smalhiess of the coefficient of sin 2 t in (26), it is clear that e 
will he extremely small, in geneial ; that is, the modulus of instability will be small 
and departure from the zone* will be slow. In one case, however, c may be quite 
large. 'I’ljat is, when the coefficient of c, a,, „Bf, is exceedingly small. 

Each of the quantities 0 is a function of or of k. Further B, „ and B., „ involve 

both the mass of the particles and the number of them. Both of these are entirely, 
unknown. All that can be said is that Maxwell’s criterion,* that is, 

o 


* T1.SSKKANI), ‘ Moc. C^lesto,’ vol. ii., p. 184, 
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where v is the ratio of the mass of a particle to the mass of Saturn and p is the 
number of particles in the must he fulhlh^d. 

V appears in the expressions for H, and H. „ in the form i L,. It has lM:*en 
mentioned that < 0’0i94n;^ for all values ol* .v. Hence iL, < 0‘()194i';/^ For tlu*' 
present we shall regard iL^ as a. variable parametm* and discuss tin* sohiticms relativt^ 
to this parameter. 

In order to locate the zom^ of instability, \\v equate (expression (l!7) to zero. 
Writing it in full, but omitting the term involving /, which will b(‘ f'xctvdingly 
small and will hardly affect the result, W(‘ find 




This ecjuatlon, regarded as involving an unkijown (plant ity is jireeisely tla* 

equation used by Maxwklo to deteiauine tla* condition of stability (»f ihr ring of 
particles when unperturbed by any sabdlib^. Th(‘ condition of tla* reality ol‘ //7^‘ 
leads to the upper limit for just quoted. In our problem wc^ maj' takr t he unknown 
quantity as K^/n^^iUid tlien assuming a valu(‘ for iL,, solvi* the equation. Tlu‘ vahH‘s 
of K (for differing values of //) will give the position of the zoiu*s of instability of a 
ring of particles of mass and iiuiuIku* assumed. Or, cajnviTsely, taking a position of 
instability, as shown by tek^sccjpic observations of the ring, we may drtea’miia* tla* 
corresponding value of rL^, which establishes the older of vaha* of 11 h» mass and 
numl)er of particles at that point. 

I have found that the lattta* process leads to no satisfactory rt‘su]l, amt h(mc(‘ I do 
not record the work. 

It is interesting to (‘xamiia^ the meaning of the condition jinAnously rcdernal to, 
that the maximum instability is found wlnm (o, a 7 i^ apjn*oximately z(‘ro. On 

referring again to equation (28), it is clear that tla* broadt'st zom* ot* instaliility 
will be found, owing to the extreme smallness of tlu* last member, when 

changes most slowl}^ w'itli k. This will oernr when th<‘ 
equation (29) has ecjual roots. Equal roots appear when, by the variation (>1* the 
parameter »/L„ k/il passes from real to imaginary values, or when"*^ 


iL, = 0-039. 


This is the upper limit of the criterion pnndously quoted from Maxwell, and 
would •imply that all the particles were of such mass and number as to be on tin* 
border-line of instability. 

*When i/L, has this value, we find that 


= 0; 

or 

= b. 


* TisSERAND, loc, cit,, p. 18;3. 
B 2 
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Wh(^nco., by (ll), 


(f 




This right hand itKMribci' is of the sam(i ordei- of value as the. factor of sin 2 t in (26). 
In this case, the.n, <• may assume a high value. But it is noticeable that only at the 
limit of Maxvvki,l’.s relation is great instability to be found. 

When expression (27) has a valu<‘ far from zero, eitlier by virtue of the value of 
/c/a, or the value of iIj,, it is clear from (25) that 2t is imaginary and hence c is 
imaginary, the solution being stable. 

It might be inferred from this that if values of vL, were chosen such that 
MAXWiil.i/s relation were not fulfilled the effect of the satellite would be to stabilise 
what would otherwise be an unstable system. As pointed out already, however, the 
original (apiations and their solutions, as given here, sin)ply give the motion of the 
p.u'ticles in the A icinity of certain circh'S. In some cases the motion may be such 
that the particles depart ra})ldly fioni this zero circle ; this we have termed 
instability. In other cases the solutions may indicatt' that the pai'ticles nevta' move 
far from the zero circle ; and this type of motion w<i have tc'i’uied stable. But it is 
clear that if a small arbitrary disphicement wen* given to each of the particles in the 
latter case, nothing in this j/apci- pi’ecludes the possibility of their departurt^ finally 
from tin* zero circle. That is, they may be again unstable. What we have found 
here is a series of oi'bits for the particles when subject to the attractions of Saturn, a 
satellite, and on<! another. 1’hose in which the particles have large inequalities result 
in collisions with the neighbouring I’ings of partifdes and h/'tic/f a. complete departure 
from their formtu* positions. Those which have no large inequalities and hence avoid 
collisions with neighbouring rings of particles may yet prove unstable when an 
arbitry,ry disturbance is further imposed upon them. 

(ii) The particular integral. 

In the expiession (24) there appears a denominatoi' of the form 

(f^i.o— ’>'^) (f^.\o— wr) — 4/c^'rtt“ (30) 

H(Ut! 7 n takes all po,sitive integral values including zero. When the conditions are 
such, thereft/re, that expression (30) is approximately zero, the term in the particular 
inb^gral will become very great and departure from the orbit will result. This 
expression is tlie same as (29), which, it has been pointed out, gives the positj,ous of 
the unstable solutions of the complementary function. It may therefore be said that 
all the unstable positions are in tbe vicinity of the zero values of (30), and the 
following remarks apply equally to both parts of the solutions. 

B.eferring to the form (29) it is seen that there are two variables, k/u and rL,. For 
a given value of i L, there are in general two values of a///,, and for a given value of x/yt 
there ai-e two values t/f vL,. In the figure (p. 125), the relation between x/n and rL, 
is shown graphically, only those values of I'L, which satisfy Maxwell’s criterion being 
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chosen. It will be seen that *://(. increases slowly from unity as i-L, increases from 
zero, until vL, reaches the value O'Oliy. At this point tin* curve turns back aiul rises 
rapidly to an asymptote at vL, = 0. 

In the case when expression (30) is exacti)’ ztu’o, it is seen from elementary principles* 
that tl»e independent variable tp would appear explicitly. VVitli j)a.ssage of time, 
therefore, p and tr would increase linearly in magnitude and tliere would 1m* complete 
departure of the particles from the vicinity of r = u. 

* 

§5. Case ivhinr fJic l^irticlrs forining thi' Ring <tir of Uorquul Musses, 


The previous equatioiiH (iJ) wore rerlucod to the form (3) on the supposition that all 
the masses 'nif, were of the same value w, = Wo now ])roctH*d to tlio luodilica- 

tlons introduced when those masses are all distinct in value. 

Equations (2) with the same reductions as before, but malntaininf»' the separait* 
values rux, become : 


M 

P A" 


' 2a:(t\ = -f . . , f- cos -f . . . ) — C(JS 0 j — a" Ka 

[da J 

4* I 3/c^ 4“ J — ^ (i 4“ ♦ . . “h cos / 0 4 A* h A 

(la^ 


/iA4 wA“(d,,,A^V 


+ [A-'*V-4^(/^i sin ... -I- vV>, sin vV>-f ...) — >,\'''’)'sin </> — 

<ia 

4- A<^p ^ 

“t ~ V {Ij\ sill 0-1' ... •{“ sin y0 f ‘ sin 0 1 

i / — sin Itp f- ...j-(-jW''(... +//>, sin Z^...) 


urv 
"A- r A 


OTa I Zk 


+ [ — ( . . . + cos . . . ) f i'k‘k ^ cos <j> — /f-H iTa 


. (;n) 


In these equations 






M [4 sin (m— X) 4 


u 


+ cos (/u — a) 2'jr/v/ ! 


r 


Fa = 


M 1,8 sin* (/«— A) 4/- sin (/u— A) t/hI 

ri »i„ [ cos (yu— a) 2ir/w , I ,o„ / \\o / 1 

A = Tf\ g - - - V/ V\ l + • / ' ^ - r" y +2 cos (u-A) ‘Ztt n \ , 

M [8 snr («— A) 7r/?t 8ni{fx—\)v/n J 
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"* = “ iff 

Ivl I 8 Sin {/n—Xfir/v. ) 

j f cos (m — \) Tt/vA , • / x\o / 1 

n\ =- i: («-^) ■•!»/» ! . 

, M l4 sin^Ai-X) tt///' ^ ' \ 

p/ _ V f 3 cos (m*~^) tt/w I 
7M [H 8il)‘'(M — X) ir/Ml ’ 


'■V,A 1 

COR (/A — X ) ttIu 

4 2 sin — 2-7r/'n| 

s sin*’ (a — x) vj u 

pi ' ... N' 

( cos(a — x) 2-n-lii 

;,'h sin“ (a — X) 27r//< 

^ ' 7 ivi 

i 8 siir^ i^fjL — X) Trj n 

81 !! ' (/u —X) x//f 

j/ _ 'nt„ f cos (a — X) 27r/;( 

M 1 8 sii X) 7r/// 

3*2 (/jt — X) 2x/n 

Rill ’ (;i — X) 7r/n 


■ f‘()K (n — \) 277 f II 


(32) 


'I’lies*" equations iiiuy be written, with a slightly different meaning of the (juantities 
B from those formerly obtaining, in the form. 


- 2k<t\ + IB,., oos 1 + + (r>X‘ { 0„, , sin vy, [ 

r /a 1 * 

fi 7 

44 ■+ 2/,/a + />a- {B, , sin r,/,} + x/o„ + -{ B.-,. , cos 

/' nr 

■I — — B„., sin r,l>. 


. (33) 


We shall determine the particular integral arising from one term of the right-hand 
member of the first equation, writing it typically 
Assume that 


and 

for all values of X. 

Equations (33) then become 


p, = 

rrK = XaC**"* 


— 7//>'AA + 2mtA';,-t A"a— 2)f (miXA + X'A)-t Aa^) {B,., cos r<f>] 

+ A-='XA,G,,A-fXA2: {B,,,8in 'r^}+A-2XAA = iO;,.,,., 

— 7/(^XA-l-2n/iX'A-f X"a4-2k-(wAa4 A'a) + Aa2 (B 4 .,Bin r<f>] 

-f (t^ISAi^G^a + XaS {Br,., cos r<j)) -tA'“2X,.J4,x = 0. 




( 34 ) 


There are 7/ pairs of equations in this form corresponding to the n values of X. 
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As a solution we now take 


Ax = 

x* = x^+:!;i;x:„A,.+ 



with the same restrictions as iHjfbre. 

Siil)8titute in (34) and equate to zero the terms involving no B hut H, and H„ 
Then, for all values of \ from 1 to n, 


-?)r’A|l -2Kn)iXt +a‘-A|; G„,* 

— '^> rX ,^ ^2ki7}iA^^ -f 0 X ,^ ^ A 


M 

1 ,:^V\V I' 
■t A — A„ if ,, 


= I 

= 0. / 


(.3M 


Thefle 2)l ecjiiations can be solved by the usini] jirocessoR to give the values of‘ the 
eoiiKtaiits Ao and It is not iK^ccmary ]br us to work out the results in detail, it 

is sufficient to note that th(‘ determinant of the left-hand nieinWs will ap[)ear as th(‘ 
denominator in each case. The determinant is the following : 



1 

, x--G.,^ , , , 

. . . , ((-“G,,, 1 

; — tiKim . 

1 , 1 , . . 

. , A *1 ^ 1 

'^Kim , 

‘jrif 

K It a. 1 


.... x^'G',., 

; — nr + B', 

x-%r., .xov,. .. 

PI/ 

M ^ 1 ! 

--Y'< 

^ 1 , y ^ “ 


0 ) ^ 2 ' • 

... x-‘'G„,i, 

; x-''''Ti.2 . 

M , . . 

• ) 2 ; ! 


2Ktm 

, AT vT j{ u. ' 

■jfif 

, X' I < 

: /--.I',.:. , 

— ;j o . .. 

.3]' 1 1 

■ ■ * 'G.,3 i I 

1 ! 

. . . . ’ 1 



, V'G;,,„. 

. .. ,-/)ri Bi 


,, . . . 

. . Ijx f /y / ^ 1 

«'G',„ . 

K KJ 2, u 


‘Jain 

: VJ', ,, . 

L'T' VT/ 

K ff 2, It • 3. ,1 • • 

. , -nr + B,'; J ' 


This determinant coiTesponds to the denominators in expressions (24). When it 
vanishes or liccoraes small, it is clear, as before, that the terms of tlu; solutioji tend to 
})ecome large, and instability follows. 

In estimating the values of F, ( J, H a,nd J, whicli appear in the above determinant, 
it is to l)e noted that is exceedingly small for all values of m* f^^it the quantit ies 
in which it appears may b(^ large liy virtue of the small denominators wliich are 
involved. In the expression for Fa, tlie term ^/sin {lu-X) tIv may be neglected in 

comparisou with the first term for lure*' values of u.. Also, X -rf ^ r — p will 

lie between zero and ^ ^ — r since, all tht; signs are positive, if Wi is the 

M H8iir'(M-X)ir///, ^ ' 

greatest value of appearing in tlie ring. Hence F* lies l»etween zeio and 
()’0096 in value. 

In the same way the value f»f (i„,* will arise almost whf)11y from the first te.rtn. 

The largest value it may have will l)e or 0'004?/'’m/M . E*. Hx, .l^.x, EV F'* and 

GV,x are seen to be one order lower in the reciprocal r»f sin (/u— x) tt/?/ and therefore 
may be neglected. has the limit — 0 0192«“m/M, and J',.,x the limit — 0'008n''fR/M. 
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We shall assume that the number of particles in any ring is large. It is probable 
that they vary in magnitude from the infinitesimally small up to the limit given by 
Maxwkll. Hence the values of the expressions F^, H'x and J'x will vary over 
' ;i, rang(^ of values, between the given limits, as X takes its successive values. 

Htwerting to determinant (36), we see that it may now be written 


-«■''+ 0!.ii, 



k“G„, 1 

-2x-(n( , 0 , 

0 ,.. 

., 0 

^Kim , 

0 

0 ,... 

0 

-m- + 0!,.„, (cM's,, 





X-^G;, jj, ... 


0 , -Am, 

0 ,.. 

0 

0 . 

‘Am , 

0 ,... 

0 





'f'Gj.,, , 


, -9»=+0;'.„ 

; 0 , 0 , 

0 ,.. 

., -2Kim 

0 , 

0 

0 ,... 

, 2/f<wi 

. aT' 2T' 

, K tl ^ ^ U,1I ’ 





For all conditions satisfying Maxwedu’s criterion, the quantities Gx J'x ^ will be 
small. So tliat, provided x^ is not too great, the value of the determinant (37) will 
be small for those values of k that satisfy the relation 


-?n‘+0!,ii 

. 9 

0 , 

. -‘Jkiw. , 

9 ,.. 

9 

= 9 

'Jki7N, 

, « 

,..., 0 

, -7n“40!„„, 

0 ,.. 

0 


0 

, -m'-i O'l 

9 . 

9 , 

-'Aim 

0 


0 

, 2(fO«. 

0 . 

9 , 


9 

1 

1 

0 

0 

,..., -)»'■ + 0i',„ 

, 9 , 

9 

. . ‘Ami, 


0 

0 

, . . . , 'jKim 

, 9 

0 

-w»4 0;g, 


This 

relation is 

Hatisfied by those 

values of K w 

hich satisfy the equation 


(-Hi“4 0\,„)(-m' + 0\„)-4<fW = 0, (39) 


where X takes all its integral values in turn. Further it is easily shown that, on any 
distribution with v. large, -Fx = jH'x. Hence we fall back upon the same type 
of eijiiatioii as we had in the case of equal particles (equation (29)) where we replace 
A,, by Fx. 

Instead of treating the equation (39) separately for the various integral values 
of X, since n is large, we may imagine a single equation with the assumption that 
Fx is an arbitrary variable paramettu-. The determinant (37) will then be small, and 
instability result for all the values of k given by (39), for all values of the parameter 
Fx that exist. With a wide range of values of Fx corresponding to a wide range in 
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the magnitudes of the masses of the particles, we may expect to find a broad region 
of instability. 

It can readily be shown that the condition (39) would also be produced if the 
general case of unequal particles were solved for the complementary function in tin; 
same way as has been done for the case of equal particles, which produced (2!*). 
This work is not reproduced owing to the length and complexity of the expressions, 
and also because the results are wholly contained in tlu‘ condition (39) produced from 
the particular integral. 

§ (■>. Application, of the licsiilta to the SatnrniiDi St/stcDi. 

E(|uation (39) written out in full is 

lx'’(3 — FA) + m‘i- ! 2FA>.‘ + ar'S — = 0 (-lo) 

In this ecpiation m is any integer and F^^ m:iy vary between zero and 0'009Gn'’ni/M. 
As the distinctions indicated by the suffix \ are 
now of no Importance, it may be <lropped. The 
solutions of (40) will give approximately the 
positions where divisions in the King of Saturn 
may be expected. 

For any given ^alue of F, there are four 
values of k/hi, two pairs equal with oppositi* signs. 

For any given value of /c/rn there are two values 
of F ; one, however, being greater than the 
Maxwell limit, is excluded. I’he limiting value . 5 . 
of F for real values of k/th is 0 039. This is, ^ 

of course, the same result as that found by i 

Maxwell. > 

The relation between K/m and F is shown in 
the figure, and the table shows actual numerical 
values. 

We may readily assume that in the existing 
Kings of Saturn there are particles of all masses 
from the infinitesimal to Maxwell’s upper limit. 

These will give rise to varying values of F, 
depending upon the masses of the particles 
adjacent to the particle under consideration. The 
maximum value of F is itself small compared with unity ; we shall then arrive at a 
limit of K by taking F = 0 in equation (40). We find thus that the boundary of a 
division should occm- at v/m = 1, for each integral value of m. 

VOL. C5CXXII. — A. 



T 



]26 


DR. (i. R. GOLDSBROlKiH ON THE INFLUENCE OF 


or F. 

Kjm, 

m 

=- 1. 

7W = 2. 

aja'. 

a/a'. 

0 

1 

oo 

0 

1 

0*6299 

O'OJ 

1-0395 

3*9336 

0-0243 

0-8223 

0*6456 

0-015 

1 -0639 

3*141:3 

0*1534 

0-7745 

0*6549 

o-O-'o 

1-09‘K) 

2*6509 

0*210*2 

0-7349 

0*6656 

o-o;to 

1-1750 

2*0156 

0-2810 

0-6333 


o-o.-iH 

1 ■ 3;i53 

] -5772 

0-3981 

o-.5n7 


OO.'iO 

l-44li4 

— 

0-4549 




Remembering that k 

= — a> 


-6<) \ 


n--’ = 

= 

, we find : 

For 

7)1 = 

1. 

(0 

= 


ajaf 

= 0, 


7n = 

») 

(*>/ w 

= 

*) 

aja' 

= 0T)299(;, 


7)1 = 

3, 

oi/o/ 



aja' 

= 076289, 


7)1 = 

4, 

(!>/ (i/ 

= 

t , 

aja' 

= 0'82.’j24. 


[Jt Klicmld be remarked that a positive value of k gives positions without the 
satellite cu'bit, and a negative value of k gives positions within. As k appears in (40) 
in the form of a square, both positive and negative forms result. We should 
therefore have the same phenomena in a ring of particles beyond the satellite orbit 
as we find within]. 

The 7-eBult (I = 0 implies a division of the ring at the origin. Tliis woidd fall 
within the planet itself. But if the zone consequent upon the variation of F is 
extensi^■e, it may extend beyond the surTace of the planet and show a clearance 
of particles there. 

For m = 2, aj(t' = ()'62996. In the case of satellite Mimas this should indicate 
the commencement of a division in the ring at distance 16'9". Cassini’s Division 
begins at 16‘87^^ and ends at 17'64" This agreement is very remarkable. 

Ileference to the figure shows that in the vicinity of Kfni = 1, /c increases with*F. 
But as K increases so does ala'. Hence the instability caused by the larger values 
of F should be in positions corresponding to larger values of k, that is, to larger values 
of aja'. In other words, the division should extend outwards. This agrees with the 
observational data just quoted. We may then attribute the production of Cassini’s 
Division to Mimas. 

For M = 3, aja' = 076289. 

For satellite Mimas, this should cause a division at distance 20'46". This is just 
beyond the outer edge of Ring A, which terminates at 20‘01". 

Considering next the satellite Enceladus, we should find a division at the origin 
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for n — 1, and at distance 21*69" for n = 2. Tiie last is again just l)eyond the limits 
of Ring A. 

The remaining satellites all produce instability at the origin, but the other points 
at which this occurs are outside the existing ring. 

We may use the observations of the dimensions of Cassini’s Division to determine 
the maximum value of F appearing. As we have already found, the inner edge 
corresponds closely to F = 0. The radius of the outer edge is n = 17 '64". Hence 
for satellite Mimas a\a! — 0'65781, giving K\m — 1’0720. 

If now equation (40) be solved for F, taking this value for A'/in, the result is 
F = 0'0173. Hence we may conclude that F ranges from zero to ()'()173. 

Using this value of F, we now proceed to the study of the i-oots of equation (40). 
Solving, we find 

K\m = ± 1-0720 and (c/m = ± 2-8917. 

Take m — Then 

ala' = 0-1712 and aja' = 0-7535. 

We may expect to find a clearance of particles from a ja' = 0 to O' 1 71 2 ; and from 
aja' = 0-7535 to unity. 

The first gives the extent of the clearance near the origin. 

For the various satellites its dimensions art' : 


Mimas 



Enceladus .... 

(t = 

O'K!" 

Tethys 

a = 

7 -30" 

Dione 

ft — 

9 - 34 " 

Rhea 

ft = 

18'07’’ 

Titan 

rt = 

2 9 '9 4" 


The radius a = O'JM" indicates approximattdy the inner radius of the Crepe Ring, 
while a = 13-07" indicates more closely the inner radius of Ring B. 

Applying the second ratio, aja' = 0-7535, to Mimas, we find radius (t = 20 2". 
There should be a clearance of particles from 20-2" up to the satellite itself. This 
indicates with considerable precision the termination of the whole ring, which has a 
radius 20-01". 

These results are subject to modification owing to the effect of the oblateness of 
the planet Saturn and the influence of one ring upon another. But the agreement 
of , theory and observation in this first approximation is sufficiently remarkable. 

The interpretation of the effect of Dione and Rhea on the inner parts of the ring 
is not clear. From the theory one would expect that any satellite could aft’ect a 
clearance of particles from the origin up to a radius given by aja! = 01712. In that 
case Titan, the largest of the satellites, should dissipate the whole of the existing 
rings, for this ratio carries us far beyopd the outer radius. 

T 2 
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There are therefore two facts to explain. First, the existence of the Crdpe King 
within the dissipative area of Rhea, and second, the existence of the bright rings 
within the dissipative area of Titan. In connection with the first, Lowell has noted 
a definite l»lack band within Ring B, so that there is a clearance of particles between 
tbe Crfipe Ring and the bright rings. It would appear as though the dissipative 
power of the satellites was only effective near the outer boundary of the unstable 
area about the origin. To discuss this, let as examine the analytical results. 

It has already been pointed out how very small the exponent c is, as given by (18), 
indicating a very slow rate of dispersion. Consider, instead, the numerators of the 
expressions (24), the ^ani8hing of the, denominators of which causes the instability. 
The numerators are small })ecause of the quantities 0;,,„ and 0„ In the case under 
discussion, m = 1. From (5) 


0 = vkV‘‘‘-^— — l\ 

UoL I’ 


Using the well-known expression for hi* we find 


= V + ••• } 

Hi.i = I'V {a (a-l-ga’-f ) “““} 

= 1 }"* + }• 

For small values of u, w(w is small, and the value of {(f>'/w—l)~‘^ will be greater than, 
but not far from, unity. Hence the values of 0a, i and 0a,] depend approximately 
upon the fourth power of a or a/<t'. It is clear then that the numerators in (24) will 
be vanishingly small except for the larger values of aja'. 

The physical meaning is that, while instability will always take place when the 
denominators vanish, the rate of dissipation will be small except for the largest values 
of a which are permissible. There will also be a uniform grading in the rate of 
dissipation as a increases. 

Applying this result to the case of Saturn’s satellites, we may expect to find 
actually a clearance only near the outer limits of the areas under consideration. The 
areas of clearance of the first three satellites fall within the body of the planet. 
Dion<5 causes the clearance between the surface of the planet at 8 ’65" and 9 ’34", 
which is approximately the commencement of the Cr6pe Ring. The limit of the area 
of clearance of Rhea is 13 ’07", and only near that boundary is the action effective, 
the Crdpe Ring being undispersed in the weaker part of the field. The bright rings 
are clearly in the weak part of Titan’s field of clearance, and so continue to exist. 
It is obvioxis, however, that with passage of time the Crdpe Ring will be dispersed 
by Rhea and the whole by Titan. 

* Tisskrand, vol, i., p. 272. 
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We have found the maximum value of F appearing as 0'0173. It was previously 
shown that the limiting value of F was ()'0096»J‘‘ni/M. Hence 


which gives 


0-0096n^m/M = ()-0173, 


wt/M = 


0-0173 

()-0096»-' 

1 - 8 //^’. 


That is, the siz j of the largest pai’ticles is just below that givtui by MaxwJ'Xl’k 
criterion. 


§ 7. Siini))i/tri/ and Cnitclusioii,. 

(1 ) Assuming that a planet is suri'onnded by concentric I’ings ol‘ ])articleK peiTonuing 
approximately circular orbits when unpej-tui-bed, and that the influenee of out' ling 
upon another may be neglected to a first approximation, the elh-ct upon tlit'se I'ings 
of a satellite performing also an unperturbed circular orbit is discussed. 

If the particles in the rings are all ticjual, it is shown that we should (expect, 
in certain places, large perturbations to take place, such that the })articles in a 
particular ring would leav(( that ring and mingle with tbost' of otbtT rings, and so 
leave a “division.” 

(2) As there is no reason to believe, that the {(articles in any ring aie all e({ual, the 
analysis is extended to cov((r the ca,se of unecjual particdes. 

We assume that in any ring the number of particles is large, and that therefore we 
shall probably have one specimen at least of all particles from the smallest to 
the largest. 

It is then shown that the divisions would become more extmided, and tbeiefon- 
more readily visible. 

(3) On the supposition that some of the particles at any rate are indefinitely small, 
we obtain Oassini’s Division at once. On making use of the dimensions of this 
division to estimate the greatest magnitude of the {(articles in any ring, wt; find tlm 
following results : — 

Satellite Mimas should produce a clearance of {(articles from radius 2(J‘2" u{) to 
itself. The ring should therefore terminate at 20 2". Observation shows that it 
terminAtes at 20‘01". 

Satellite Mimas should produce a division from radius 16 ’9" to 17 '64". (This last 
measurement was used as a datum for estimating the magnitude of the greatest 
particles.) Observation gives the limits of Cassini’s Division as 16 '8 7" and 17 64". 

Satellite Dion<5 should produce a clearance of particles from the region of the 
surface of the planet up to radius 9*34". The Crfipe Ring is observed to begin with 
a diffused edge at 10*83". 
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Satellite lihea should also produce a clearance of particles up to radius 13 ”07". 
The inner edge of Ring B is observed to commence at 13'2R'. 

The existence of the Ch-cpe Tllng in a dissipative area is also discussed. 

(4) By the inclusion of the effect of the oblateness of Saturn and the influence of 
me ring of j)articles upon another these results might be still further improved. 

The theory presented therefore gives a closely quantitative account of the salient 
features of Saturn’s King. The numerous smaller divisions observed by Lowell and 
others are not accounted for ; but, for the reasons given in § 4, their existence is not 
excluded. 

(.5) The dimensions of Lassjni’s llivision show that particles of all sizes up to a 
limit just short of that imposed by Maxwell for stability exist in the rings. 

Appendix on. the Data of the Prohleni. 

1. Dimensions and divisions of the ring in seconds of arc at mean distance* ; — 


Distance fVniii centre of planet to — 


Inner edge of Crfipe King 

. 

. 10-83" 

Inner edge of Bing B 

, 


. 13-00" 


Bl 


. 13-39" 


B2 


. 14-04" 

DiviBioij>s of Kinn- B ^ 

B3 


. 14-74" 


B4 


. 15-32" 


B5 


. 15-69" 


B6 


. 15-95" 

Outer edge of King B . 


. 16-87" 

Inner edge of King A . 


. 17-64" 

Division in King A . 

, 


. 19-00" 

( Inter edge of King A 



. 20-01" 

Equatorial diameter of Saturn . 



. 17-30" 

Elements of satellites : — 


Mean distance. 

Mass 

as fraction of Saturn. 

Mimas 


26-82" 

7 . 10-“ 

P]nceladus 


34-43" 

25 . 10-“ 

Tethys 


42-66" 

11 . 10-^ 

Diond 


54-59" 

18-7 . 10-’ 

Khea ..'.... 


76-38" 

4. 10-" 

Titan 

. 

174-8" 

2-1 . 10-‘ 


* Lowell, ‘Observatory Bulletin,’ No. 68, and “Lecture” on April 26, 1916, in ‘Journal of Royal 
Astron. Soc. of Canada.’ 
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PART L— THE EXPERIMENTAL ANALYSIS OF SOUND IN AIR AND WATER : 
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Introduction. 

A METHOD of analysing an alternating current termed “ Analysis by Periodic Inter- 
ruption ” was worked out by G. Barlow in May, 1916, and is described by him in some 
detail in Part II. The present paper. Part I., gives an account of certain experiments 
in which this method has been applied to the analysis of sound vibrations in air and 
water with the object of obtaining “ sound spectra.” The principle of the method 
may be stated as follows. The alternating current circuit contains a direct current 
galvanometer and also an interrupter of which the speed can be varied over the whole 
range of frequency to be investigated. Generally the type of interrupter used is such 

that the intervals during which the circuit is open 
and closed are equal. When the interruptions 
synchronize with any component A sin 2mnt of the 
current, fig. 1 (a), the galvanometer responds by 
giving a steady deflection of magnitude depending 
on the phase difference. Fig. 1 (6) shows interrup- 
tions and current in the same phase. Practically 
it is better toallow a slight difference in frequency ; 
the galvanometer then oscillates slowly to and fro 


, , . . ■ , , -as the phase alters. The maximum amplitude of 

Fig. 1. Interruption of a simple liarinonic ^ • • i_ • it. 


(a) 







current at frequencies n, w/2, «/3. 


the galvanometer swings is then proportional to the 
amplitude A of the component current — actually 
it measures A/ti. In making the analysis the frequency of interruption is slowly increased 
over the whole range. The approach to the condition of synchronism is indicated by 
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a rapid oscillation of small amplitude followed by slower oscillations of greater amplitude 
until the maximum is reached. Afterwards the oscillations die down in the reverse 
order. This characteristic motion exhibited by the galvanometer will be referred to 
by the term “ response.” In this way the amplitude of each component may be deter-' 
mined. At the same time the corresponding frequency is obtaijied by observing, at 
the moment of maximum, the frequency at which the interrupter is driven. For a 
component of given amplitude the range of frequency over which the response is greater 
than half its maximum value, and which may be called the ” width of response,” is 
the same, at all frequencies. For examjde, if a response at 10/sec. falls to half value 
for frequencies of interruption of 9 and 11 /sec., then one at 1000/sec. will fall to half 
value at 999 and 1001 /sec. It will therefore be seen that it is necessary to have perfect 
control over the speed of interruption, especially in the Ingher frequency region, and 
the same time must be spent in sweeping over a range such as 1000-1 100 /sec. as over 
10 -110/sec. In measuring a response the rate at whudithe speed of interruption may 
be changed is conditioned by the period of the galvanometer. It is necessary that tln^ 
speed should not change sensibly during an interval of time of the order of the galvano- 
meter period. The galvanometer may be of any type, but its vibrations should be 
well damped so as to be nearly dead-beat. A suitable period is 3 seconds. Under 
these conditions the width of re.sponsc is 0-7 /sec. 

It is a peculiarity of this method of analysis that a single simjde harmonic component 
of frequency, w, gives rise to responses not only w'hen the frequency of interruption is 
w, but also when it is \n, j)i, \n, &c., and these responses have amplitudes i, 4 of the 
fundamental response. These responses will be called ” Subharmonics.” Their origin 
is made clear in fig. 1, which also shows why the even-order subharmonics \n, \u, \n, 
&c., are non-existent. When the alternating current represented by (a) is interrupted 
at its frequency n, all the negative elements are supjncssed as shown in {b), giving a 
unidirectional current in the galvanometer. When interrupted at \n, as in (c), an 
equal number of positive and negative elements are passed through giving no residtant 
current in the galvanometer. But when interrupted at as represented in {d), there 
is a resultant current due to the odd positive elements. I'his is the third order sub- 
harmonic, and it will be seen by comparing (6) and (d) that it has one-third the magnitude 
of the fundamental. 

The presence of these subharmonics is not so objectionable in practice as one might 
expect, in fact their frequencies and relative magnitudes have on certain occasions 
assisted in the identification of the fundamental with which they are associated. There 
is 9. close analogy with grating spectra, inasmuch as each subharmonic corresponds to 
a spectrum of a different order. The even orders are absent just as in a grating where 
the opaque and transparent parts of the grating-element are equal in width. If the 
intervals of make and break are unequal, then the even-order subharmonics are 
introduced. 

A type of interrupter has been constructed in which by repealing the sequence of 

u 2 
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intervals shown in fig. 2 it lias been found possible to eliminate the subharmonics 

-/gn, &c., in addition to the even orders. The 
fundamental response is reduced to three-fourths 

4 4 It li 12 . ^ 

„ of its usual value, and there are certain other 

Fig. 2. T 1 

disadvantages suggested by the few experiments 


which have so far been made. 

In order to analyse by this method of periodic interruption mechanical vibration of 
a solid body or of sound waves in air or water, the vibration must be converted into an 
electrical current which in wave-form faithfully represents the original motion. Some 
distortion of the wave-form would not be a serious objection, provided it followed a 
simple relation allowing correction to be made. Actually very few methods of con- 
verting vibration into current are available, and none of these is free from objection. 
Among the most practicable are : — 

(1) Variation of electrical resistance by pressure, e.g. carbon microphone. 

(2) Variation of electrical resistance by change in thermal conditions, e.g. Tucker 
Hot Wire Microphone. 

(3) Electromotive force generated by induction, magnetophones, &c. 

It may be pointed out that all these metliods depend on induction (assuming a trans- 
former is used in (1) and (2)), and tlie final current therefore represents the velocity of 
the vibration under investigation, but this is not an objection from the point of view 
of analysis. 

For, suppose the original vibration is resolved into simple harmonic components — 


Oi sin (27rW,< -f tti) + «ji sin + aa) &c. ; 


then, assuming no other form of distortion, the current will be proportional to 


27raiW] cos {2'7r»i< -f ai) • 1* 2arOana COS {2-7rnJ. -f a..j) + &C. 


The analysis of this current will then give correctly the frequencies of all the com- 
ponent vibrations, but in each case the amplitude is magnified in proportion to the corre- 
sponding frequency. The product 2nan, representing the maximum velocity, is itself 
an appropriate measure of the importance of the component, as the relative energies 
for different components are proportional to {anf. 

In the present experiments the determination of the frequencies of the components 
has been effected with all the accuracy desired, but as it has not yet been found possible 
to avoid selective action due to resonance of diaphragms, the amplitudes of the cori- 
ponents are not faithfully represented. No attempt has been made to deduce the 
absolute amplitudes of motion of the original vibration. 

When the components of a vibration have strictly commensurable frequencies, as 
in a harmonic series, the phase relations of the components are quite definite, and the 
determination of the relative phases might be of value — in fact it would be necessary 
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if it were required to reconstruct the wave-form of the vibration. It would not be 
difficult to adapt tlie method of antilysis by interruption for the determination of phase- 
difference, but no experiments in this direction have yet been made. Hence at present 
the method is incomplete in that it fails to take account of wave-form. If the wave-, 
form were required it would appear simpler to deal with it directly by means of an 
oscillograph method than to build it up from a complete analysis. 


Apparatus. 


The interrupter (fig. 3) consisted of a brass cylinder made up of five discs ; the first 
was complete and served as a slip-ring, the other four contained ebonite segments giving 
respectively 1, 4, 16 and 64 interruptions per 


revolution of the cylinder. Contact was made 
by means of two small brushes cut from mm. 
sheet brass, each brush possessing four or five 
separate fingers. One brush pressed lightly on 
the slip-ring, the other on whichever disc was 
the most convenient for the frequency under 
examination. The electric- contac-t was found 
to be satisfactory when the surfaces were kept 



clean and well lubricated with machine-oil. The 


B/risa bni3/}€'s 


cylinder, insulated with ebonite, was mounted Fip. 3. Intcrrujjicr, 

directly on the shaft of an electric motor the 

speed of which could be regulated over the range 3-- 30 revs./scic. The four discs gave 
overlapping ranges of interruption frequencies with a total range of 3 to over 2000 /sec. 

It was required that the rotation of the interrupter should be extremely uniforln and 
perfectly under control. This is especially important for analysis at high frequencies ; 
thus for lOOO/sec. an irregularity of rotation of 1 in 2000 would in one second completely 
reverse the phase of the response, and with a galvanometer of 3 sec. period the full 
value of the response would not be obtained. 

Much preliminary work was done in tixamining the cionditions necessary for steadiness 
and smooth running of small motors. Two forms of apparatus have been constructed : — 


(1) A Siemens-Schiickert 12- volt h-P- niofur was directly coupled to a flywheel 
(radius 11 cm., mass 7^ kgm.) to prevent sudden changes of speed. This apparatus, 
which was used in nearly all the laboratory experiments, was suitable for exact measure- 
ments, as the motor could be made to run very slowly over any required small range 
of speed, and this range could be repeated by using the finger as a brake on the fly- 
wheel. Since plain lined bearings were used, there was the disadvantage that the 
ultimate speed attained was limited only by the work done in friction, and this varied 
with the state of the lubrication. The great weight of the flywheel made this frictional 
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work so considerable compared with the power of the motor that it was not feasible 
to use an eddy-current brake to give further stability. 

(2) Tliis apparatus (fig. 4) was made as light as possible so as to be easily portable. 


Armatur* Oo// 



Interrupter 


ScaU u 


S to ts 

‘ • ‘ 


20 


C. m. 


Fig. 4. Portable motor-driven interrupter (elevation). 


The shaft of a Siemens-Schiickert 12-volt, 4^, h.p. motor was lengthened and fitted 
with a couple of ball-bearings carried by brackets from a rigid base-plate. No fly- 
wheel was used, the required steadiness being given by an eddy-current brake consisting 
of an aluminium disc (radius = 7 cm.) attached to the shaft and spinning between the 
four poles (distant 6^ cm. from the axis) of an electromagnet excited by a constant 
current. In this case the friction of the bearings only formed a small fraction of the 
total work done. 

The different circuits were excited as follows : — 


Armature 6 volts, 0-3 amperes. 

Field 6 ,, 3 ,, 

Brake 2 ,, 1 ampere. 


Except in special c-ases the whole range of frequency could be covered by variation 
of the armature current alone. 

In addition to portability (the total weight was 8 kgm.) this apparatus possessed, 
on account of its small inertia, the advantage of extreme rapidity in attaining a steady 
speed. For a given adjustment the final speed was reached in about 8 seconds from 
rest, whereas the former apparatus required 10 minutes. 

The chief source of trouble in obtaining a constant speed was found to be due to 
irregular variations in brush-contact on the commutator of the motor. Both carbon 
and solid copper brushes were found to be unsatisfactory on this account. These were 
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eventually replaced by springy brushes built up of long thin strips of phosphor-bronze, 
each strip being slit longitudinally into alternately two and three fingers. In this way 
a number of independent contacts was obtained, and much steadier conditions of running 
of the motor were secured. Even with the improved brush design occasional irregu-' 
larities in speed still occur, and are usually traceable to the contact conditions on the 
commutator. This appears to be the outstanding difficulty in obtaining a constant 
speed of revolution with an electric motor. 

The speed of the motor was measured by a stroboscopic method.* For this purpose 
the shaft carries a cylinder the surface of which is divided into 21 rings. Eacli ring is 
marked out into 20, 21 , 22 . . . 41 equally spac^ed black squares with white intervals, 

and for ease in identification every fifth ring is tinted red. The stroboscopic cylinder 
is viewed through double slits mounted on the prongs of a maintained fork ((54 /sec.) 
giving 128 views per second of the rotating patterns. The speed is determined by 
observing the number of the ring which appears to be stationary. When, as is generally 
the case, no ring is exactly stationary, then two con8e<-utive rings arc seen to rotate 
slowly in opposite directions with different speeds. By measuring the rate of progiession 
of one of these the required frequeiuty may be obtained with a degree of accuracy limited 
only by the constancy of the motor speed. In practice it is sufficient to inter})olate by 
estimation, as this can be done without giving an error in the frequency of more than 
I per cent. 

The laboratory experiments were made with a Broca galvanometer (10 ohms), and, 
when required, a transformer having a primary resistance of 4 ohms and sec^ondary of 
90 ohms. At the reservoir a Broca galvanometer (100 ohms) was used, and also a 
transformer with resistances 60 and 110 ohms. The period of the galvanometer was 
in both cases adjusted to be 3 sec., and then made almost dead-beat. For the purpose 
of dealing with vibrations of great complexity, it would appear quite practicable to 
modify the present apparatus to give a photographic^ record of the “ spectrum.” 


Analysis of a Current. 

Before proceeding to analyse soimd vibrations the following experiments were made 
to test the reliability of the method by applying it to analyse alternating currents of 
known characteristics. 

(1) Simple Harmonic Current. 

The current was generated in a small coil, wound in the form of a figure 8, by the 
motion through it of a U-shaped magnet (made from a piece of knitting-needle 4 cm. 
long) attached either to the prong of an electrically maintained fork, or in the case 
of the lower frequencies to an electrically maintained steel strip. 


• Ratleiob, ' Phil. Mag.,’ 1907. 
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The amplitude of the current % in c.g.s. units was calculated from the fornmla 

■ _ »TN . ^TTiia 

“ v^R*+47rVP’ 

where, 

J — magnetic flux cut by one turn of the coil per cm. displacement, directly 
determined by means of a ballistic galvanometer. 

N — number of turns on the coil, usually 1-10 turns. 
n - frequency. 

a — amplitude of motion of the magnet, determined by a microscope with eye- 
piece scale. 

R — resistance of the circuit (9 ohms) in c.g.s. units. 

L = self-induction of the circuit. The only appreciable self-induction was due 
to the Broca galvanometer ('0073 henry). 

On interruption the current measured by the galvanometer response is iojn, and 
from the known sensitiveness of the galvanometer (35 div. per microampere) the magni- 
tude of the response can be calculated and compared with the observed value. 

The results for experiments made with frequencies ranging from 1-2000 /sec. are 
given in the following table : — 



Amplitude of 
motion. 

Amplitude of 

Gal variometer 

Galvanometer 

Froqueiicv. 

current, 

deflection 

deflection 

71 . 

a. 

»o. 

(observed). 

(calculated). 

1 -07 

cm . 

0-200 

amp. 

0-07 V 10 

70* 

73 

fv4 

()-170 

3-4 

35 

38 

11-5 

0-210 

;m 

38 j 

34 

14'9 

0-200 

3-8 

47 

43 

27*5 

0-210 

7-4 

70 

83 

95 

0-200 

U'O 

120 

120 

500 

0-025 

U-3 

190 

i 160 

990 

0-002 

1-26 

20 

14 

2040 

0-003 

3-8 

12 

40 


The experimental error is likely to be greatest in the case of the two highest frequencies 
owing to the small amplitudes to be measured. Moreover, the 2040 fork had to be 
sustained by bowing. The agreement between the observed and calculated values for 
all frequencies is as good as can be expected, but it only holds if account is taken of 
self-induction, since at the higher frequencies the correction for impedance is very 
large. 


* Galvanometer with 9-4 sec. period, giving 340 div. per microampere. 
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1 

The currents wore very nearly pure, hut contained traces of the oven harmonics. 
Thus the analysis for tlie 95 fork gave tlie current-amplitudes of the components n, 
2n, 4n, in the ratio 1 ; These harmonics may have been present in the fork 

vibration, but it is more likely that they were produced by want of uniformity in the' 
magnetic flux of the U-magnet. The so-called subharmonic rcspt)nses described above 
were also observed. 


(2) Closfi Pair of Simple Harmonic ComponeiUf< - Rcsolviiiff-Potcer. 

The current was produced by putting in .series two U-magnet generators on sejtarate 
forks of frequency 6-1 /sec., which could be adjusted to have a slight difference of frequency 
by means of sliding loads on one of them. The responses were examined for each alone, 
and then for both together. When the differem-e in frequency was reduced to 0- (i/sec. 
the two components could still be resolved, owing to a distinct drop between the two 
maxitna. Separation was also effected when the com])onents were very unequal in 
magnitude, e.g. a ratio 5:1. In all (;a.ses the* double natur(' of the re.s})onse was at 
once evident from the characteristic beating of the galvanometer oscillations, whereby 
it was readily distinguished from that due to a single frequency. When the components 
are unequal the beating is more distinct on the side of the smaller. The diff<u'enc(' in 
frequency of the components can be determined directly by the frequency of the beats 
without observing the positions of the two maxima. 

Experiments on resolving-power were not made at higher frequencies, but theory 
shows that two components with the abf)ve limit of frequem^y -difference should be 
resolved whatever their absolute values, e.g. 1000 and lOOO'0/.sec. 


(3) Current Votdninin.g Harmonic Seric.s. 

Two types of current wv.rc produced simultaneously from the sanie electrically main- 
tained fork with mercury contact, .32/sec. — the first by induction in a ctaijde of turns 
of wire round the electromagnet of the fork, the second by u.sing a small air-transformer 
consisting of a few^ turns of wdre (giving negligible self-induction) in which the current 
in the primary was interrupted by a separate platinum contact attached to the fork- 
pijong and dipping into mercury. The level of the mercury w^as adjusted to give equal 
time intervals of make and break. By means of a " throw-over ’’ key the amplitude of 
corresponding harmonics in the two currents could be compared. 


VOL. ccxxii, — A. 


X 
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Harmonic 

Frequency. 

Current -am plitude 
with iroti-transfonner. 

Current-amplitude 
with air-transformer. 

1 

1 

32 

280 

215 

2 

(H 

150 

10 erratic 

3 

9(> 

240 

210 

i 

12H 

210 

20 erratic 

5 

160 

180 

205 

r» 

192 

175 

30 erratif? 

7 

224 

135 

200 

8 

266 

150 

20 erratic 

9 

288 

100 

190 

10 

320 

130 

40 erratic 

11 

362 

85 

180 

12 

384 

80 

20 erratic 

13 

416 

85 

160 

14 

448 

65 

20 erratic 

15 

480 

150 

160 

Hi 

512 

135 

1 20 fairly good 

17 

544 

140 

170 

18 

576 

140 

140 

19 

608 

1 15 

145 

20 

640 ! 

120 

130 

21 

672 

110 

1(K) 

22 

704 

120 

120 

23 

736 

95 

100 

24 

768 

1(K) 

80 

25 

800 

90 

130 

29 

928 

85 

90 

32 

1024 

90 

100 

; 33 

1056 

70 

100 

; 35 

1 120 

60 

130 

37 

1184 

70 1 

130 

40 

1280 

95 

120 

11 

1312 

80 

no 

18 

1536 

60 

m 

49 

1568 

50 

60 


After the twenty-fifth the exuiuination of several liarnionics was omitted. The table 
shows that the (current produced by the air-transformer consists of practically odd 
harmonics only, until the higher frequencies are reached, and their amplitudes are 
nearly equal. This is what would be expected from the nature of the make and break. 


(4) Complex Current,. 

In this experiment six maintained forks were used with their U-magnet generators in 
series. The current-amplitude and frequency were first measured for each generator 
taken separately, then all were excited and a complete analysis made. This “ spectrum ” 
is given in fig. 5. It will be seen that all six primary constituents were found, together 
with their various subharmonics, and also a weak octave of the fork A. 





Fig. 5. Analysis of complex current. Range of analysis 3 ^ .sec, to 
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The frequencies and amplitudes of the primaries were as follows : — 



Frequency. 

Amplitude 

( dal vanometer response) . 

^ 


90 



(M-T) 

12 



02 

I ) 

9M-8 ; 

m 

M 

219-5 j 

55 

j'' 

502 

130 



1 




These values are sensibly the same as were obtained in the separate examination except 
for some small differences in amplitude easily accounted for by unavoidable variations 
in the amplitudes of tlie forks during the experiment. As tlie whole range explored 
extended from 3-2000/8ec. and every response found was critically examined, this 
analysis occuj)ie(l a long time — about four hours. 

In the diagram the response F is sliown accompanied by companions F' and F", 
forming a triplet. These companions are due to irregularities in the spacing of the 
segments of the 04 interrupter-disc. Tliey are always given with this disc, but not with 
the others in which, presumably, the spacing is more uniform. 

When two responses occur close together the amplitude of eacli is reinforced by the 
other. Several such examples occur in the diagram, nota bly in the case of A aiid C/3. 


Analysis of Sound tn Air. 

(rt) M Receiver. 

A Graham’s Patent “ Loud-talking Apparatus ” (iron diaphragm 10 cm. diameter, 
O-OOl cm. thick) was jdaced in series with the Broca galvanometer and interrupter. 
This instrument, although not extremely sensitive, proved to be satisfactory for analysing ■ 
sounds. Examples of some of the experiments made are heie briefly indicated : — 

(1) Bowed fork, n = 512, at 8 metres gave a good response at this frequency. 

(2) Voice, singing a note, n = 250, with moderate intensity gave a deflection off 
the scale. 

(3) Organ pipe, blown at a distance of a few feet. Analysis gave the fundamental 
n = 531 and also the third harmonic. The change, to the octave on over-blowing 
was readily shown. 

(4) In determining the frequency of a fork it is not necessary that the vibration 
should be sustained. By tapping a 640 fork with a rubber hammer the frequency 
was determined by the interrupter to ^ per cent. 



DRS. GUY BARLOW AND H. B. KEENE ON THE ANALYSIS OF SOUND. 


143 


(6) In a similar way the fundamental frequencies were found for three metal dia- 
phragms (3 in. diameter). The values obtained were 345, 890, 1520 /sec. 

(6) Highly damped vibrations. The resonator box belonging to a standard 384 fork 
was tapped in front of the trumpet of the magnetophone. The maximum deflec- 
tion was obtained at 344 /sec., and the fork itself gave a response at. 382/8ec. 

In those cases in which the vibrations are not sustained there is no regular response, 
but merely a kick on the galvanometer for each excitation. At any one speed the kicks 
may be of either sign, and they vary in magnitude over a certain range according to 
the phase-difference. The frequency is determined by the interrujder speed for which 
the range is a maximum, but, as would be expected, this maximum l)e<-omes ill-defined 
when the vibrations are highly damped. 

In the above experiments electrically niaintained forks weie not used owing to their 
direct magnetic action on the magnetophone. 


(li) Cnrhou Gmunlc M icropJiow Uceeiver. 

An ordinary commercial instrument ((LE. Co.) of the “ solid-back '• type with conical 
mouthpiece was suspended by thin rubber cords. Some j)reliminary experiments in 
which the receiver was enclosed in an exhausted v(*ssel showed that no uppreciabh' 
vibrations were communicated through the supports to the microphone when suspended 
in this way. 

The electrical connections are shown in fig. 6. When recpiired an additional resistance 
was placed in the galvanometer circuif to 
reduce the sensitiveness. As c-ompared with 
the magnetophone the microphone has the 
following advantages 

(i.) Greater sensitiveness. 

(ii.) It is non-inductive, and therefore not 
affected by stray alternating fields 
from electric forks, &c. 

The disadvantages are • 

(i.) Kesonauce : The above receiver has a 
natural frequency about lOSO/sec. 

(ii.) The mean resistance during vibration differs from the normal resistance (it is 
^ actually increased), and therefore the starting and stopping of a sustained 
sound gives kicks (in opposite directions) on the galvanomed-er. 

(iii.) The resistance, and consequently the sensitiveness, is therefore subject to uncon- 
trollable variation. 

(1) Pure Toms . — A fork 512, mounted on it.s resonator, when bowed or struck near 
the receiver gave, on analysis, deflections off the s(;ale. 


jBrocxi Gulviinomtlej' 



Inljtrrupper 


MiUiarrtnxpttt* 


Volts 

Alicjx>p/u>/(jC 


Fig. r*. 
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When bowed 8 metres away a response 150 div. was obtained. (The magneto- 
phone gave 20 div. under the same conditions.) When a 512 resonance box was placed 
in front of the microphone the resjmnse was imn'eased to over 200 div. 

Fork 2048 bowed at 2 metres gave 200 div. 

It was noticed that the overtone of a certain pipe blown gently gave abnormal dis- 
turbances of the microphone without the interrupter. This disturbing frequenc}’ was 
found to be about 1030/sec. Starting and .stopping a 1024 fork gave violent kicks on 
the galvanometer, indi(;ating a large increase of microphone resistance during the 
vibration. This change of resistance was shown directly on the milliammeter in the 
micn»phone circuit. Tliis effect suggested that the microphone would be abnormally 
sensitive to a note of about this frequency, 'i'his was actually the ca.se ; thus it was 
shown that the microphone as a detcctoi’ was as sensitive as the ear for this particular 
frequenc}'. E.g., fork 1024 when bowed in adjoining room with doors shut was detected 
by the galvanometer ; to the ear the note was only just audible. 

Also this instrument was extremely sensitive to taps on a fork resonator-box, and 
also in a less degree to almost any sharp taps given l)y wooden objects — c.g., putting 
down tool on table or walking alamt on wooden floor ; locomotive whistles from the 
railway near by were especially effective. 

(2) NoU’- frmn Harmonica! (Kllis). — The note selected had a fundamental frequency of 
OG/sec. All harmonics up to the twentieth (the analysis Avas not carried further) were 
observed and their amplitudes measured. 'I'he results are given in the following table : — 


Harmon 


liuspoibsu. 

Harmonic. 

Fro q none V 

Jlcsponse. 

1 

()() 

1(K) 

J! 

720 

70 

‘2 

U2 

1(K) 

12 

792 

10 


198 

50 

13 

858 

15 

-1 

2(i4 

40 

11 

924 

5 

T) 

;330 

()0 

15 

990 1 

80 

f) 

390 

20 

10 

1056 

00 

7 

402 

50 

17 

1122 

00 

8 

7)28 

14 

18 

1188 

10 

[) 

594 

25 

19 

1254 

5 

10 

()(»() 

1 

50 

20 

1320 

10 


It will be seen that some of the harmonics are as important as the fundamental. 
The fifteenth, sixteenth and seventeenth harmonics are probably enhanced on account 
of their frequencues being nearly in resonance with the microphone. The subharmonj,c8 
are not rec^orded in the table. 

In illustration of the complexity arising from the subharmonics of strong harmonics, 
the following example from another experiment is given : — 

The harmonical note ' 263/set;, contained a strong fourth harmonic of frequency 
263 X 4 = 1052. This was greatly enhant;ed on act:ount of its being so nearly in 
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resonance with the microphone. TJh^ subharmonic series of 1052 was in consequence 


pronounced. Thus in the experiment a marked response 
was observed at 151, which is 105*2 -i- 7 nearly, i.c. the 
seventh subharmonic of tlie fourth harmonic of the funda- 
mental vibration. In practice the j)resence of the sub- 
harmonics is generally of less inconvenience than this 
example might suggest, but it will be seen that analysis 
is particularly affected if the receiver })o8sesses strong 
resonance-points very miudi aliove the region of frequency 
under analysis. 

(3) Complf’3' Sound. - In order t(» test the reliability of 
the analysis, it was thought desirable to produce a complex 
sound containing known constituents each of which could 
be examined separately. Four electrically maintained ftuks 
were placed on the same table, and grouped in front of the 
microphone receiver suspeiuled on rubber cords indepen- 
dently of the table. The four forks selected had the 
following frequencies: — A 71-3, H 89. C 100, l)2()l/Hec. 
With all forks sounding together a careful analysis was 
first made, in which each response was examitied se})arately 
in order to determine accurately its magnitude* and 
frequency. The result of this analysis is shown in fig. 7. 
It will l>e observed lhat the following frequencies were 
present : — 

(i.) The four fundamental vibrations A, 1>. (' and 1). 

(ii.) Weak octave of C. Those of A and B were not 
observed, while the octave of D was out f)f range. 

(iii.) All the important subharmonics of A, B, C and 1), 
except in those cases where they were masked by 
other responses, e.g., iD was missed, as it wus 
nearly coincident with the fundamental B. 

With the exception of uncertain responses at 158 and 
161 /sec., all frequencies found in the analysis are accounted 
for. The frequency 161 may be due to a combination - 
tone, either B — C — 161, or A -j- B — 160*3. A separate 
investigation showed that this respon.se only occurred when 
the forks A and B were sounding together, and that it was 
not always present even under tliose conditions. 

The analysis was now repeated by making a rapid sweep 




of the whole range by continuously increasing the speed of interruption withoiU stopping 
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to cxainini* tlic sciparaD; rcsp(mK<!K. The results of this sweep are given in fig. 7, 
where it will be seen that no ini])urtant vibrations were missed, and that their 
frequencies were obtained with alitiost the. same degree of accuracy as in the more 
<;arcful analysis. As would be expected, the amplitudes as determined in this rapid 
sweep were generally less than l)efore, and could only be determined roughly. 

Other experiments which cannot be described here have shown that all responses, 
iiowevcr small or irregular, whit^h occur in an analysis can always be accounted for. 
In fact, analysis has sometimes indicated the presence in the source of quite unsus- 
pected vibrations which have been afterwards shown to exist by other means, 

Rephwung the galvanometer by a telephone, a weak sound of machine-like quality 
was heard, the frequency D = 261 being mo.st pronounc.ed, and also a marked throbbing 
which was probably associated with the heating of B and C (89 and 100). 

(4) Analysis as affeded hy a General Background of So^irtd. — The object of these 
experiments was to determine to what extent a definite vibration could be masked by 
the presemre of a general “ background ” of sound. A suitable background was found 
to be produced by jdat ing a n>aring bunsen near the suspended niic^rophonc. As heard 
in the telephone this background completely niaske<l the note from a 256 maintained 
fork, so that one coidd not detect when the fork started or sto})ped. t)n analysis it 
was found that the background alone gave a disturbance on the galvanometer at all 
frecpicncies of interruption, while the fork response was 15 times that due to the back- 
ground, showing that in this case the analysis is vastly superior to the car using the 
telephone. Similar cxi)eriments were made with a 512 fork, but it was found nuudi 
more difficult to mask this note, two roaring bunsens close to the microjdione being 
required. The analysis appeared less efficient, in distinguishing the fork note from the 
background, the ratio of fork response to backgiound disturbance being of the order 
8 : ] .* The galvanometer disturbance due to the background showed a maximum when 
the speed of interruption was of the order of 1000 /sec. Previous experiments have 
shown that this is the resonance region of the microphone. 

The masking eflccts of backgrounds aj)pear to be of considerable interest and im- 
portance, and require fuller investigation. 


Analysis of 8ouno in Water. 

It was decided to give special attention to low frequencies ranging from about 
5-150/sec. A number of low-frequency sounders and receivers of different types were 
used, and will be described before the experiments. 

(a) Sources of Sound. 

(1) Cylindrical Sounder. (A t}q)e used by Lord Rayleigh for experiments in air, 
‘ Phil Mag.,’ 1907.)— This was a metal can maintained in bell-like vibration by means 
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of an electromagnet excited by a current of about 1 ampere from a spring-interrupter 
using 4 volts. Two sizes of this tj^pe of sounder were constructed. These were generally 
driven at their natural frequencies. 

No. 1. No. 2. 

Length ..... 12*8 cm. lG-1 cm. 

Diameter ..... 7*8 cm. 9*4 cm. 

Thickne.s8 ..... O’ 68 mm. 0’30 mm. 

Natural frequency in water . . Ill /sec. 21 /sec. 


With these sounders the intensity fell off exceedingly rapidly with the distance, j)robably 
owing to consecutive segments moving in opposite phases causing short-circuiting of 
the vibrations in the water. They have also directional properties, the sound being 
sent out radially with four symmetricially placed maxima. The rapid falling off of 
intensity with distance is an advantage in tank experiments, where multiple reflectiojis 
are a source of disturbance. 

(2) Double Diaphragm Sounder. — This is non-directional, and on account of its great 
range has been used in most of the experiments carried out in the re.servoir. 

It consisted of a shallow cylindrical cavity closed by two vertical metal diaphragms, 
one of which carried at its centre an electromagnet, and tlic other an equal mass of .soft 
iron (fig. 8). The electromagnet was excited by an intermittent current from a spring- 
interrupter. The space between the diaphragms 

communicated with the water by a small hole at I 

the bottom. The apparatu.s could be used either 1 

completely filled with air or filled with water, * E J L 

with the exception of a small chamber of about 

30 c.c. near the top of the cavity, in which the 30 cc''^ I 1 ’ 

air remained trapped. The sounder was held by \\ i 

a 12-ft. iron rod, by means of which it could be (I J 

lowered over the side of a boat to the desired p | A*rT ^ | | 

depth. When used air-filled, a long piece of % ^ ^ \ /i-cm. 

pressure tubing was attached to the cavity and ^ | : 

air pumped in until the air-bubbles escaping from i 

the hole at the bottom were seen rising in the 0'5mm ' 

water. In the boat from which the sounder was * >: [ 

hung were the cells (4 volts) and the spring- « 

interrupter, these being connected by long leads 

to the electromagnet within the sounder (current 6. Double diaphragm sounder 

2-2^ amperes). The boat could be anchored in (Hcction). 

any desired position, and the apparatus when once adjusted would run for hours at 
a time without attention. 

The natural frequency of this sounder depended on the internal conditions. The 
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Fig. 8. Double diaphragm nounder 
{ section ), 




148 DUS. DUY liARLOW AND H. B. KEENE ON THE ANALYSIS OF SOUND. 


restoring force on the diaphragm was mainly due to the elasticity of the air in the cavity 
(the restoring force due to the elasticity of the diaphragm being relatively unimportant) 
giving when air-fiUcd a natural frequency of about GT/sec., the exact value increasing 
with the depth of the sounder below the surface, the variation being roughly ^ per cent. 
})er foot. Although the effecd- of introducing water into the cavity is to increase the 
eflpective inertia of the diaphragms, the frequency is raised on account of the greatly 
increased restoring force given by the residual air. With the 30 c.c. of air generally 
used the natural frequency was about 123 /sec. In practice the sounder was generally 
driven near the natural frequency corresponding to the working conditions ; the 
maximum energy is then emitted, and as a nearly pure tone. If driven at much lower 
frequencies the intensity was diminished, and, as would be expected, any harmonic near 
resonance with the natural frequency of the diaphragm became prominent. 

(3) Single Diaphragm Sounder. — A thin iron diaphragm was bolted on to the end 
of a massive cylindrical iron pot (fig. 9). A mass (380 gm.) of soft iron was attached 



Fig. 9. Single diaphragm sounder (section). 


to the centre of the diaphragm, behind which the exciting magnet was rigidly held. 
The cavity was always air-filled at the pressure of the surrounding water in order to 
avoid distortion of the diaphragm. The sounder was hung from a punt by a double 
chain at a depth of 4| feet. 

The instrument was found to be unsatisfactory in practice owing to the extreme 
sensitiveness of the diaphragm to changes of pressure due to small variations in depth. 
It had a natural frequency in water of 47/sec., a value much higher than was expected. 
The effect of the restoring force due to the air-cavity can be avoided by using a single 
diaphragm with both sides in contact with the water, but such an instrument would 


DltS. GUY BARLOW AND 11. B. KEENK ON THE ANALYSIS OF SOUND. 


140 


not be an efficient radiator for low frequencies in consequence of short-circuiting action 
referred to above, and also it would be bi-directional. 

(4) Evinrude Row-boat Motor. — ’To obtain a more powerful and liomplex source an 
Evinrude row-boat motor was used. 

This was a 2-3 b.p. single-cylinder, two-cycle petrol motor fitted with a two-blade 
propeller. In most of the experiments it was attached to the stern of a 13-ft. centre- 
board sailing dinghy, wliicb either circled round the receiving instrument or was kept 
in a fixed position, about 100 feet out, by steel wires made fast to posts on the bank 
of the reservoir. The frequency of the piston, which must be regarded as the funda- 
mental frequency, could be varied from about 10-11 /sec. when the boat was fixed, 
while a frequency of ]4-5/8ec. could be obtained when the boat was in motion. During 
a single experiment the motor was found to run at a very constant frequency, and 
proved to be a very convenient source of vibration for the purpose of analysis. 


(/>) Receivers. 


In all the water experiments described below attention was usually confined to the 
range of frequency 5-150/8ec. 

In order to obtain a faithful analysis the receiver shoidd be either non-resonant or 
its resonance frequency should be well above the range under investigation. In the 
latter case the receiver will be in.sensitive in this range, and the results of the analysis 
will be complicated by the disturbance of subharmonic^s of the diaj)hragm frequency 
(see p. 144). We did not succeed in devising an ideal receiver for low-frequency vibra- 
tions, although fairly satisfactory results were obtained with the Rubber Diaphragm 
Receiver. Owing to damping the latter did not give unduly sharp resonance, and its 
resonance frequency could be varied to eliminate selective action. 

(1) Metal Diaphragm Receiver . — The construction of this instrument is showui in 
fig. 10. Owing to the thinness of the diaphragm, it is 
necessary to compensate the external water-pressure. 

This was done by putting the air cavity in communica- 
tion with a cylindrical reservoir the lower end of which 
was provided with a small hole to admit the water. If 
the cross-section of the cylinder is sufficiently great, then 
it is easily seen that the level of the water in it will not 
alter much with change in depth, and hence the air- 
pressure in the instrument will remain approximately at 
the pressure of the water outside. By adjusting the level 
of the reservoir with respect to the diaphragm, the 
compensation can bo made exact for any particular FiR. lo. Metal diaj)hragm 

receiver (section). 

The microphone was attached by its base to the c.entre of the diapliragm, and enclosed 

Y 2 
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in a small sealed box. The diaphragm was of tinned iron, 10 cm. diameter and 0*3 mm. 
thick, and with a natural freqtjency in water of 120/8ec. 

(2) RuhJjer Diaphragm Rexximr vnih Adjustable Natural Frequency . — With this instru- 
ment the object was to obtain a much lower natural frequency. The effect of the air- 
cavity in giving an additional restoring force to the diaphragm, as already referred to 
under “ Sounders,” has now to be taken into account. In this receiver the diaphragm 
was made of very thin rubber, so that the restoring force was almost entirely due to 
the enclosed air. Advantage was taken of this fact to make the instrument of adjustable 
frequency by changing the volume of the air-cavity behind the diaphragm. The prin- 
ciple of compensation for liydrostatic pressure described above was again applied. 

The diaphragm, with the microphone attached at its centre, formed one end of a 
brass tube 30 cm. long and 5 cm. in diameter, the opposite end being closed by a screwed 
(^ap (fig. 11). Inside the brass tube was a solid brass plunger the position of which 



could be varied by means of a detachable rod. A very small hole in the plunger allowed 
equalisation of pressure on either side, while at the far end of the cylinder was a side 
tube communicating with two symmetrically placed compensating chambers. The 
total volume of the cylinder was 600 c.c., and the chambers were 500 c.c. each. This 
allowed a compensation to be made for depths down to 40 feet. For convenience in 
setting the chambers, a scale of depths was marked on the sides. 
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Using the full volume of the tube, the natural frequency was 40 /sec., and when the 
plunger was pushed up within a few centimetres of the diaphragm the natural frequency 
became about lOO/sec. There was considerable damping, as a result of which the 
natural frequency was not pronounced, and was difficult to determine. 

Listening Arrangements. — In most of the experiments it was found usefid to put a 
telephone in the receiver circuit in place of the galvanometer and interru})ter in order 
to listen to the sound. Such observations are recorded below as " sound in 
telephone.” 

In the case of low-frequency vibrations, e.g. 50 /sec., the sound in the telephone does 
not give a reliable indication of the character of the vibration in the water, since ior 
such a frequency the telephone responds only to the harmonics, and if they are not 
present then no sound is heard. 

A Broca tube also served as a useful listening device. The diaphragms were flat 
sheets of tinned iron, 15 cm. diameter. The natural frequency in water was approxi- 
mately 100 /sec., and showed marked tuning with depth due to change in pressure. 
The sounder 123 /sec. could be heard at a distance of 400 yards. 

It was found that a short length of rubber tube, 1 cm. external diameter, walls 2 nun. 
thick, formed a simple type of non-resonant Bro(;a tube. The lower end was sealed 
and weighted with a lead sinker, the upper end was connected to a stethoscoj)e. 

Except the cylindrical sounder first described, both sounders and receivers wen* 
non-dire(tional. 


(c) Reservoir Experiment's with Sounders. 

The Barnt Green Fishing and Boating Club kindly gave permission to make use of 
Great Bittell Reservoir (near Birmingham), together with a number of boats, &c., for 
experimental purposes. The reservoir has an area of 100 acres, with a maximum depth 
of 40 feet. The receivers were connected to the shore by cable, and the analysis was 
made in the boathouse where the interrupter and 100-ohm Broca galvanometer were 
set up. With few exceptions it was found impossible even in the calmest weather 
to use the receivers when hung from a moored boat, since a very small motion at the 
point of support produced a large disturbance on the galvanometer. Satisfactory 
results were only obtained when the receiver was either hung from a tripod or placed 
directly on the bottom of the reservoir. The tripod was constructed from bamboos 
11 feet long and provided with a sinker on each foot. When in the required position, 
the lowering rope was sunk with a lead weight in order to prevent surface disturbances 
being directly communicated to the apparatus. In some experiments a small cork 
marker was used to indicate the position of the tripod. 

Determination of Natural Frequency of Sounders and Receivers in Water . — This pre- 
sented considerable difficulty, and it may be of interest to indicate the different methods 
which have been used. 
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Sounders : — 

(i.) A platinum contact was attached to the diaphragm, and the sounder made self- 
driving after the manner of an electrically maintained fork. The frequency was 
then determined either by analysis of the current induced in a single turn of 
wire acted on inductively by the circuit, or by analysis of the current generated 
})y a IJ-magnet attached to the sounder diaphragm. The platinum contact 
worked quite well under water, but this system of driving the sounder was not 
suitable for general use. 

(ii.) With the sounder immersed, the diaphragm was gently tapped with a rubber 
hammer at intervals of 1 second, and an analysis made of the current induced 
in the windings of the electromagnet, as in earlier experiments on the analysis 
of damped vibrations. 

Receivers : — 

(i.) By experiments in which a sounder was driven at various frequencies and the 
receiver used to obtain a resonance curve. 

(ii.) The natural frequency of the diaphragm was excited by impulses such as an oar- 
splash or a tap on a neighbouring boat. In the latter case the analysis showed 
in addition the natural vibration of the boat. 

(iii.) A method more satisfactory than the last was to analyse the general water 
disturbance on a rough day. (Compare experiments on Analysis of Background, 
p. 146.) 

Metal Diaphragm Receiver (Natural frequency, 120/aec.). — This instrument in mode- 
rately calm weather could be used, when hung from an anchored boat with a galvano- 
meter disturbance of no more than about 1 div., corresponding to a faint background 
in the telephone. Under rougher conditions a strong diaphragm noise was produced 
in which on certain occasions the separate impulses could be identified with the lapping 
of the water against the boat. The sounder could be distinctly heard at a distance 
of 60 feet. 

With this instrument remarkable variations of the intensity of the sound with depth 
were observed, showing the existence of an almost silent layer on the bottom. Slowly 
raising the receiver from the bottom to the surface showed a rapid increase in the first 
6 feet, followed by a slower falling off towards the surface, the maximum occurring at 
6-9 feet from the bottom. The observed amplitude at 6 feet was in some cases 26 
times that at 1 foot from the bottom. The sound in the telephone varied in a similar 
way. These effects as tested by the telephone appeared to be the same in different parfjs 
of the reservoir, where the depths were 12, 18 and 32 feet, and independent of the fre- 
.quency which ranged from 60-1 30 /sec. Sounds due to taps on the boat, splashing of 
oars, &c., and also natural disturbances, were modified in the same way. No definite 
effect of this kind was observed when using the other receivers of lower frequency. 

The amplitude of the vibration fell off with horizontal distance from the source with 
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remarkable rapidity. Putting amplitude oc _ , the value of the index j) (see 

below) is generally 3 to 3 ‘5, which makes the energy fall off with the sixth or seventh 
power of the distance. This gives rise to considerable difficulty in making exact measure- 
ments, as a large error is introduced by a small change in distance. 


The variation in amplitude with distance and depth is shown in the following 
examples : — 


Depth of 

Frequency 

Depth of 

Depth of 

Horizontal 

Rcsjionse. 

Index //. 

w'ater. 

of sounder. 

sounder. 

receiver. 

distance. 

ft. 


ft. 

ft. 

ft. 



12 

105 

6 

On bottom. 

4 

Off scale > 250 






45 

IH 






75 

3 / 

.) ’i) 

16 

124 

10 

9 

40 

270 \ 





9 

80 

25 J 

t> * i) 


I 

i 


9 

130 

} 

>2*6 




On bottom 

80 

3 





f> 

80 

16 


17 

66- 5* 

3 

11 

135 

^ \ 

3-0 




11 

60 

80 / 




On bottom 

60 

3 





9 

60 

150 





3 

! ()0 

i 

80 



Rubber Diaphragm Receiver. — When hung from a boat in very calm weather tlu^ 
galvanometer showed oscillations of 20-40 div. with an occasional 200 divs., but on 
the bottom the disturbance was reduced to 1-2 div. A residual disturbance (U this 
magnitude was always present imder the quietest conditions, even when out of the 
water, and this may represent the natural limit of steadiness of the microphone. I’lie 
instrument was used either on the bottom or on the tripod, and even then quiet weather 
was essential. On a windy day there were large disturbances always closely associated 
with the gusts. Their magnitude was not changed by altering the natural frequency 
of the receiver, t 

With this apparatus a number of experiments were made in which the sounder was 

♦ In tliiw ca«p the weak octave 133 /sec. present in the sounder was reiniorc.ed hy resonanc'c with the 
receiver. This response varied with depth in the same way as the fundamental. 

J Some experiments made in the laboratory at a later date furnished the explanation of these disturj>- 
ances. It will be seen from the construction of the apparatus that slow pressure changes can be <!onj- 
municated to the air cavity through the compensating reservoirs. Such pressure changes would not prodiu^e 
any motion of the diaphragm. The effects on the microphone are due to the direct action of th(‘ air pressure 
on the lid of the button. This was confirmed by blowing air into the cavity of the instrument. It was 
then found that when the microphone was subjected to a sustained additional pressure the microphone 
current showed a rapid increase followed by a slow exponential recovery, the transformed current causing 
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driven successively at different frequencies. Since the driving current contains har- 
monics the for(!ed motion of the sounder will also contain these harmonics, and if the 
frequency of one of them is near the natural frequency, then on account of resonance 
that harmonic will be very prominent, and may be much greater than the fundamental. 
But the rec^eiver also has a selective action, and will enhance by resonance any harmonic 
which is near its natural frequency. These effects were observed in the analysis but 
will not be further described. 

The variation of amplitude with distance was determined using the two sounders near 
their natural frequencies, and the results obtained are given in the following table : — 


Depth of 
water. 

Frequency 
of sounder. 

Depth of 
sounder. 

Depth of 
receiver. 

Horizontal 

distance. 

Response. 

i 1 

1 

ft. 


ft. 

ft. 

ft. 

1 


lb 

44-5 

4-5 

12 

57 

190 \ 

3*1 





150 

9 / 


17 

58 

9 

On bottom. 

60 

180 \ 






165 

<5 ) 

>3*5 


The high value of the index is in agreement with the results obtained with the Metal 
Diaphragm Receiver. 

A particular source of disturbance with the Rubber Diaphragm Receiver was found 
to be due to the vibrations caused by trains passing at a distance of rather more than 
a quarter of a mile. The effects were noticed when analysing in the region 30-40/sec., 
where on occasions definite responses of over 100 div. were obtained. These disturb- 
ances greatly added to the difficulty of the experiments, especially when examining 
vibrations of very small amplitude. 

{(1) Sound Spectrum of Evinrude Motor (Reservoir experiments). 

A des(!ription of the motor together with the general arrangements has already been 
given (p. 149). Analysis was made with both receivers. They were either placed on 
the bottom or hung from the tripod 6 feet above the bottom. In each case a spectrum 
was obtained consisting of a harmonic series, n. 2n, 3n, 4w, &c., having for its funda- 
mental the frequeiu'y n of the motor. In general the higher harmonics have smaller 
intensities, and only in a few special cases could measurements be extended beyond 
the first ten harmonics. 

the galvanometer to give a complete oscillation, as would be expected. The exponential recovery, which 
extended over some 15 sec., was evidently due to the air leaking into the partially air-tight button. The 
whole effect completely disappeared when a smaU hole was drilled through the. side of the Initton. 

It wan thought that the instrument might now be less sensitive to low frequency vibrations. An experi- 
ment in a tank showed that for a frequency of 100/sec. the sensitiveness was reduced to about one-half. 

It would thus appear that in the reservoir ex})eriment8 the wind pressure was transmitted through the 
water to the receiver. The metal diaphragm receiver did not show these efiecte since its button is enclosed 
in a sealed cavity. 
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The Rubber Diaphragm Receiver was found to be much more satisfactory than any 
other type tried, and was used in all the experiments described below. 

Variation of Spectrum with Motor Speed . — It was soon found that even under closely 
identical conditions the character of the spectrum often differed greatly on repeating 
the experiments. It has not been found possible to explain this variation completely, 
but it is partly due to change in motor frequency. Experiment showed that quite small 
variations in the motor frequency — variations originally regarded as of little cotise- 
quence — may greatly affect the relative intensities of the “ lines ” in the spectrum. 
There are several ways in which this may take place : — 

(i.) In the experiments the motor speed was always changed by altering the phase 
of the ignition ; this may result in a change in the character of the vibration 
of the motor itself. 

(ii.) Mere change of speed may bring (certain harmonics into, or out of, resonance 
with natural frequencies of the boat. 

(iii.) Change of speed may bring certain harmonics into resonance with the receiver. 

Experiments show that (iii.) at least is an important factor. Unfortunately, the 
frequency of the Evinrude motor (with boat fixed) can only be varied by about 10 
per cent., i.e. from 10-11 /sec. 

Three examples of the variations in the spectrum are given in fig. 12, where the 


rn. 




Fig. 12. Variation of spectrum of Evinrude with motor speed and natural frequency of receiver. 
Depth, 16 feet. Receiver on bottom. Distance 13 feet ; broadside on. 


Z 


VOI* OCXXII. — ^A, 
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harmonic series for low and high speeds are represented by continuous and broken lines 
respectively. All three experiments were carried out under identical conditions as 
regards the position of the receiver, which was placed on the bottom at a depth of 
''15 feet. The only difference made in the conditions was in the natural frequency of 
the receiver : in the first experiment this was made as low as possible, about 40 /sec., 
by using the full volume of the air-cavity ; in tlie second it was raised to about SO/sec., 
and in the last to about 100 /sec. The la.st two natural frequencies are only known 
approximately. 

It will be seen that in all three cases the responses n, 2n, 3w, are increased with increased 
speed. In the first experiment 4w is very prominent, and showed a decrease with speed, 
evidently due to its being put out of resonance with the diaphragm. The effect of 
diaphragm resonance is also shown in the second and third experiments, which give 
strong responses near 80 and 100 respectively, frequencies for which no responses were 
detected in the first experiment. On the other hand, there seem to be certain perma- 
nent features in the spectrum — ^for example, the third harmonic for the lower speed 
always being very weak, and the harmonic near 68 being always prominent. These 
chara(!teristics may be associated with either the boat or the motor. 

Variation of Specirurn with Direction.- 1’he receiver was placed in various directions 
with respect to the axis of the boat, the distance from the propeller being constant. 
Variations in the spectrum were observed, but as consistent results were not obtained 
on repeating the measurements for any one }) 08 ition, no definite conclusions can be 
drawn. In general the experiments showed, that direction has no marked influence on 
either the intensity or distribution in the spectrum. 

Variation of Spectrum with Depth. — It was not possible to moor the motor-boat in the 
deeper parts of the reservoir. Some experiments were therefore made with the motor 
circling round a cork marker indicating the position of the receiver, which was— (a) on 
bottom, (h) on tripod 6 feet above bottom. The depth of water was 26 feet, and the 
radius of the circle either 20 feet or 60 feet. The spectrun) of the boat in motion did 
not differ essentially from results obtained with the boat moored in shallow water. 
The motor frequency was 14-2/8ec. instead of 10-11 /sec., so that no exact comparison 
is justifiable. The intensities observed were less than those for equal horizontal dis- 
tances in shallow water, but not in greater proportion than is accounted for by the 
greater actual (oblique) distance between receiver and boat. 

Variation of Amplitude with Dfstowce.— Experiments were made to determine the 
variation of amplitude with distance in the case of the most prominent vibrations up 
to the fifth harmonic. The most useful results would be obtained at distances great 
compared with the dimensions of the boat, but on account of the rapid decrease in 
intensity it was quite impossible to make observations at distances greater than 70 feet. 
At these distances disturbances were comparable in magnitude with the effects to be 
observed. 

Since the source is on the surface and receiver on or near the bottom, any change in 
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distance also involves a change in direction with respect to the vertical, and if nodal 
planes exist in the water one would expect a more complex relation than that given 
by the former experiments using non -directional sounders. There is the additional com- 
plication due to reflection from top and bottom, which will be different in the two sets of 
experiments owing to the sounder always being placed below, instead of on, the surface. 


Putting, as formerly (p. 153), amplitude oc values of the index p for 

the different harmonics are given in the following table : — 


De])th of 
water.* 

Frequcncv’, 

w. 

IlespoiiMes at horizontal di.Htan(‘e. 

Index p. 

ft. 








13 

11 -1 




(14 ft.) 

(24 ft.) 





71 


90 

25 

2-4 




2h 


210 

100 

1-4 




3u 


130 

37 

2*3 




4/f 


230 

fiO 

2-5 




5;/ 


40 

7 

3*2 

ir> 

11-2 


(13* ft.) 

(21 ft.) 

(43 ft,) (G9fl.) 




n 


80 

25 

5 0 

2-4t 



2ti 


45 

25 

JO 0 

l-3t 





45 

JO 

10 5 



4w 


140 

70 

23 10 


2G 

14-2 




(21 ft.) 

(42 ft.) 


Boat 

circling. 



71 

2ti 


28 

14 

% 

15 

5 

0- Hl (l-l)t 

1- 5(l-f,)t 




3 a 


25 

3 

31 (4 -9)1 


Tlie distances given in the table are 
horizontal distances, and these differ from 
the true distances more in deep than in 
shallow water. This correction has not 
been made, as it does not appear to lead to 
a simpler law. 

In fig. 1 3 the values of the log (amplitude) 
are plotted against log (distance) for the 
third experiment in the table, in which the 
greatest range of distance was covered. 
It will be seen that the graphs for n, 2n and 
4n are practically straight lines giving a 
constant value for p as determined by the 
slope of the line in each case. The results 



Fig. 13. Variation of amplitude with distance * 
Index graph. 


♦ The receiver was 6 feet above the bottom, 
t From graph, fig. 13. 

X These values of p are calculated for the oblique distances. 

z 2 
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for 3n are quite abnormal, as no falling off in amplitude was observed for the distances 
21 feet and 43 feet. This is the only occasion on which such an effect has been recorded, 
and may be accounted for by accidental disturbance. 

The table shows that in any one experiment the various harmonics have different 
values of the index p, indicating that the character of the spectrum really changes with 
the distance, but the values of p depend on the experimental conditions. The range 
of p is from 1 to 6, and in general the higher harmonics fall off most rapidly with the 
distance {i.e., have larger values of p) and the harmonic 2w least rapidly of all. Jt is 
not known whether this peculiarity of 2n is associated with the absolute frequency or 
with the propeller action in which this vibration may have its origin. 

The distances were always measured from the propeller, but it appeared that the 
propeller only acts as an additional source. One can see the sides of the boat vibrating, 
and in cairn weather the ripples radiating from the stationary boat are quite evident. 

On several occasions the boat-vibration was examined by placing in the boat a 
frequency-meter of the vibrating reed type. Within the range of this instrument 
(25-50/sec.) responses were obtained corresponding to the harmonics which were simul- 
taneously detected in the water. With the rubber diaphragm receiver used in these 
experiments the .sound in the telephone was distinct up to 50 feet. Listening directly 
with the Broca tube and rubber tube, the sound was poor even at distanc-es of about 
20 feet. 

Subharnionics . — In the diagrams representing the spectrum of the Evinrude motor 
the subharmonics have, for the sake of cJearness, been omitted. As the higher har- 
monics are generally small, and not observable beyond the tenth, there were very few 
subharmonics to confuse the analysis. Most of the subharmonics were below the funda- 
mental, and this region was disregarded in the analysis. The fundamental response 
often showed some irregularity due to the superimposed subharmonic ^(3»t). 

The measurement of the amplitudes of the vibrations up to the tenth harmonic occupies 
about 10 minutes. 

Analysis by Telephone . — It is interesting to note that by putting a telephone (in place 
of the galvanometer) in series with the interrupter the fundamental frequency (10/sec.) 
of the Evinrude motor can be determined with great precision, as the beats are very 
marked when the interrupter is running near that frequency. Also the frequency of 
the harmonics can be determined in a similar way, although with them the effect is 
not so evident. 

PART II.— THE THEORY OF ANALYSIS OF AN ELECTRIC CURRENT BY 

PERIODIC INTERRUPTION. 

The present paper contains an account of the theory of the analysis of an alternating 
current by the method of periodic interruption. The experiments in which this method 
has been applied for the analysis of sounds in air and water are described in Part I. 
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Let the current to be analysed be a function of the time exprcHsed by 
and represented by (a) in fig. 14. We may regard the effects of interruption as merely 






Fi{ 5 . 14. Intcrniptioiis of curn'iif. 


the result of multiplying the instantaneous value of the current y by a factor which 
has periodically the values 1 and 0. For equally spaced interruptions of frequency v* 
and giving equal time intervals for open and closed circuit, this factor is represimted 
graphically by the periodic form (f>) (fig. 14), and has for its expression the Fourier 
series : 

2 + ^ (sin nt + J sin 3?t/ + J, sin bnf + &c.). , 

TT 


The resulting intermittent current, represented by (c) (fig. 14), is therefore given by 


jy' = 4 - ~ (sin nt-\- 1 sin Stit+ k sin 5nf + &c.) }•/(<). 

I tt 


This expression must now be resolved into S.H. components. These may then be 
regarded as forces of S.H. type acting on the galvanometer system- - or on the telephone 
diaphragm — and giving rise to a forced motion which is readily t:alc.ulated. If the 
galvanometer possesses very little damping, only those components which have a fre- 
quency near that of the galvanometer will produce any appreciable motion. But we 
shall suppose, in accordance with experimental requirements, that the galvanometer 
is heavily damped, and for convenience we shall here take it as being exactly *’ dead- 
beat.” Under these conditions there will be no resonance, and a component is only 


* The quantities n, n„ no, p, Ac., really angular velocities, are, for the sake of brevity, here referred to 
frequencies, the 2jr being everywhere omitted. They are strictly the radian frequency of phase change. 
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effective in producing appreciable motion when its frequency is less tnan tnat ot tne 
(undamped) galvanometer. The full amplitude of the component is not exhibited by 
the galvanometer unless the component has zero frequency ; if it has half that of the 
galvanonieter the amplitude of the motion produced is 80 per cent, of the full value (see 
fig. ] 5, which shows how the forced amplitude varies with the frequency p of the force). 

On the other hand, a telephone in the circuit will render audible only those com- 
ponents which are of sufficiently high frequency to excite the diaphragm and the ear. 

If the cinaiit contains appreciable self-induction the effects of interruption are greatly 
compliciated — at least theoretically - and special assumptions as to the conditions which 
hold at “ break ” must be made in order to proceed with the investigation. The general 
cffecd. will be to round off the sharp corners at “ make ” and “ break ” in curve (c) 
(fig. 14) as represented in curve (d). Provided the “time-constant” of the circuit is 
small, only the components of high frequency will be seriously modified by self-induc- 
tion. The order of frequency affected is 1 -f- (time-constant), or R/L if the cinmit has 
resistance R and induction L. (For a Broca galvanometer alone R/L is about 
1200/aec.) 

Actually we are not likely to be greatly concerned with the jnodification introduced, 
for this would imply that we are using the analysis to determine a component of fre- 
quency so high that, on ac(!ount of ordinary impedance, it already must have undergone 
considerable distortion. We shall, therefore, neglect self-induction and proceed to 
consider certain special types of current. 


Then 


(1) Steady Direct Current, 
y — A, & constant. 

y' ~~ )• 


The galvanometer is deflected by A/2. The sound in the telephone is represented by 
the uneven harmonic series of tones with the interruption frequency n as fundamental. 
This is the “ interrupter note” ; it is characterised by the wave-form (6) (fig. 14). When 
n is very low only the numerous high harmonics in the audible region are effective, 
and the sound is well described as a purr. As n is increased the note becomes more 
musical in quality, and its pitch is recognisable. 


(2) S.H. CurretU. 


^ = A sin »iL 

Putting A sin nd in place of /(f) in the general equation for y', this may be written : 

y' = —sin njf-f — {co8(n— n,)f— cos («-!-«,) f -I- J cos (3«— «i)< — i cos (Hn-tw,) t 
2 IT 

+ l cos(5n— w,)<— i cos (5/t-f &c. ...}. 
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The tones present are therefore 

«i, n + 3w ± w,, 5 m + kc. 

The difference tones n — 3m. — Wj, &c., have zero value of frequency when 

n «„ ^Mi, ^M„ &(•., 

with tlie amplitudes 

A I A 1 A j 

TT TT TT 


These represent the fundamental and “ suhharmonic ” responses. 

We shall now suppose we are running through the fundamental response so that 
n — nearly. Put n — jq ~ p where p is the small difference in frequency l>etween 
interrupter and (nirrent. In going up. i.e. with increasing speed, through the response 
p changes from negative to positive. 

The general expression may now he written 


A . A / 

// = - sin m/+— [coh pf — coh {'2 n.—p) t -¥ cos {2m +p) / — cok(4m— ;>)/ 

+ J, cos ( 4 m +p) t — fi cos {im—p) t + kv.. \ . 

The frequencies of the components are 

p, M|. 2 m + p, 4 m. + p. ( 5 m + p, &c. 

The galvanometer responds to p. It is seen that there is a series of Ix'ating tones, 
2 m, 4m, Gm, &c., and all these heat with the sanw frequency 2p, i.c. twice the frcnpiency 
of the oscillations of the galvanometer at the same instant (confirmed hy exj»eriment). 
The amplitudes of the heating tones are never equal, hut they tend to equality for the 
higher harmonics of the. series. 'Phis explains the heating which is heard in the tele- 
phone even when m, is well helow the limits of audibility. 

For synchronism (p — 0) there is produced the single note of fundamental m, con- 
taining the ccc/t harmonics 2 m, 4 m , &c,. The original tom m, may he inaudihle, and in 
any case it is weakened by interruption, hut the addition of the harmonics will in general 
render audible the resulting iiote n^. 

When M is near 2 m, put n — 2mi — p. The component frequencies are then 


M,, M, -f p, 3 m, -j- p, 5Mj 1- 3p, 7 m, + 3p, &c. 

In, this case there is no galvanometer response. There is only one beating pair, m,. 
M, -j- p, the amplitudes A/2, A/m of which are sufficiently near equality to give a marked 
befliting, but, of course, this will not be heard unless m, is within the audible range. 
It will be noted that the beats have the frequency p in this case, instead of 2p as above. 

Similarly, when n is near Sn, it is easily shown that there is no response and no beating. 
[Confirmed by experiment.] 
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Now take n near and put 3w — thi = p. Then 

?/ = — sill J/./ + — {cos {2n—p) t— cos (4n— jr>) (1 + J cosjo^ — 3 cos {Gu~p) f 

2 TT 

H-iJ; cofi{2ii.+p)t — J cos(8?i— jo) / + f COS (4n+p) &c.}. 

Hence the frequencies are 

p, Wi, 2n ± j), 4m ± p, Gn ± p, &c. 

The galvanometer responds to p ; tliis is the third order subharrnonic of amplitude 
A /3m. The beating pairs all beat with the same frequency 2p, but their amplitudes 
are more unequal than in the case of the fundamental response. 


(3) Harmonic Series. 


Let the original current be 

y — A} sin Uit, -f A.j sin 2 mj< + A;, sin 3 mi< f- &c. 

without regard to phase differences between the constituents. 

The interrupted current is now made up of groups of components, there being one 
group associated with each harmonic. It is sufficient to consider only the case of 
synchronism with the fundamental of the series, i.e. when n = nearly. Putting 
n — w, — as before, the resulting tones may be tabulated thus : — 


Ailip. ratio. 

A,. 

A,. 

A,. 

A,. 


1 

p 2/1 

n ~2p 3n-~2p 

2n~3p in-3p 

4%. 

3n~ip bn~ip 

5nj. 

i7i~ bp 67i~~bp 

i 

2n i /) 

\.n - p 

n^2p hn-2p 

3p ^n—3p 

n-~ip In —ip 

2n— bp 8n—bp 

1 

f! 

4n \-p 

C\H~p 

3n~\^2p ln~2p 

2n~[3p Sn—3p ; 

n+4p 9n— 4/) 

bp lOn-bj) 

1 

r 

Cm \~'p 

8n —p 

3n~\~2ji 9h ~2p 

in-\-3p I0n~3p 

1 

3n-^ip lln—ip 

2n+5/) 12n~bp 


The interrupted current may be regarded as made up of 

(а) ^ (Ai sin n^t A.j sin 2nii + &c.). 

This is the original note with half the amplitude. 

(б) - (A, cos pi + JAg cos Zpl + jiAft cos 5pt + &c.). 

71 

This is the galvanometer response, which now has a complex character due to the 
superimposed subharmonics of 3n,, 6«i, &c. 
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(c) The beating tones 

— ’ [(1, J) 2n + p, {^, },) 4n ± p, (I„ 4) 6« ± p, &c.] beating at 2p, 

TT 

J) ^ ± (1, 3n + 2p, (^, 4) on ± 2p, &c.] beating at 4p, 

TT 

— [(1, 2w ± ip, (1, I) 4n ± ip, (I, 1) 6n ± ip, &c.] ))eating at Op, 

TT 

&c., 

where the numbers in ( ) brackets indicate the relative amplitudes of the beating pairs. 

The sound in the telephone is, therefore, remarkably complex. It will be noticed 
that the constituents of the original note {a) have frequencies which may be written 

It • [- p, 2n + 2p, in + ip, ckc. 

and these can be associated with components in {<■) to give beating at frequency p. This 
appears to be the explanation of the curious fact that in an experiment with a current 
rich in harmonics the beating heard agrees in frequency with th ’ galvanometer oscilla- 
tions p, although with a S.H. current the beating frequency has the double value 2p. 
Examination of the above table shows that this abnormal beating at p depends essen- 
tially on the co-operation of consecutive harmonics of the original current. In all cases 
the ear appears to appreciate only the slowest beats which are present. 

The more general case in which the interruptions are of unequal intervals and unequally 
spaced may be treated in a similar way to the above. It is only necessary that the 
interruptions shall be strictly periodic so that they may be represented by a Fourier 
series. 

271 

Simple Respome. — If the galvanometer system has a natural undamped period — 
and is made exactly dead-beat, the equation of motion due to a S.H. force is 

jc + 2n,^ -f- Ho*® = F cos pt. 


The solution of this for the steady state gives the amplitude of motion 


F 

n„*+y 


\^en the frequency p of the force becomes very small compared with that of the galvano- 

F 

meter n«, the amplitude has the maximum value a„ — — ^ corresponding with the centre 

of the response. 

Hence 


a 

«m 


. 

2 A 


TOL, CCXXII. — A. 
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Plotting a/a„ against pjn^ we obtain the response curve (equation y = 
shown by the full line in fig. 15. The amplitude falls to half value when p = ± «o» 



15. liesponse curve. 


i.e. when the difference in frequenc^y between interrupter and current is equal to the 
natural frequency of the galvanometer. 

[For the galvanometer with period 3 sec. used in the experiments the half-value 
amplitude is given for a true frequency of ^/sec., or the “ width of response ” is f/sec. 
The true frequency of the forced motion of this galvanometer over the range of the 
response is indicated on the lower scale in fig. 15.] 

Resolving Power . — Consider first the case of two equal components. Let 

= maximum amplitude for each separately, 
q = frequency difference, 

Ui, Oy = response amplitude, for one component alone, at frequencies \q and q respec- 
tively from the maximum. 

The superposition of the two response curves is shown in fig. 16. The degree of reso- 
lution is determined by the ratio 

amplitude at central dip 
amplitude at summit on either side ’ 

Approximately this ratio is — ^ — , neglecting a slight displacement of the maxima. 
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If we take for the limit of resolution a ratio 5/6, i.e. a drop of 16 per cent, at the 
centre, this corresponds to the condition q = 2n„. Hence the least difference of fre- 
quency resolvable is twice the frequency of the galvanometer. For the experiments 
this limit is §/sec., but practically a rather higher degree of resolution was obtained. 
Undoubtedly this is due to the fact that the above ratio is that of the maximum ampli- 
tudes obtained by taking the two vibrations always in the same phase. If they are 
taken in opposite phases the two peaks are completely separated, as indicated by the 
dotted curve in fig. 16. The motion of the galvanometer is in general compounded of 



two S.H. motions of different amjditude and differeiit frequency, but tlie maxinuini 
excursion is the easiest observed. Midway between, the two components become equal 
in amplitude and frecpiency, giving rise to pronounced beating. The beats have' a 
frequency which is variable between the two pealcs, but on either side it has the constant 
value q. For extremedy clo.se (components ((//«■„ very small) practically the whole 
response is characterised by beating with frequemey c/. so that from this point of view 
the resolving power is unlimited. With components very unequal in magnituile the 
presence of the companion is generally detectcul by beating on ow side only of the 
response. This will be understood by examination 'of fig. 15, where the re.sj)onse curve 
due to a companion of amplitude ^ of the primary is represented by the broken line. 
The region of most distinct beating is where the two amplitudes approach equality. 

Time Required for Anahjsis . — We shall suppose that the interrupter frc^quency n is 

increasing at a uniform rate, c, in going through a response due to an isolated 

CLv 

component of frequency It is required that the value of the maximum defl(‘(tion 
shall not possibly be less than a certain fraction, say 9(» per cent., of the full respon.se 
obtained by an infinitely slow rate. Measuring the time t from the instant of synchronism, 
we may put n — Hi ct. 

If at the instant < = 0 the phase difference between current and interrupter haj)pens 
to be 0, or n, the conditions will be as favourable as possible. It is only net^essary for 
this phase condition to persist practically unchanged for a time interval sufficient for 
the galvanometer to deflect. For a galvanometer in the dead-beat condition this interval 
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is approximately IT, where T is the period when undamped. A phase change of ± ^ 

may be allowed at either end of the interval, which we may take as extending from 
/ = — |T to i! = - 1 - JT. Then since n—Ui is the phase change per sec. at i, the required 
condition is expressed by 


therefore 




radian/sec. 


Hence the limiting rate is ^^sec. Thus in the experiments, with T = 3 sec., unit 

range 1 /sec. can be covered in 4^ sec. But since the phase at synchronism may be 
unfavourable, the rate must be much slower than the above limit — probably about 
the rate. 

The investigation shows that the limiting rate is the same at all frequencies, and it 
is inversely as the square of the galvanometer period. The result is of importance in 
considering the possibilities of making a photographic record of a spectrum by a con- 
tinuous sweep through the whole range of frequency. 
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PART L 

1. Introductim . — The first part, of this paper, written by Love, contains a theoretical 
solution of the problem of rational hydrodynamics which has been named by writers 
on ballistics, “ Lagrange’s problem ” ; the second part, written by Pidduck, gives 
the application to ballistics. 
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In the problem"' it is supposed that a given mass of gas, which is initially in a uniform 
state, is contained in a segment of a 1-ube of uniform section. At one end the segment 
of the tube is bounded by a fixed transverse section, and at the other end the tube is 
closed by a piston of given mass, which is initially at rest and is free to move along the 
tube without resistance. It is required to find the subsequent states of the gas and 
the motion of the piston. 

Under the pressure exert-ed by the gas the piston begins to move, and wave-motion 
of finite amplitude is set up in the gas. The waves are plane. The theory of plane 
waves of expansion of finite amplitude has been the subject of much study,! chiefly 
in coimection with the question of the initiation and maintenance of surfaces of 
discontinuity. T'he difficulties associated with this question do not arise in Lagrange’s 
problem, because the w'aves that are generated are always waves of rarefaction, and 
there is no tendency to discontinuity in waves of this type. Among the results that 
have been obtained in the theory of plane waves of finite amplitude, two are specially 
important for our present purpose. The first of these is that there exist waves of th(> 
type known as “ progressive waves," and that they are the only ones that can advamic 
without discontinuity into gas at rest. They are sometimes desmibed as " motions 
compatible with rest."J ’I’he second iinportant result is that tlie equations governing 
the propagation of weaves which are not c()mj)atible with rest can be integrated. § Such 
waves will be described in the sequel as " compound waves.” 

The most important writings in whic.h La(JRANGk’,s problon is dealt with are the 
memoir of Huooniot cited above, H. Hadamaud’s ‘ Levons sur la Tropagation des 
Ondes,’ Paris, 1903, and a memoir by F. Gossot and K. Liouvillk in ‘ Mtunorial des 
Poudres et Salpetres,' vol. 17, 1914, p. 1. 

The problem is not rendered essentially more difficult if it is supposed that the 
segment of the tube occupied by gas is bounded by two movable justons of ‘given 
masses. Provision can be made for the case of a fixed end by taking the masses of 
the two pistons to be equal, for then there is never any velocity at the section midway 
between them. 

The tube w'ill be thought of as running from left to right. When the ])isf ons begi»i 
to move progressive waves set out, one from the left-hand piston with a front priweeding 
towards the right, the other from the right-hand piston with a front proceeding towards 
the left. These waves meet at the middle section, and from that section there then 
sets out a compound wave, which has an advancing front, proc;eeding towards the right, 
and a receding front proceeding towards the left. This wave will be described as the 

* S. D. Poisson, ‘‘ Formules relatives au Mouvement du Boulet extraites des Manuscrits de 

Lagrange,” Paris, ' J. Kc. Pol.,’ cah. 21 (1832). 

f Reference may be made to Lamb's ‘ Hydrodynanucs,’ ch. 10. 

X H. Huooniot, Paris, ‘ J. fic. Pol.,’ cah. 57 (1887) and cah. 58 (1889). 

§ B. Riemann, ‘GottingeD Abh.,’ vol. 8 (1859-W) ; also ‘ Ges. math. Wcrkc.’ Leipzig, 187G. 
p. 146. 
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“ first middle wave.” When the advancing and receding fronts of the first middle 
wave reach the pistons the original progressive waves are obliterated, reflexions take 
place at the pistons, and new compound waves are generated at the pistons and encroach 
upon the first middle wave. These waves will be described as the “ first reflected 
wave from the left ” (or “ from the right ” as the case may be). The reflected waves 
meet at or near the middle section, from which there then sets out a new compound 
wave called the “ second middle wave.” This wave again has two fronts, one advancing 
and encroaching upon the first reflected wave from the right, and the other receding 
and encroaching upon the first reflected wave from the left. The two fronts eventually 
reach the pistons, and then the second middle wave will have obliterated the first 
reflected waves, and will itself be reflected so as to give rise to new compound waves 
setting out from the pistons. These will be called the “ second reflected wave from 
the left ” (or “ from the right ” as the case may be). The moti’on goes on in this way 
until a piston reaches an end of the tube if the tube is of finite length. 

In what follows Articles 2-9 are devoted to giving such an account of the theory 
of plane waves of finite amplitude as seems to be necessary for the di.scu8sion of the 
problem. Although so much has been written about the subject, it appears to be 
impossible to find what is wanted in a suitable form. Articles 10, 1 1 contain the formulae 
relating to the two progressive waves. These are already known from the work of 
Gossot and Liouville, but it seemed to be desirable, for the sake of completeness, 
to obtain them anew. Articles 12-17 deal with the first middle wave. Sufficient 
indications of the method of determining this wave have been given by the same writers 
for the case of equal pistons. The really formidable difficulties of the problem begin 
to present themselves when an attempt is made to discuss the waves reflected from 
the moving pistons. In Articles 18-25 an approximate method of solution is found. 
It seems to be capable of giving results for the first reflected waves (sorrect to any desired 
order of accuracy. In Articles 26-31 the second middle wave is determined. However 
far the approximation to the first reflected waves is carried, the second middle wave 
answering to them can be found by the method here given. Articles 32-40 are devoted 
to the determination of the second reflected waves. The method used for the first 
reflected waves does not give a sufficiently close approximation, and a new method is 
applied. Numerical calculation of a particular example showed that all information 
that can be of practical importance may be obtained from a solution which does not 
go beyond the determination of these waves. The results of this calculation belong 
properly to the second part of the paper. 

Theory of Plane Waves of Finite Amplitude. 

2. General Equations . — The motion is supposed to take place in an unlimited straight 
tube of uniform cross-section «>. Let a: be a co-ordinate measured along the tube, 
and specifying the position at time t oi a plane of particles, which, when < = 0, is in 
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the position specified by x„. At the time t = 0 the gas is supposed to be at rest.. Let- 
Po and /)„ denote the undisturbed pressure and density, supposed uniform, and let p, 
p, u denote the pressure, density and velocity at time t for the particles specified by a-o. 
The equation of continuity is 

?,r 

and the equation erf motion is 

d’‘x ?x _ _ ^ 

On introducing u, which is these equations become 

fitt i!li— _L. 

~ f? dt ' U ~ />„ Par,, 

It is supposed that p is a uniform function of p, and it is convenient to intriMluce, 
after Kiemann, a quantity a by the defining equation 

and the (iondition that a = 0 when p — 0. Then the equations become 


+ = 0, 

vt PaTu 


""+11 "" 




P+,) 


= 0 . 


where 1 1 is a function of p defined by the equation 


II 



The quantity II, wliich is of the dimensions of a velocity, may be regarded as a known 
function of a. The value of II when p — /),, is the velocity of sound waves of small 
amplitude in the undisturbed state of the gas. This will be denoted by o. The equations 
are of Lagrangian type, and a;,, and t are the independent variables. The quantities 
p and p, like II, can be regarded as known functions of a. The value of rr when p = p^ 
will be denoted by (t„. 

3. Progressive Waves . — Two quantities r and s may be introduced, after Kiemann, 
by the equations 

(T + M = 2r, (T —%1 = 2s, 

or. 


(T = r + s, n = 1 — s. 


The equations of continuity and motion then give the two equations 
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If s IB constant, the second of these equations becomes an identity, and the first can 
be intcf^ratcd in the form 

r= F(x.,-IlO, 

where K denotes an arbitrary function. This can be proved easily, and the equation 
can be written 

a;„— 11< =/(o-). 

In like manner, when r is (constant, the first of the two equations becomes an identity, 
and the second can be integrated in the form 

.T..+ II/, =/(4 

A motion with constant r or constant s is described as a “ progressive wave.” A 
wave with constant s is jiropagated in the direction of increase of x, with velocity II, 
which dejiends upon the constant value of n and the local value of r. This is the velocity 
relative to the medium, not tbe velocity relative to the tube. Similar statements hold 
for a wave of constant r. 

4. Motion of a Junction.— W\mi a wave is transmitted into gas at rest, or into a 
I'cgion w'herc there is some other state of motion, there may be discontinuity in the 
values of the pressure, &c., in the two regions separated by the front of tlie wave. Wc 
consider here the case where there is no such discontinuity, but, while the pressure, 
&c., have the same values on the two sides of any plane x = const., the laws of variation 
of these quantities on the two sides of a wave-front arc different. We describe sucli 
a moving wave-front as a “ junction.” (.)ur immediate object is to determine the 
velocity of a junction relative to the medium. We shall attain this object by supposing 
that there are very -slight differences between the values of any of the quantities on 
the two sides of the wave-front. 

Let w denote the velocity of the junction relative to the medium. In a very short 
timt! M a mass equal to has its motion and state changed froni those specilied 

by u, }), f), to those speijified by u -|- Am, p Ap, p + Ap. The increment of 
momentum must be equal to the impulse of the difference of pressure, and therefore 
we have the equation 

PffWW 3l Am = w Ap (it. 

Further, the work done during the interval M by the external pressures on the ends 
of this clement of mass must be equal to the sum of the increments of the kinetic and 
intrinsic energies of the element. Now the changes of state being adiabatic and very 
slight, the increment of the intrinsic energy per unit of mass may be put equal to > 

-pA{\lp), 

and therefore we have the equation 

w{p + Ap){'u + Au)St—u>puSt = ^p,fiswSt {{u + Auf—u^} —p„u)W(itpA{llp). 
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The two equations containing Ap and Am give 

Aj) = Pair An 

and 

p Av + v Ap = pnirn Av-\-p„w (pfp^) Ap. 

The terms uAp and p„vmAn in the second of tJiese equations cancel, and llien, by 
eliminating Am between the t wo equations, we find 

Since there is no actual discontinuity and /> is a uniform function of p, we may re]>la(^e 
ApjAp by dpjdp, and thus obtain the equation 

■j f? dp 

" = -1,7' 

Pi> 

which shows that the velocity of the junction relative to the niediuni is that which 
was previously denoted by 11. 

If motion is set up in one part of the gas, and advances into jweviously undisturbed 
gas, the value of p at the junction is p,„ and therefore the velocity of t in* front of the 
wave, relative to the medium or to the tube, is that which has been denoted by a. 

5. Nature of the Motiou in a Cotnjmtnd Tf acc. — Important results can be obtained by 
regarding x„ and t as functions of r and ft. On intendianging the dependent and inde- 
pendent variables in the exjuations 


+ 11 ^ = 0 , ^-11 ^= 0 , 

?X,, Ot d.t\. 


we obtain the equations 


-1-11?^ = 0. 


Now the differentials of .x,, and I are always connected with those of r and « by the 
formula) 


d,r„ = '^dr+^ds, 


dt 1 ^^7 

— dr-\-T (Is. 
dr (iS 


Hence the places in the medium, and the times, at which any partic.ular value of r is 
found, vary according to the formula? 

dx„ = ^' = 1 1 ^ ds, dt = ds — , 

O.S fl.t f'.« 1 1 


and thus it appears that any value of r is transmitted through the medium, in the 
direction of increase of x, with the velocity II. In like manner it can be shown that 
any value of « is transmitted in the opposite direction with the same local velocity. 



174 


MESSRS. A. E. H. LOVE AND ¥. B. PIDDUCK 


We have seen that the velocity of a junction relative to the medium is the value of 
n at the junction, and it follows that the value of r remains constant along a junction 
which travels in the direction of increase of x. If the junction travels in the opposite 
direction, the value of s at the junction remains constant. 

The motion consequent upon any initial conditions consists in the transfer of the 
existing values of r and s through the medium with the variable velocity already described. 
New values of r and s can be generated at boundaries and transferred through the 
medium. 

6. General Analysis of Compound Waves . — When the dependent and independent 
variables are interchanged in the equations 


^ + IJ = 0 

u ax,, 




there result the equations 


^ + jl - = 0 
au ()cr 


+ II ^ = 0. 


The first of these shows that there exists a function Z of o- and u wliich has the properties 
expressed by the equations 


x„ = -II 


d(T 




az 

du ’ 


and then the second shows that Z satisfies the differential equation 




= 0. 


If Z can be found in accordance with this equation, the values of x„ and t answering 
to any simultaneous value of a- and u can be deduced. 

There is a relation between Z and x, which can be obtained very simply by introducing 
for a moment a quantity w by the equation 

® ~ Po/f‘> 

for then we have 

-f ^ -&di, = dw. 

11 p 

and it follows that we have at once 


and 



vu 

0BX * 

0X 

II 

^Ih 

0Xo’ 


w — 
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These are the relations of duality familiar in diwussions of partial difl’erential equations.'" 
and we may put 


V. = x, 


ax. 


aj- 

^'87 


-.r. 


Actually Z could differ from the right-hand member of this eipiation l>y a constant, 
but as such a constant would be irrelevant, the above will be taken as the relation 
between Z and x. 

The equation satisfied by Z can be wTitten in either of the forms 


or 


^ ^ az 

■ Cit"’ \ 1 1 dtr ' der 


'='Z 


= 0 



7. KelutUm betweeu Ib'esNitre and Demi If/. 'Phe analysis of the })i'obleni is not rendeied 
more difficult if the adiabatic relation between juessure /> and volume r is taken in 
the form p (r - hy - const, instead (»f tlie more ordinarv form yo''> const., aixl 
the former is more suitable for the applications whicli we have in view. W’l' siiall 
accordingly take the relation between pressure and density to be 


7^ (-—7. 1 - -yj • 

\/> P' li 


where yt and y are constants. Then the following results can be obtaiiu'd without 
difficulty : — 

_ ^ ' Ih.y (/t— />„) I “ / ft—h , p 

fj I I /j ' ’ 

y — I /Vo ' /»o p-’r 





i (yi—px)] ■' 

I ftp. J ’ 


P = pi' 

11=0 


where ’In has been writ ten for (y | J )/(y - I). 
The equation for Z can now be written 


of 


PZ , _ 

,7 an* ~ ^ ’ 

?rd 8 r-f.v\0r ds I 


* The reduction of the equations governing the propagation of plane wav<‘« of finite amplitude to a 
single partial differential equation of the second order was effected by Riemann, who worked with “ Eulerian 
equations. The use of the principle of duality to conneejt Z and x wan noU^d by Hadamaiuk 
VOL. OCXXII. — A. 2 



17(! 


MESSRS. A. E. 11. LOVE AND F. B. PIDDUCK 


8. 1 ntegratio'n of the Equal, if»i iu Special Cases . — Wlien n is a positive integer, the 
equation can he integrated. Wc write for a moment D for r/f'M, and observe that, if 
D Were a ctaistani, the equation 


2U dZ „ 

-.-7 + — 5-- 1 >*Z = 0 

(T Vrr 


would be a form of Riccati’s equation, and could be integrated in the form 

^nr ()(T. (T 

where A and 11 are independent of rr. Treating them as functions of u, we obtain the 
general prifuitivc of the equation for Z in the form 

y / I I b ((T+ e.) 4,/ {(T — 11) 1 

W f)(T/ I (T I 


}>. Mot'c (tciicral luteffratian. — lnterj)reting the variables r and s as the co-ordinates 
of a point in a plane, IIiemann showed how to integrate the equation for Z when the 
values of this functi<»n and its first difl’erential coefficients are given along an arc of a 
curve in the i>lanc. If V satisfies the “ adjoint ” equation 


the integral 





.f.( 


c’r 




nZ ' 
r + s 





'1 fAs 

rl (V 

r-f 


drds, 


taken over any area in the plane, is equal to 


J] 


V 


I ?^Z n /PZ PZ\| 

!?»•{).'! ■>’-f.s'\f'r As ' i 


( a»v /I , 

As/ \7*-fa/ J_ 


dr ds. 


and therefore vanishes. It follows that the line-integral 



r + s: 


) ds -t- Z 


AV 

Ac 


, V 


7’ + ,S 


dr 


taken round the boundary of the area vanishes. 

Let the values of Z and its first difierential coefficients be given along an arc AC of a 
curve, and let P be a point which is not on the arc. Through P let lines PA and PC 
be drawn parallel to the axes of r and s, and let the area of integration be that bounded 
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by the ato AV and the line.s CP and PA. The contribution of Cl’ to tlie line- 
integral is 

Ji'V ' rt.s- /■ + S. 


whicl) may be writteji 

(VZl,-[VZ|,-f 

Jcl’ \('S 

The contribution of PA to tlie line-integral is 

f 4^' 

Ji'A \<-r r + s/ 


. r 


Fig. 1, 


Now we can find a function to satisfy tli<‘ equation for V, to make V - I at I', and 
so that, along CP, where r has tlie same value as at P, cV/D.s- n\ :{r i .s), and along 
PA, where s has the .same value as at I*, ?V j?r = n\ i(r i s). Then the value of 
Z at P is 

.'.\c I 'f.s‘ r+x/ (■}• /•■t-.v' 

The required function V can be shown, after IIiemann, to be given by the equation 

V = i.f). 

where F is the syml)ol for the hypergeonietrie series, 

_ 

‘ (,■+.,■)(, ■'+.0' 

and r', .s' are the co-ordinates of P. 

Tt may be observed that if u is an integer the series terminates, and V like Z is 
expressible in a finite form. 

It M'ill be useful hereafter to note the formula* 

cV iiY __ {s + r'){s- s') <l „ 

‘■*»- 

a.s r-1-.s (/•'+.s')»^' 


The Progre.s.sive Waves in Lagrange’s Proulem. 

10. The Progressiw Watte from the, Left . — Let the positive sense of the axis of x be 
from left to right, and let the initial positions of the two jiistons be given by x„ — 0 
and Xo == c, where c is positive. We shall denote the mass of the piston at Xa — 0 by 
M, and that of the other piston by m. 


2 V. 2 
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The progressive wave generated at the piston M is determined by the equation of 
motion of tliis piston. This equati(»n is 


nr 


and it must hold at x„ — 0 for all positive values of /. ft may be written 


. . (hi I rr 

iM (T,| 


1 


and. since in tlie progressiv<* wave n is constant and etjual to |(t,„ or tr -- v — 
give.s 


jt 


(l)p„ \(T / 

from whicli. since n ~ wlicn t — (». wc have at .7:,, — 0 


Jhit for brevity 


t = *( — T” — 1 ^ • 


then wo have tlie values of rr and t at . 7 -,, = 0 connected by the equation 




Now in the j)rogressive wave we liave 

where the function / is to be found from the condition tliat at .7;,, — 0 the above relation 
holds between a and (. Hence we find 


/W = -h{i 



and the progressive wave formula can be written 

a/-f H _ /'n.Y" 
.r., + Il “ V/ ■ 


In the motion described by these formulae any plane of particles, specified by a value 
of x,i in the interval Jt; > Xu > 0, remains at rest until t — x»/a, and then moves with a 
velocity a, which is equal to or — o-,,. Therefore the value of x answering to these 
particles at any subsequent time is given by the equation 



ON LA(4RAN(4K’S BALLISTIC I'BOBLP^M. 


17H 


X = x„+ 1 u di = .r„+ I (rt-o-ir) 2n dtr, 

J xja •’ '^11 ^ ^ 

— f I I HI ' -1^ — ^(*“1*" 1^1 


-^drr, 
Mn -f 1 


x = .<•«+ 


This equation holds so long as tin* piano of partii los is in th<‘ region oocupiod by the 
progressive wave. In particidar. the displacement of the f)iston M is given by the 
equation 


in which 


2h — I a ^ J// — I 


iii/rt-,,'."" .i 


O i '(T ' I 


The corresponding values f)f Z are fouml from tlie formida 


in wliieh 


to be 


r/ (X . 

/ = ;; — 4 — 

f .T„ 


0.r„ f) p„ fi—/, /T,,/ 


H f 2 m <t„ '1 

o l.2n— 1 """ 2a — I ^ fT ^ J 


11. The Progressing TTow /row fhe Righf.— The equation of motion of the piston 


and we put 


vn 

'1)1 — = ft'*), 

r/. ^ 


h = 7}lrT„(l,l'l)lo>p„. 


Since in the progressive wave r is constant and equal to |(t,„ or a \ ii = rr,,. tlie values 
of rr and / at a\, — c are found to be connectcfi by the equation 


and then the progressive wave formula is found to be 

at+h ^ 

C-kh—.r„ ' rr I 

The value of x for any plane of particles specified by a value of x„ in the interval 
^c < x„ < c, and for any time later than that given by t — (c - Xo)la, is found to be 
given by the equation 
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X = x„ + 


< 1 , 





] j. 

J 2«-1 [\a 


2n~l 



whicli liolds m long as the plane of particles is in the region occupied by the progressive 
wiivc. In particular, the disj)laceinent of the piston vi is given by the equation 


in which 


, 2// / V h j 2// 

;/■ (<r,| — (t)- — 

2//-K 'a '2n-l 




Tlie formula for Z is found to be 


Z 


C “t If 


{2u-])a 


•Tn ( — ) -I {•--(rr„-rr). 


The Firsi’ Middle Waae. 

12. Conditions satisfied at the Receding Front . — In the progressive wave from the 
left s is constant and r variable. The greatest value of r, which is the undisturbed value 
^<r,„ travels at the front of the wave, and continually diminishing values of r, generated 
at the piston M. travel after it. Similar statements, with r and s interchanged, hold 
for the progressive wave from the right. The fronts of both waves travel along the 
tube with velocity a. When they reat^h the middle section, u compound wave begins 
to be generated there, and transmitted in both directit)ns. encroaching upon the original 
progressive waves. This wave has a rec^eding frcmt, along which s is constant, travelling 
towards the left, and an advancing front, along which r is constant, travelling towards 
the right. The constant values of r and s at the two fronts are equal, and each of theni 
is ^a-o. 

At the receding front the variations of and t are connected b}' the equation 

c/Xu+ II d( — 0, 

while the values of x„. / and <r are connected by the progressive wave formula, which 
can be written 

.r,-ri< + H 0, 

so that the variations of x,„ t and II are connected by the equation 

dx,- (n dt + 1 dll) - - dll = 0 . 

a 
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On elimination of dxo there results the equation 

= 0 . 

which cun be integrated in the form 

(/ + — ) 11 — const. 

' a ’ 

To determine the constant there is the condition that when j,, == Ac and t h ju. the 
value of II is a. Hence at the receding front we have 

(oi4-H)MI = (Ac + Tl)“o, 
or 

(,/•„ + H)(o./ + H) = (.b'-t ]\)\ 

13. Coiiditions satisfied af the Advanehuj Frant . — At the advancing front w(‘ have 
in like manner 

d:r„—\[dt — 0 and c + A — .c„— II (/ + — ) = 0, 

n 

• leading to 

(o/ +//)"■’ II = (Ac4/')‘’o 

and 

(c + /(— ./■„) (o.M h) ~ (^c Vhf. 

14. ConditioHs dciermininfi the First Middle llV/rc. It will now l)e c(jnveni(>nt to 
restrict the value of n to be an integer. This happens when y has one. of the values 
3, 5/3. 7/5, 9/7, 11/9, . . . With a view to applications, in which the value y 
is 1*2 nearly, we shall take the value II /9 for y, or 5 for n. 'I'lien in any compound 
wave Z has the form 

W It) 1 T I 

or 

lO.W-''F(rr+70-1«5a-’'F<‘>(a+a) + 45a • F'** {a 4 ») “ n><r « (<r 4 ^F‘'(<T 4 a) 

+ ]0.5a•-''/(^-v/)-]U.W-^/<'•(<r-^/) + 45a (a- //)- I Orr «/<•''' (<r- ^ 

where F*", F'^h and so on stand for the first, second, &c.. differential ((K^Hicients <»f 
the function F with respect to its argument. We have to determine the unknown 
fimctions from the values of Z at the advancing and receding fronts. 

At the advancing front, where r ~ ^t„ and t — -t *. we have 
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!in<l at the receding front, wdiero s — W,, and rr — |fr„ + r, we have 


Z = -4H 

a 


I V^'O'o + ^ 




15. Detennination of the First MiMle Wair.— To determine Z from these conditions 
we may have recourse to Riemann’s method, taking the curve AC to consist of 

segments of two lines AB and BC, which meet at 
the point B, w'here r — s — |(t,„ and are parallel 
respectively to the axes of s and r. 

We have then 


Fig. 2. 

This equation is 


+ 


[ v(^+^)dv+( z(-^--—)dr 

Jcp \os r-\-s/ JpA r4-V 

I V(^ + -^)dv+[ z(^^--^)dr=0. 

-AB \os r-ftS‘/ Jb(* \cr r-\-s/ 


or 


f Z('?’- 

.5V\ 

1 f^s -t 1 

y f r\ .)\ 

/j T — 

)dr 


j(;p \ cs 

r + s) 


PA 



f z('?- 

5V' 

)ds-f 

[ Z(W_ W 

]dr = 

0, 

. AB \ f's 

r + S' 

/ 

)bc \ or r-fA* 

7 


+ [VZ],+^ 

f 

Jab 

\ 

z 

r-|“,v/ Jb(’ 

/flV 

\ ar 

r-t-s/ 


where r\ ts' are the co-ordinates of V, Also at A we have 


SO that 


[VZ], = f, (.+/,) I - I (i.,-,/) (^' 


At B we have 


/■ — Z — n. 


so that 
At (■ we have 
r = /•', s 
so that 


IVZ], = (I. 

S V;V)4,.T 7 P -(^)1 ^ ■ 
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Along AB we have 

_AY. — •‘i ! cjo— i 4‘j(ii:^-28(>c'). 

rtt r + s (/-'-f .s-')" 


1H:! 


where 

SC) that 

/av :)V 


- • = _ (•‘C — ^ 

( )■ + .'> )( 5 ) 7,1 + A') 


J \it \a.v r + .'< .L' ;>)) '\|-)i-„ + .s‘ I (I J 


(r' + A-'r 


Along B(’ we have 


where 

so that 


20 (^)T..+A-C + I HO ' 

/• H x 

(r' + A-')“ {r'-^s'f 

Z = _ • H ] (- 5 -^ )” - i !■ 4 (ko- r), 
d H-r/ J ft 

— - ) .. (i ^ T . i) .ii. ‘ I i , t . + 'l)l (20-1 H 0 c+ ■120C’'-2fi0^-'), 

?r )' + A- (/• +A-')'‘ ' ' • 


<h 


(r'-f .v') f') 


f z/^— — 


= f - 

Ilfl-,,!/ nr„ 

Jnc^' ac 

r-f 

Jko 

Uf( i\A)r„+)-, 


■ 1 j 4 (ki.~'’) 


(Anr|,+ r') (k»~ ■**''] 

(r' + A-'r 


^0 (k..4 /•)" 4 1 HO ^ '“'j 1^*'^"'^ 

L r +A' 

4-420 (k"~-'"' )‘'(ki'4 e) _^2 ko ^k"~''* ),. ( ''.~..L.. 

(/ + a 7 ^ (r' + A -7 


<lr. 


There is no difliculty in the integrations. After thc-y liave l»(*en ja+forined. we niuy 
suppress the accents on r' and s', and so obtain the formula for Z in tlie first middle 
wave expressed as a function of r and .v. We find, for exam|)le. as tin* coeflicicuit of 
(c + h)fTo;i^a the expression 

i:^) - i (K 4 sr] 

• - |Bl<r„^-90)r.,^- (k,4s) + 15 (K4.s)*| 

_ (k' — LL ) ]89(r„'‘ — 420(r„-''(|)T„ + .v) + 270nr„* + «)'' — Ha (^)t„ + s)^ 

_ (k‘':i^l(ko-^’)* .| 1 26a-.,‘ - 420ff.,'’' (k., 4 ») 4 540<r. * (ko 4 .v)“ - 1 5,r„ ( U „ + s f 

-f 70 S )* J . 


2 V 
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Tn this expression we put 

^>rr„ — r = (^'’^o + s) “ + = I i'r» + fr—n)—fT, 

and find tinit the expression is the same as 


wliere 

Vn W-") 


(1 i). 

fT (IfT ' [ (T I 

lAr. + a.)'' 1 — + I ;L')(r,“(fr„ + (r— yf)“ 

— ('r„ + (T — V/)’’ +**„” (it,, + rr — '(/.)*} • 


The remaining terms in the expression for Z may he treated in the same way, and we 
obtain finally, as the expression for Z in the first middle wave. 

y _ (o-t/l) ff, , /I ?\* f^i (a-- a) ] /j_/l )\/r, i n--n) I 

\)ft (T ( ctJ i a \ II IT I’lr/ 1 IT i 

_ H<t,| /JLil )'* J ^»1 (o' + '«)!. _ H /i.il l'* I V /-1 {(r + v) \ ^ 

!•// ' IT dfT, I IT I O/ W f'fT'^ I IT 1 


in whieli the expression denoted by <j>, lias been written down, and y/, is given by the 
formula 

V'l (<r-a) = - ~-2-„ (fl-.i + fr-a)'' (<t„-it+ ii)\ 

It mav be observed that the differential coefficient of the function is given by 
the equation 

0 i"’(<r— a) = — (T — 'il)* (<r„ — <T+aY- 


Although the actual calculation of Z is rather long, it is comparativeh' easy to verify 
that the form obtained satisfies the conditions by whicli Z was determined. 

Ifi. Transformation, of the Foi-mnla - The form taken by Z in the first middle wave 
is 

'l’ 

where 

<J>, (o-+ a) = — _ M. 

*fCt 


so that <l>i and 'hi are rational integral functions of the tenth degree. Now it is impor- 
tant to observe that when 1 <; »-< 8. 


1 il 

‘ (T flft 


i‘ \{(r+u y 
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while for = 9 we liave 

i f = 2 . 4 . 6 . , 1 f )• Jiiriiin . 

.fT rrr L (T I \fT f^cr/ I (T 1 


= 2m (2 . I . C . H . I o) 4 I - ~y ' ■ 

\rr drr/ 


and for m — 10 we have 

'IZ]' i' (o-+mV" | 


ijiJ 


It follows that the expression for Z can he written either in the form 

Z = (i 4K,4-L.m. 

IT rfr/ I rr I 

' (T f rr/ I T I 


or in the form 

where 


K, = 2 . (2 . 4 . 6 . 8) X tlie cooflicieiit orfrr— M)"iu '4^|(a— m), 

L, = —2 . (2 . 4 . G . 8 . 1 O) X the coefficient of’ {rr — /O'" in 'J'l («• — //). 

= 2 .(2 .4 .(■* .8) X the coefficient ol‘ (rr+ //)” in d/, (it 4- /'), 

/, = 2 .(2 . 4 .G . 8 . lo) X the coefficient of (rr+t/ in ‘h, (it 4 /'), 

and Q, and r/, are certaiti rational integral functions of the 9th degree. 'I'he ex])licit 
expressions are 

' K, = — I, ,/<(), L| = />i = t'lH'^iiAh = — H/</, 

Ql {(T + V) = 


isyoc/ 




1 5 X 2*0- 


+ l;H5<r„’'(<r4-M)--l‘-^<>'^i'’{'^+ //y‘ + 378/r,/(-r4 »y 

— 1 HOir, ,* (/T 4" '//)‘ 4" 35 (/r 4" " )' 1 , 

and 7) (it — //) is obtained from Q, (<7 4-'/) hy writing — {fr — n) for ((t4- ")• 

17. Incidence oj the. First Middle H V-ft’c on. tlu‘. Pistons . — The values of all t he (piantities 
at the piston M, at the instant- when the first middle wave reaches it, are to be found 
from the formula:, connected with the receding front of the wave, hy putting x„ 0. 
We see that the receding front reaches the piston M at the time Tj, where 

■I- 

't 


that the corresponding value of o- is 2 ) 1 , where 


V — ^ 

—'I — 


H yi; 


ic + H 

2 n 2 
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that the eonespoiiding values of r, s, u are R|, Sj, Ud where 

and that the <!orresponding value of Z is Zi, where 

7 — ii ! H> _ _ V _ / iHi: y ! 

In like manner we see that, the advancing front reaches the piston m at the time 
f.,, where 

I' . 

* (til (f. 

and that the corresponding values of a, r, s, u, Z, are a-,, Ti, Sj, Mi, Z\, where 

~ ffii ( 1~'~ •'‘‘i = ''d = 

. _((■ + //) (T„ f/ fT„V il fl i \ 

h |( - -I I 

U(i- \ai/ I a 


The First Reflected Waves. 

18. Conditions determining the First Reflected Wave from the Left . — After the instant 
t — Ti the formula! belonging to the progressive wave from the left cease to hold in 
t he neighbourhood of Xo = 0, and a new compound wave, the first reflected wave from 
the left, is generated there and encroaches upon the first middle wave. The junction 
is characterized by the value Ri of r. The conditions determining the reflected wave 
are tfie comlition which holds at the jumdibn, where r — R,, and the condition which 
holds at. the piston, where x„ — 0. It is further necessary that x,, should vanish when 
r — R, and <s = S,. 

'Phe condition which holds at the junction is that the value of Z, calculated from 
the fornuda! belonging to the reflected wave, should be equal to that calculated from 
the formulae belonging to the first middle w'ave when r — R). The condition wliich 
holds at the piston is the equation of motion of the piston, viz., that at Xu = 0 

'Phe condition that x„ should vanish when r — R) and s = Si is the condition that 
i'Ljver should vanish for these values of r and s. 

To express the condition which holds at the piston in terms of Z we substitute 
p..(<r/<r„)" forp, and 

t).c„ //Bxq dt _ ^ \ 
d(T I \^<r dv 0<r/ 
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for Then we have 

M (\F „ _ _ / £_ \" / ^11 ^ 1 . 

(«■/),, rrr 'o'li/ r/' rip ?(r ■ 

Again we substitute — II r’Lj?fT for j;„ and ?Zj?u for /, and put ?Zj( (T — 0, obtaining 
the equation 

_ lOlIa,,"’ ^ 

?/r’ O/O-" f'fr* 


The condition which holds at the junction is that 



+ K I + J>| 


for all values of rr and « for which <t w = 2Ri. 

19. Deiermination of the First B^flected Wave frcmi the Left — These conditions can Ix' 
satisfied by assuming for Z the form 


ft f <(T/ 


[EsSjl+hI' +k,4L, 


expanding the unknown function F, in the series 

hi(o‘+xj = A|i + A 1 (it + 2l l| ) + A;. ( IT + — 2 It) )^ + 


and finding the coefficients of this series. 

The condition whicdi holds at the junction determines the ca)efficients A„ A,, .... A,. 
The condition that rZ/err vanishes when r - Ii| and s - S, determines the coefficient A,,. 
The remaining coefficients are to be determined by the condition which holds at the 
piston. 

We have 


z , 1 - I „5 " } ,4:. 


from which we find 


-in 


F/-'" (iT-fx) 


F,'^’(a+x) 


+ K.4L 


A., = A, = A, = k>/=-'’(2ll,,). A, = -j : A, = 

We have also 

C(T (T fT (T 
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and t he condition t hat t his vanishes when r — R| and » — 8i gives 


thus determining the coefficient A^. It is seen easily that f)! = Q,'^'(2R|). 

Now when ?Zlrrr — 0 the differential equation for Z shows that 

?iu-‘ ' 

Also we have in general 

rr" v’ ff* 

oa-dv ( t ' ( t ” rr" 


+ 


+ + , hV»(<r+. 


and therefore when (Zjva - 0 we have the equation 

,r- i lOSF/''*- 1 ()5(rF/'''* + 4r),T=-'F/'>- l()cr^‘F,*-’'4 rr^F/''^ | “ 

- 1 !t45F/'»-!t45fl-F,<='’ + 4-J(V“F,<=''- 1 (».VF,“>+ 1 5 <t'F,''’'-<t'‘F,“> 1 
+ 1 oH Uf/a) 1 105F/^'- ] or><rF,«* + 45a-F/‘>- I 04'F,<'" + <t^F,<'’*J = 0 

as well as the equation 


945F,-S»45aF,'‘' + 420a-F,‘=**-]05,T’'F,'’''+ l5a^F,'''>-a‘’F,<-^* = 0. 

'’Fhe equation expressing the condition which holds at the piston is linear in F/"’, 
and t.herefore can be solved for F/"' without ambiguity. As it holds for r — R, and 
s 8|, it determines the coefficient A„. The equation in question holds for all values 
of a- and tt for whicdi the equation expressing the vanishing of vZjrnr holds, and it can 
therefore be differentiated totally with respect to a, u being treated as a function of rr 
in accordam^e with the equation (iZJdv = 0. This process yields an equation which 
determines the coefficient A; without ambiguity. A second differentiation yields an 
equation from whic.h the value of the (coefficient A„ may be found. By prcxceeding in 
this way we may obtain as many of the coefficients A as we wish. 

'I'his metluKl of determining the coefficients A,„ A;, ... is not very well adapted to 
numerical computation, and other methods will be explained presently. 

20. Determitiatimi of tlie First Reflected Wave from the Right . — The junction of the 
reflected wave and the first middle wave is characterised by the value s, of s. The 
conditions determining the reflected wave are the condition which holds at the junction, 
where » — Si, and the condition which holds at the piston, where ajo = c. Further, 
x,, must be equal to c when r = r, and s = «,. 
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At the junction, where s Si, the value of Z must be tlie same whether it is found 
from the formulae belonging to the reflected wave or from those belonging to the first 
middle wave. At = c the equation of motion of the piston, vi/.. the equation 

(ff 

l)t — = 

(f ^ 


must hold. The equatioti - II ('Z/fo- -- r tnust hold at r ~ r, and .s - .v,. 
To express these conditions it is convenient to write 



\)lhar 



then Z' satisfies the same differential equation as Z. and (Vj'jlrr vanishes when j„ - c. 
The condition which holds at tlie junction is that 


Z = 


(T VtT ^ \ <T 1 


+ /I'l + 


for all values of er and k for which rr — >i - 2.v,. 

The condition whicli holds at the piston is that 

va'* ?//^ ^?(Trir f/(r" rcr^ 

when V/J l?rT -- 0. 

These conditions can be satisfied by assuming for Z the form 



tr 



4 /'| 4/1", 


expanding the unknown function /, in the series 


= a,,-) o, (tr— c — L’.v,) +a,(cr— /f — '2.v,/+ .... 

and finding the coefficients of this series. 

For the coefficients o.,, a,, «, we find 


^*"+7r7r': = V: = yi"'(2.v,), 2 ! a. 






(a) 


(2.S.), n: to, =: 7.'"’(2 .v,), 4 ' tt. = 7.“’{2 .v,). 


The coefficient a, is given by the equation 


-945 




<r,' 


'-15 


51 

4 - 


0. 


The remaining coefficients can be determined from the condition which holds at the 
piston in the same way as the corresponding ctjefficients in the formula belonging to 
the first reflected wave from the left could be determined. 
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21. ReiMion between Presmre and VelMniy at a Piston . — The equation in terms of 
a- and n. which holds for tlio first reflected wave from the left at - 0. is the relation 
Let ween the ])res.siiro on the piston M and its velocity during the time that the wave 
is being geneniti'd. It may also be interpreted as the equation of a (-ertain locus in the 
plane of r and .v. This locus pas.ses through the point (K|. Sj), and we may take its 
ecpiation to be of the form 




Now if the coefficients B were known, we could determiiie 3„, as a function of r and s, 
from the known value, zero, of the function along the locus and the values of its differen- 
tial <-oeflicients along the .saine curve. These differential coefficients also are known 
along the locus. To prove this and obtain fonnulee for these differential coefficients, 
w(' write X for and observe that the equations of Article 0 show that X satisfies 
the differential equation 

rii [| ?’)! I ( (T ■ II verj 


which can be written either in the form 

(Vx 1(1 ax a*x 

or in the form 




a<r* (T a<r 

a»x 


L/® . 

v>'?s a.s / 


Kurtiier at j;,, = 0 we have 


and 


(ill _ wp _ wp.Jo 

rf ~ M " 

U 


( II 
?( 


ax, 

aa 


\ 

/ 

i!£!' 

ao- 


acr„ / 0- a 
loH V,/ 

"I 


a 




car 


a^j, ^ f 1 / da-'' 

?fi ca \d(T' \v(( ' \?cr/ t \d'n ; 


dcr 


^a:,.Y /fXY l i /t^o'Yr 


where dajdii is to be found from the equation connecting r and s. Thus we have along 
this locus 

d(T 


ex. 


;i) 


loH 


a<r 


^d>, 


^^0 


lOH 


df( 


a - 1 




'Phe equation for X is similar in form to that for Z, and may be solved by Riemann’s 
metluHl. When this is done the coefficients B in the equation of the locus may be 
determined by identifying the values of X at r = Ri with those given for x„ by the 
formula? for the first middle wave. 
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22. Integration of the Equation for X . — We write the equation 



drds / 

and consider also a function Y which satisfies the adjoint equation 


. r; /il , A\/ Y ' 
di'ds '.?>■ 0.S/ v'' + <‘< 


Then the integral 


0 Nr/0X 5X\1 a 


r + s'\ 0.* 




taken over any area in the plane of (r, s) , 

vanishes, and therefore the integral f" 

fY(«_lX)d.+x($X + -il'Ur .. ,, 

J \0« r+.v/ \dr r + .sv / 

taken round the boundary of the area also 

vanishes. ^ — — 

We take the area of integration to be ^ 

bounded by an arc of the locus along which 

X = 0, and two lines parallel to the axes of s and r and meeting at the point 1*, where 
r = r' and s = s'. Let these be the lines PA and PC. Then we have 


[YX]^-rYX],.-[ x(?I + -^)d.s+[ Y(^-^-^)ds^x(^^ + -^),{r 

Jj-A \0s r + xj Jac \('S r + sf \dr rH-s/ 

+ [ = 0 , 

Jce \0/' /• + .s/ 


or, since X = 0 on the arc AC, 


[YX]p=[ Y?^cZ.s-[ X(^-^-^^)d.s+\ x(^ + -^)dr. 

Jac f's JpA \0s r + .v/ Jcp \0r r + xJ 

We choose Y so that, at P, Y = 1, along PA, where r — r', cXjvs =- — 5Y/(r -f s), 
and along CP, where s = s', 0 Y /0r = — SY /(r + s). 'Fhen the value of X at 1* is 


f Y^c/.s. 

Jac 36* 


The requisite form of Y is 
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where 

and we have 


' (,'+s')(r+.,) 


= f Y 

= -5H [ ^dn. 

JacO" 


l+'lz 
lOH 

' 

d'lti 


23. Determinatiof). of the Coefficients li, — The integral (Y/(r)(^M may be evaluated 

Jat 

approximately by assuming, as in Article 21 , that the equation of the locus, of which 
AC is an arc, is of the form 

where (T stands for (s — Sd/ISi. Then along AC we have 

= S, |(B,-]),UB,<?»+B/‘+...}, 
do = i:, { (B, - 1 ) + 2B,<? + + . . . } 

<r- <r« !'+•'" (,■' + ,')»• (,-' + /)-<r> +-| 

Also any inverse power of cr can be expanded in powers of H by means of the equations 

cr= V {1 + (B, + 1),UB,^=' + B/^ + ...}, 


. _ V -< I k{k+i) / cT-t; '=‘ 

O- - ll 'C V + .>t I V 




wliich give 

O- ' = S, (B, + 1 ) A- |/cB,- {B, + 1 )*j 

- I.B,-. (.+ 1) (B. + 1) B,+ + + (B,+ 1>^ 

- {.B,- B/-. (. + 1 ) (B. + 1 ) + + (B, + 1 y B, 

<r(/c+])(«.- + 2)(/f + 3) I |)4| 

To obtain the expression for X on r = Rj we have to put Rj for r', so that 

r-r' = 2,(B,^+B./+B3^+...). 
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and for ,v— s' we have to put S, (A— (?'), where (V stands for (s'- iSj)/2:i. If the expan- 
sions are carried as far as the fourth order, the result is that, to tlie tiftli order in <Y, 

j^^(Y/o-)d« = (B,-l)^'+ ■|B,-(3B,-2)(B,-1)1 r 

{B,-3lL(2B,-l)-h(7B,='-r.B, + 2)(B,-l)} <5'’ 
-f I B,-2B,(3B,- 1) -3B/-^ IK (42B.*-33B,-f 5) 

(2HB,*-21B,“4-1»B,-2)(B,-1)1 <r’ 
+ [ B,-1,B4{3 oB,- 7) -6BJi,+ i^B,(21()B,“*-l08B,-f 7) 

+ ji,B/ (1 05B,-27) (5(:()B,‘'-4(;2lV-f H 1 B, - 7) 

{ 1 2GB, ^ - OC.B.*- -f 2 1 B,*- GB, -f 1 ) (B, - 1 ) 1 .r’'. 

Now at any point (Kj, s') on r = lit forniulu for the first middle wave gives 


X(\ — 


-a - 


( 

?<T 


If |‘| t 4i °-+"> UK,+ l„ 

a r<T I cr J 


a 


''lu ^ 


— !)4yQ, ( 2 TI,) + 94r)0‘Q,*'’ (211,) — 420 o-'‘'Q,*’* (2li,) + 1 0 .')cr\),® (2U,) 

-lycr'Q,'‘'(2K,)+(r\),"’’(2li,)]. 


in which we have to put cr - (1 f .i''). Then, since x„ vanishes with A'', we have 

without any approximation 


^0 = - L{945v,Q,<» (2R,) -840VQ/^’ (2li.) + 31 (211,) -GO- (2ll,) 

A' 

+ {-420-\^<='»{2R.) + 315-='Q/’'’'{2li,)-!H)-,'Q,'‘''(2l!i)+](>:2/'(i,''’>(2B.‘)] r 
+ {105- •\t|,®(2li,)-G0-t'V(2li,) + 10-,\V'”(2H,)j r 
+ {-15-.U‘'’(2li,) + 5-,'^Q «’(2Bt)] <Y* 

+ S.'’Q,<«(2lt,)r]. 

The coefficients Bj, , B,, can be deternuned siu'cessively by equating the 


coefficients of powers of S' in the expressions for (Yjrr)du and — x„/5TI. If 

additional coefficients B„ ... , are desired, they may be found by equating to zero 

the coefficients of powers of S' higher than the fifth in the expansion of 1 (V/rr) du. 

Jac 

The expansion of (Rj, s') in powers of t?' may, of course, be found from the expression 
for Z in the first middle wave without transformation to the Q form. In particular it 
may be proved that Bj ~ 6— 42ij/(r„. 

24. Second Method of determining the Coefficients ^4.— When the coefficients B are 
known, the coefficients A„, . . . may be found in the following w’ay. 

2 £ 2 
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Since x,„ wJiich is — a ((t/cto)’® ?Z/?o-, vanishes at all points of the locus 

r-n, = B, (.,_S.) + (B,/2,)(.^-B.)* + (BV2a*){.v-Si)’’ + ..., 

the expression 

94r)F,(2r) -945a-F,<‘*(2r) +420<r*F,<*’(2r) -105(rT,®(2r) + 15(T*F/‘>(2r) -<r»F/“(2r), 
in which 

F, (2r) = A«+A,(2r-2R,)+A,(2r-2ll,)' + ..., 


must become identically zero on substitution of 


for r— Rj and of 


ii jl + (Bj + l)<5 + Bjd* + Ba^^ + . . . } 


for rr. Now the powers of cr/Sj and (r— Ri)/S, can all be expanded in powers of S, 
and then the coefficients of the powers of S in the expansion of 


94.5 


F, (2r) 


V 10 




+ 420 


F/=*> (2r) 


V H 
'I 


-105 


/ or Y F,® (2r) 


+ 15 



F,<^>(2r) 

v^« 



F/« (2r) 

V ^ 

"1 


can be equated severally to zero. The equations thus arising give the values of 
Afl, Aj, , successively. Suppressing the algebra, which is rather long, we may write 
down the results in the following form : — 

The equation for A„ is 


2B, = 94 5 {B, - 1 ) - 2 10 (5B, - 4) + 1 05 {5Bi - 3) 

w, 

-30 (5B.-2) ^^ + 5 (5Bj-l) 

The eqriation for A^ is 

2B,“^r^ = 2B,=*(945 ^^*-945 + 420 ^^-105 ^-^ + 15^^* 




+ 2B, (B, + 1)(- 945 + 840 ^^"-3154^*4- 60 

\ 2^1 2^1 / 


+ (B, + 1 )*(420 ^*-315 + 90 ^ - 10 


S! A« 


4! A, ,.5!A,\ 


A, 


2! A. 


3! A 


+ B, ( 945 - 1050 ^* + 525 - 1 50 25 ^ - 2 

\ ‘ 2^1 2^1 2^1 2^1 / 
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The equation for Ag is 

4B,«§^= 46/(945^^-945 420^1^"- 105 + 15 

\ -wj 2 .J 4-1 f 

+ 6B/(Bi+ 1)(-945 5^’ +840 ^^-315 + f,0 - 5 ^4'''^ 


+ 6B, (B, + 1 (420 - 31 5 ^ 9 


+ 3(B, + iy(-]05 ^^' + Goi^-10 ^r4^’) 

\ 4«4I — / 

+ 6B,Bi945 2^' _ 1050 + 525 AA _ 1 50 AA+ 25 ^'’- 2 

+ 3 (B, + 1 ) Bo( - 1 050 ~ A + 1050 '2^' - 4 5 0 2lA 4 1 oo AA _ ] 0 21A 
+3B3 (945 A _ 1 050 + 5252^^ - 1 50 AA + 25 -2 21A \. 


The equation for An is 


2 B/2i^ = 2B/ (945 ~ 


AA _945 +420 - 105 AA + 15 

+ 4B/ (B. + 1 ) ( - 945 AA + 840 _ 3 1 5 ^ _ r, ^LLA 

\ —I -»l 


' —1 —1 —I -'J 

+ 6 B/(B, + jy'‘(420 AA-315 ^^ + 90 AA -10 AA) 

+ 6 B, (B , + 1 )■' (-105 AA +60 AA - 1 0 AA^ 
+6(B.+iy(i5l^-5 AAA 

+ 1 2 B/B 3 (94 5 ^A _ 94 5 +420 AA _ 1 05 AA 4 1 5 

\ -^1 —1 —1 —1 -^l' 

+ 6 B 1 (3Bi + 2 ) B 3 ( - 945 —2 + 840 AA -315 + oo _ 

+ e (B, + 1) (3B. + 1) H, (420 ^ -31 S + 90 - 10 iiijj 

^R. 4 . 1 P R Y_ai n AA 4 - 1 HO AA — 30 AAA 


, > -/ “3 1 V J V V (' V « 

\ <^1 ^1 

+ 6 (Bj + 1) (3B. + 1) B3 (420 5iA -31-^ + 99 - 10 A 

+ 3(B, + 1)* B3(-315 AA' + iBoiA_3o AA-^ 

+ 3B3* (420 - 525 AA + 300 AA _ 100 AA + 20 

\ Z, Z, *-1 -1 

/ f>'A Q1A J'A >^!A. filA. 


+ 3B3* (420 ^A _ 525 AA + 300 iA _ 100 AA + 20 

+ GBjBs (945 ^A_ 1050 ^A+ 525 iA_ 1 60 AA- 4 25 AY 
+ 3{B, + 1)B3(- 1050 AA+ 1050 AA_45oiA + 100 ^A 

\ Zi Zi —j 

+ 3B, (945 A _ 1050 AA + 525 AA _ 150 AA + 25 A 

\ 4-»l Zl 4-1 -1 

i avails for the calculation of as many coefficients as may 


. +3B,(945 A _io50^A + 

\ 4 -»l Zl 

The method avails for the calculation of 
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25. Third Method of. determining the Coefficients A . — Another nearly b 4 u»u^ cnwwve 

pro(!es.s for finding the coefficients A,„ A; is founded upon an expression for t, valid 

at the piston M. 

The equation of niotion of the piston shows that at x„ — 0, 


rit 

Tt 


go-" ^ 
10Hcr„“'’ 


and the differential of u is always 


du 

dx„ 


dx„+ ^ dt, 

(It 


so that, at x„ = 0, t can be expressed as a function of s by the equation 
'-T. = - r (^y“ [(B,-]) +2B,,u;!iy='+ ... \ds, 

JS| \wt/ 


and thus f — Tj can be expanded in powers of ^ or (#— Sd/ilj. Also, since t — ('/ijdu, 
and T, is the value of t given by putting r — Rj and s Sj in the formula for the first 
reflected wave from the left, we have 




+ 45 


(2e) F/«>(211,) 1 

I o-‘ j 



fF/‘>(2r) F,<«(2R,)1 

■"'i ■ V J' 


so that a different form of expansion can be obtained for < — T^. By equating coefficients 
of different powers of <1 in the two forms of expansion we obtain again a series of equa-. 
tions giving the values of A^,, Aj, ... , successively. The results may be recorded as 
follows : — 


The equation for Ag is 

105|-‘)(B, + 1)^ + 2B,^1-1U5|-8(B. + 1)^»+2Bi^4 

+ 45{-7{B, + 1)^^ + 2B,1^|-1o{-6(B, + 1)4^^+2B,4t"^ 

^ “^1 ^ I —'I 


,5! A, 


+ |-5(B. + l)^+2B,ii5^| = -U)2(iy(B,-l) 
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The equation for A 7 is 


-wi . -1 J 

-105r[-8B,+36(B, + l)^l-^^+2 fB,-8B, (B, + l)l BfilAj 

+ 45^{-7B,+28(B7+l)^^^’+2 1B,-7B.(B, + I)l-I^i + ;^B,“^’ 

L -^1 J 


-lo[{-r>B,+ 2 l(B, + ])»[i ^^+2 fB,-6B,(B,4 1 )| ^' + |! B,*^^‘ 


+ [{ - .’■)B,+ 1 5(6, + ])=*! + 2 -I B,- r>B, (B, + ] ) 1- 


0 ! A., . 2^..7! A 7 


+ ^.1V- 


4 ' O t ‘ V a 


= _ion(j.y Ib,_v(b,+i)(b,-i)i. 


Tlie equation for Ag is 


105 [1 -9B..,+ 90 (Bj + 1 )B,- 1G5 (B, + 1 f] ^.+ 2 ; B.,- 9 ( 2 B, + J ) Bg+ 45B, (B. + 1 )“1 


+ |, 12B,B.-9B,“(B, + 1)1 + 


- 105 { - 8Bg + 72 ( B, + 1 ) B,- 1 20 (B, + J )•' | 


+ 2 lB,-8(2B, + l)B,+ :ir,B,(B,+ l)’; 


oa i ! A 9'* ^ ’ A 

+ ~ (2B,B.- hB,* (B, + 1 )} + 1, B.-' ^ 


+ 45[^{-7B3 + 5G(B, + ])B,,-84 (B. + iyi 

+ 2 [B 3-7 ( 2 B, + 1 ) B 3 + 28 B, (B, + 1 )='} 


Z i — I . 


- 10 [{ -6B, + 42 (B, + 1 ) B,- 5G (B, + 1 )" 1 4t-‘ 

+ 2 {B:,-6(2B, + 1) B3 + 21B,(B, + J)* 


+ =! i2B.B,-CB,>(B, + l)j %^ + ?-‘,lV^4' 

Z 1 i> • — 1 - 


+ r{-5B3+30{B. + l)B3-35(B, + l)=*}^^ 

+ 2^,B;.-5(2B, + 1)B3+15B,{B7 + 1)»)^ 

+ 1, [2B.B3-5B.=' (B. + 1 )} B,-- ^ 

= -lo5/|-'y"/B3-J3>-(3B, + l)B3+22(B.+ l)*(B.-l)J. 

Cl V^i/ 
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The equation for A„ is 

105 [{ - 9 . 1 0 (B, + 1 ) B.+ ^ B,‘-3 ° “ (B, + 1 )• B, 




4 ! 

+ 2 1 B.-9 (ilB, + 1 ) B,-!>B.-+ ^(3B, + 1 ) (B, 4- 1) B,- “ B, (B, + 1)’ 


2^ 


2 ! 3 ! 

9. . ,x,l 3! A.. 


2! A, 


+ |^|2B.B,+B,^-9B. (3B. + 2) B,+ B.^* (B, + 1)*| ^ 

+ 1 {.1B.-B.-9B," (B, + 1)1 + 1^1 B,‘5^] 

-105[...] + 46 [..,]-10[...] 

+ 

+ 2 {b,.- 5 (2B, + 1 ) B,- 5B/+ ^ (3B, + 1) (B, + 1 ) B,- B, (B, + l)j ^ 

4-|j{2B.B,+B/-5B, (3B, + 2)B,+ + 

+ 1 3 B,»B,- 5B.» (B. + 1 ) [ B 


I - 5B, + 5 ■ 6 (B. + 1 ) B,+ ^B/-3 (B. + 1 B,+ ^ (B. -f 1 )«} ^ 


4!^’ 2, J 

= -lo5(|=)‘''[B,--^(2B, + l)B,-^B/+ii^B,(B,+ ])B, 


11.12. 13 (Bi-f 1)* 
3! 4 


(B.-1)]. 


where the law of formation of the terms that are not written down is sufficiently obvious. 

The formulfle of this article may, of course, be transformed into those of the previous 
article by means of the relations by which the coefficients B were expressed in terms 
of the differential coefficients of Qi, and the relations by which the coefficients Aj, . . . , A., 
were expressed in terms of the same differential coefficients. They are useful in 
numerical work as affording a verification of the values obtained for the coefficients 
A«, Aj, . . . , from the previous formulae. 

Formulae similar to those of the present and preceding articles may be obtained for 
the coefficients in the expression for Z belonging to the first reflected wave from the 
right, but it seems hardly worth while to write them down. 


The Second Middle Wave. 

26. Method of determining the Second Middle Wave. — The first reflected wave from 
the left meets that from the right at the place and time determined by substituting 
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Ri for r and Si for s in the formulae belonging to the first middle wave. When they 
meet, the first middle wave becomes obliterated, and the second middle wave begins 
to be generated at the time and place in question, and encroaches upon the two first 
reflected waves. 

To determine the second middle wave we have the conditions that at its advancing 
front, where r = Rj, the Z belonging to it is equal to that belonging to tlie first reflec^ted 
wave from the right, and at its receding front, where s — .v,, the Z belonging to it is 
equal to that belonging to the first reflected wave from the left. Rikmann's method 
may be applied in exactly the same way as in Article 15. H P is the j>oint (r', .v'), A 
the point (Rj, s'), B the point (R„ .■?,) and (' the point (r', s,), we have 

Z(r', s') = [VZ].-[VZ]„+[VZ],+ I 

Jaii \ c.v r-{s,' Jnc r-^sl 


At A we have 


=R., ^=0, v=(i^y’ 


and Z is the result of substituting R, for r and s' for s in the formula 


Z = 


At B we have 


1 ? ri f CO-,,"- 


(T va-/ l o-|945a 


4/, (o--w) 


-r')U-s'] 


and Z is the result of substituting Rj for r and s, for s in the formulse for the first middle 
wave, or in those for either of the first reflected waves. For Ihe present we shall denol,e 
it by Zj„ and observe that it is independent of r' and s'. 

At C we have 


rsrr, s = Si, 


f = 0. V = 


and Z is the result of substituting r' for r and s, for s in the formula 

Z= K, + U-a4-(i^f 


Along AB, where r — Hi and s increases from s' to Si, we have 




av ftv 

08 r-\~8 


- j-T (20- 181H + 420^-280^’’), 

(r -h.v)'* 


-r ; (.V— .s 
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and along BC, where s = Sj and r decreases from Rj to r', we have 

Z = K, + L,(r-„)+(10{S^}. 

fe-t ^ : 1 ; ' (20 - 1 80f + 420^»- 280f ), 

cr r+n (r+s)* 

(r' + .s') (r + .s,) 

The value of Z at (r', s') can be regarded as a sum of terms with the coefficients 

Zb, k, L c<ro'V945a, a*, aj, , Kj, L„ Ao, A„ ... , 

and each of these terms may be found from the formula for Z (r', s') by performing the 
integrations where necessary. The result will be to exhibit Z (r', s') as a sum of terms 
with these coefficients. 

27. Determination of the Second Middle Wave . — No integration is needed in order 
to obtain the term which has Zj, as a factor, but it is important to observe that Vb, 
as a function of r' and s', can be expressed either in the form 


or in the form 



We shall suppress the accents on r' and s' so as to express the value of Z at (r, s). The 
terra with coefficient Zb is 



The term with coefficient is 



The term with coefficient li is 


1 




( I S y[ (s-.Si)*(5R,-4s,-s)(.s+Ri)'* 
V<r 0<r/ 1 or 


The terms with coefficients co-u'®/946a and a„ are 
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The terms with coefficients Oi, a^, are 

-.a, (R,.„)(i ly [i (^y{. 


+ 10 


2*02 


(R, +».)’( 


ij’yri/'jiziifLV 

a-?<r/ Lo'\Ri + «i 


1+2 


idkY+is/i+IkYn, 

R,+»,/ \K,+»y IJ 

\Tti4-tSi/ IJ 


i‘ -h lit 


The terms with coefficients 0^, Oj, ... , are 


and so on. 

The term with coefficient Ki is 


fK. 


The term with coefficient Li is 


1 aYf (r-U.y(r + ^,y ’|. 

cr darl \ (r J 


_ 2 L ^ y f (r-K,)'‘ ( 5 s, - 4 K,-r)(r 4 . ■<,)'' ] 

' \(r c)cr/ I cr I 

The terms with coefficients A„, Ai, A.j, A;, are 

-2A.(R,...)(i£y [L(r^y{:.3(^) .o(0j-y 


+ 10 


r + Si 


+ 15 


(z±il \*V , 

Vllj + Si/ ' ‘''\Ri + #|/ 


1 avfi/^-R. 


-2>A.(R.^..)>(ii^y[i(^y{.+ 


( »•+>'*! 


r + Hi \ , ( r-^8^ 


Vlti + Si! llti + »i) \Ri + Si 
The terms with coefficients A4, A5, . . . , are 




and so on. 


2 r 2 
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28. IndicMion of a General Method . — If the coefficients a or A with suffixes exceeding 
10 were all zero, the expression for Z in the second middle wave could be transformed 


at once to the form 


or to the form 


/I iLYI9il£±!i)l 
W So"/ 1 tr j 

/i A V 

W (^<rj [ cr 1 


+ Ka+ 

+ htj “t IqU. 


But if these coefficients do not vanish a transformation of the same kind is still possible. 
We have, for example, 

cr c(tJ [ (T J 

J- AY = 2>s ! „ (3„.>+ 11,."), 

or OCT/ [ cr J 

and thus Z can be expressed either in the form 

1 ')■' 1 . + Kj 4 V 4- M, (0--+ 1 lv/“) 4 N,7/ (3(r»4- 1 1 «*) 4- , . 

/T f\rT / I nr 


\(T ?(tJ [ (T J 

or in the form 


1 — ^i)l +Jc^ + lja + ni,{a^+1}v*) +7i,.ju{S(J^+llu’‘) + ..., 

<r a(r/ 1. cr J 


where the factors whose coefficients are written K^, L^, .... or k.^, 1.^, ... , are the 
homogeneous rational integral functions of cr and u of degrees 0, 1, 2, 3, .... which 
satisfy the differential equation for Z. 

When this transformation is effected we may proceed to determine the second reflected 
waves. The first step is to find sets of coefficients analogous to A,„ . . . , A.-, and 
a,„ ... , a.^. The next is to find sets of coefficients analogous to B,, ... , determining 

the loci in the plane of (r, s) along which x„ ~ 0 and x„ — c during the time that these 
reflected waves are being generated. By means of the coefficients analogous to B,, 
B;,, . . . , sets of coefficients analogous to A,„ A;, . . . , and a,.„ a„ . . . , may be found, and 
thus the second reflected waves may be determined. 

From the formulae for Z in the second reflected waves that in the third middle wave 
may be found, in the same way as the formula for Z in the second middle wave was 
found from those in the first reflected waves. 

The method of solution can be continued, and gives a theoretically complete solution 
of the problem ; but when arithmetical computation is attempted, failure may arise 
through approximate equality of groups of terms with opposite signs, so that some 
quantity, which ought to be calculable to five figures, for example, may only be calcu- 
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lable to three. This difficulty was found to present itself in the calculation of the second 
reflected waves by this method, and another method had to be sought. An account 
of this will be given in the theory of the second reflected waves. 

29. Pistons of Equal Mass. — A considerable reduction in the number of coefficients 
to be calculated is effected by supposing the two pistons to have the same mass. When 
this is BO H = A, and hereafter we shall write everywhere h for H. The calculation of 
Ay, Ai, ... , A-, is then simplified a gootl deal. Further, it appears that the coefficients 
a differ only in sign from the coefficients A, or we have 

a„ = -A,„ = -A, 

It is now unnecessary to calculate separately the pressures, velocities. dis})lacemcnt8, 
and times at the two pistons. We shall speak of the piston specified by a,, =- c as t he 
“ shot,” and of the piston specified by x„ = 0 as the ‘‘ image of the shot.” We sliall 
generally (lalculate the pressures, &c., for the image of the. shot, because a slight simpli- 
fication is effected by putting equal to zero. 

30. Incidence of the Secmid Middle Wave ujmi the Pistons. — The value of .v at the 
receding front of the second middle wave is that which has been denoted by a',, and 
in the case of equal pistons it is the same as K| or 2!, — Jo-,,. This is therefore the value 
of s at the image of the shot at the instant when the receding front of the second middle 
wave reaches it. It will be denoted by S^,. The corresponding value of r may be found 
from the formula 

r-R, = B.(.s-8,) + (B,/S,)(.s-S,r + ... 


by putting S^. for s. It will be denoted by R.. From this the corresponding value of 
o- may be found. It will be denoted by S.. The corresponding value of u, which is 
R^— Sa, will be denoted by U^. The corresponding value of Z, denoted by Z.,, can be 
found most simply from the formula for the first reflected wave from the left. We 
have 


Z. = K, + L,U.+ 105 - 1 05 + 45 - 1 0 



where 


F, (2lU ^ ^ Al _ Ai / 

V' v\ s. / 

, 1 2!Aj,/'2R,-2RaV 1 3! A.i/iJll.--iH>V‘ . I 

2!‘v- 1 s, ) - al-vrl s, / ■■■/ ■ 


PV*>(2Ra) ^ /S.y [ M _ 2]^, / 2R1-2R.A 
s/ UJ iJii” Si** \ s, / 

1 3 ! Aa / 2R1 - 2R, a 1 4 ! Aw 2R, - 2R, Y 1 

■^21 SA \ S. / 3! S.” ' / J ’ 
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Fi<»>(2Ra) _ /S, f f 2! A, _ 3! An / 2Ti,-2RA 

S/ \zj 1 2,'* 2,’ V / 

1 4! A«/2Ki-2R,\* 1 5! An/2R,-2R,Y 

■^2! V V / 31 I / 

F,<'" (2RJ _ /S, Y [3 ! An 4 ! A, /2R, - 2RA 

V/ Un/ 1 \ S, / 

1 5! A,,/2Ri-2RsY 1 6! A^ /2Ri-2RaY , 
21 V V S, / 3! Si* \ S, / 

Fi<*>(2Rn) ^ /SiY[ 41A4 _ ^ / 2Ri-2R, \ 

S/ \%,l I S,'’ S,* V Si / 

J_ 6! A« / 2Ri-2R, Y _ i 7! A, / 2Ri-2Rn Y . 
2! Si* \ Si / 3! Si* \ S, / 


31. Transformaiion of the Formula for the' Second Middle "Wave . — In what follows 
we shall disregard coefficients A beyond A# ; if it were desired to include further co- 
efficients A some of the forniulse would require modification, but there is no difficulty 
arising from the convention to stop at A#. The most effective transformation of the 
formula for Z in the second middle wave is found by putting for Zj, the value derived 
from the first reflected wave from the right, viz. : — 


Zi, = yfci-H/i (R,-.9.) -t Tf-i (2s-2,,) ±a,i2s-2^,..r 

i\cr d<r/ [945ao’ <r JJr-K,,« 


so that the terms contributed to Z by Z^ come to 

“3 -1-195 —105 (Ri-i-»i) (*i 

-I- 45 (R, -I- «,)* 2 ! a, - 10 (R, + Si)* 3 1 + (Ri + Si)* 4 1 a^j 



and then, before putting R, for Si, or — A„, — Ai, ..., for a„, Oi, ..., transforming the 
terms contributed by A,,, A,, A^, A, to the form 

(i {Ao-^2Ai (r-Ri) +2*A, (r-R,)*+2*A» (r-R.)*}] 
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The first line of this expression, with the terras contributed by A<, A.„ , makes up 


and the remaining lines are unaltered when — « is written for r. 
The terms contributed by Ki and L, are the same as 


Ki+Li?/ — 






and thus the Z of the second middle wave is expressed entirely as the sum of the Z of 
the first reflected wave from the left and a function of the form 



Further, noting that with equal pistons /, = L,, we see that contains no 

terms of degree higher than the ninth in s or i (cr—u). Also we see that it (;an be 
expressed as a rational integral function of (.s-.'?i)/(R,+Si) of the ninth degree, and that 
it contains no terms of degree lower than the fourth. Since Z and < Z/ficr are continuous 
at s — Si with the Z and dZ/?<r belonging to the first reflected wave from tlic left, tljc 
function contain no terms of the fourth or fifth degree in (s— s,)/(R,-f Si). The 

vani s hing of the coefficients of these terms does not introduce any new condition. On 
replacing a^, ... by —A,,, ... , we have the result that in the second middle wave 


Z = 


Ki + lijw + 






where £ is written for («— .'(i)/(Ri + Si), and s, = R, = S*, while »», rn, r/s, »/» are given by 
the equations 

^ = _S(K,-A:0^^-:^fe’f + 280f„+140f, + G2f. + 23^*+Gf«-^., 

\2t2/ 

2^2 f t \^a/ 
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in which 



-2 


A, 211, 

21/ Si 



10 




fia — ^ 


2! Aa 

V « 
-^1 





3! A3/2TiiV/Si 


V 7 
—1 









— 


•A 


5! AJ2W/%Y 

S/ \ S, J \t,/ ' 


^6 


4 0! AH/2E,Y/S,r 

v,4 ' 



— 3 f I 


8! A«/2U,\YSiY'‘ 

S,’* V i:. / VsY ’ 


I 


9! Ao/^AV^ 

-1 / '^a 


The Second Reflected Waves. 

32. Relation between PrcMure and Velocity at a Piston . — The relation between pressure 
and velocity at the image of the shot is an equation connecting r and s, which holds at 
x„ -- 0, and can he interpreted as the equation of a certain locus in the plane of r and s. 
This equation can be written in the form 


(r-Ra)/Sa = .... 

where H stands for (.s-Sa)/-:., and the coefficients B' arc at present undetermined. 

To determine these coefficients we have recourse to the method of Articles 21-23. 
During the progress of the second reflected wave from the left, the value of x„ at any 
point in the region occupied by it can be expressed in terrris of the values r' and s' of 
r and s, which occur simultaneously at the point, by the formula 


.r„ = — 5 /m {Yla-)du, 
Jac 


wherein the integral is taken along the locus from the point A, where r = r', to the 
point C, where s = s'. In this integral 


77-U, = S* l(B\-l)tUBV^+B'a.^+ ...}, 

(In = lia I (B\ - 1 ) + 2BV + 3HV1*+ ...} dS, 
o- = Sail + (B', + l),UB'a<^+B'a^*+ ...[, 



jr-y) (•■>-•-•0 

(r' + ./)cr 


+ 210 


(r' + .«r')V" 
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On putting R^, for r\ we have the value of along the junction of the second middle 
wave and the second reflected wave from the left expanded in a series of powers of iV, 
or {s' It.,, in the form 


+ { B',- 3B', (2B'i - 1 ) + (7B',*- OB', + 2) ( B', - 1 ) 1 r 
+ { B', - 2B', (3B'i- 1 ) - 3B'/-| B', (42B',*- 33B', + 5) 

- i (28B',*- 2 1 B',* + 9B', - 2) ( B', - 1 ) ) r 

+ {B'6-JB',(30B',-7)-6B',B',+ jVB',(210B?-108B', + 7) 

+ jiB'a^' ( 1 05B', - 27) - ,3„B'a ( 56()B',*- 462B',* + 8 1 B', - 7 ) 

+ 1 ( 126B',‘- 5GB',® + 2 J B'.®- GB', + ] ) (B'. - 1 ) 1 r 4 . . .]. 


Now at any point (R^, s') on the same junction the value of a:,, can be obtained by 
forming —1102/7)0-, where 


Z = K. + 1.. » + ( i ^)‘ I [ + V (i 2y [1 (..f 


<T ?(tJ [o- 


and 

II = « (<r/o-„)"’, ^ = (A-8a)/2Ri, 

and putting therein 


o- = Rs4-*'. 


« = R,-.s-', 


.V = .S' , 


.s'-s, = 


and the result can be expressed in terms of <y in the form 


fTo 

a 


= ( - T [ ■[ 04 5 ^ - 94 5 ( ] +420(] 

VfT'o ' L I ‘*-'3 *^2 ^3 

- , or, ( 1 ^ i-r 1 1 5 (1 4 y)- - ( I ,rr } 

^3 Sa Sa J 


4- J |945(l'*-945 X 3 ( ] + cT') T 4- 420 x ( I 4- d')* S'* 

-105x15(14- ^')* S'-> 4- 1 5 X Y ( 1 4- S')* ,5'“- Y‘ ( I -t S'f‘ S' | 

- { 945<r- 945 X 5 ( 1 4- (5') S"' + 420 x Y ( 1 + ^7 

\ Vj/ 

-]05xJ-^^-(j 4-.r)®<5'‘4- 15x (l4-<y)'<J'''-Y^ (14-A')'’r| 


^^^^‘^''“945x4(l4-(l')t5'’4-420x 14(14-^')^ 
-105x42(l4-«I')*r-fl5x 105(14- ^')‘<5''-210 (l +S')'‘S''‘'i 
{945r-945x ^ (14-^')^'*4-420 x 18(14-J')®<1'^ 

- 1 05 x 63 ( 1 4 - ^')® r 4- 1 5 x 1 8 9 ( 1 4 - ^') V- ^ F ( 1 4 - O'’ <5'" J j. 


-“V» 


V \w 

—3 


2R, 


2 G 
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The terms independent of <Y in the right-hand member of this equation add up to zero, 
for x„ vanishes at ; and, by equating the coefficients of powers of <Y in the two 

expressions for x„, equations are obtained from which the values of the coefficients B' 
can be found successively. 

33. Relation between Velocity and Time at d Piston . — ^The time at which any par- 
ticular simultaneous values of r and s occur at x„ = 0, can be found by the method of 
Article 25, and thus the relation between velocity and time at the image of the shot 
may be traced. We can write down the equation 

t-T, = -lo'i f y"{(B'i-l) + 2B',^+3B'/-f ... Ids-, 

(Jt JSj ^ 2 ' 

in wliich 

and thus t~T.j can be expanded in powers of H in the form 

^ — 1 i) = CiS -|- Cjd* "t" c^tY -j- . . . , 

where 


(// J 




(h / 


B'a-V(B'i+l)(B',-l)|, 


,,, = - Y" {B'«-V- {ZB\ + l) BU22 {B\ + lY (B',-1) [, 

Ct / 

C4 - - — l^Y -I B\- V- (2B', -h 1 ) B',- VB7+ 6(;B\ (B', -tl) B', 

0.-, = - V (sB'i-hO) B\- nB',B',-h W (5B',-H) (B'l-f 1) B'* 

+ W (5B\ -f y) BV- W (5B',- 1 ) (B'l -h l)» B', 

+ X)^}P(B',+ l)^(B'a-l)K 


34. Displacenumt of a Piston . — To obtain the displacement of the image of the shot, 
we have to find the value of a: at = 0 in terms of simultaneous values of r and s 
occurring on the locus 

r-K, = B', (.s-Sa) -f- (BV2,) (.s-S,)*-t(BV2/) {s-S»Y+ .... 

Now, when x„ = 0, we have x — ut—Z, and for the value of x at (R^, S^), denoted by 
X;,, we have = UaT^— Z^, so that when x„ = 0, we have 


x-X, = ut-V,T,-{Z-Z»). 
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Also we have 


Z-Z,= r’‘’ ftdu+'^^d<r, 

St)W vcr 


where the integral is taken along the locus, and, since c)Z/?cr vanishes along the locus, 
we get 


in which 


f (r, *) r$ fjf 

£r— Xa = UaTa— 1 tdn =\ u-j-ds, 

J (It,, s,) J 8, as 


t = Ta + C,^ + Oa.r + CVy'+ ... , 
s = S a + 


It follows that, at = 0, x is given by the equation 

X-X, = U,C,A+ {lJaCa + iSaC,(B\-])^r'+ UT,C,+ §SaCa(B',-l)+iV.B'al 

+ {UaC4 + ^V, (B'l- 1) +iS:^,B', + iSa.Unj 

+ {UaCsH- n«2C4 (B^ — 1 ) + 5i>2(**B^a+ 5— a<’aB^,4 J,— a'”iB^4 1- c^’ + ... . 

which may be written 

X — Xa — + . . . . 

The formula! which have been obtained avail to determine the di8pla(!em(‘nt, velocity 
and pressure at the shot or its image at any time during the progress of the second 
reflected waves, 

35. General Method fcrr the Second Reflected M^aries. — We shall need to be able to calcu- 
late Z, t and a-., for any simultaneous values of r and s that can occur in the second 
reflected wave from the left. It is best to obtain formulae for t and x„ separately, and 
not to deduce them from the formula for Z by differentiation, because the formula' 
will be approximate, and to obtain the terms of any particular order in t, for example, 
by differentiation of Z it would be ne(!essary to obtain the terms of order higher by one 
in the formula for Z. The metlifKl of determining the formula for has been indicated 
already in Article 32, and the work will be completed presently. The formula! for t 
and Z will be found by similar applications of the method of Riemann. We begin with 
the formula for t. After finding formula for x,„ t, Z, we can calculate x from the equation 


36. Method of Determining t . — The value of t along the locus x„ — 0 has been found 
in Article 33. To obtain the differential coefficients of t along the same loc.us we have 
the equations 


^ 4-17 — = 0 

0O- ’ 


'^+11 = 0 , 
ca on 


2 0 2 
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and 


?<r 


lOA 


cr - 1 - 


d(T 

dn 



8a;„ 


lOh 



da- 

du 

^ da- 

\du 



where da-jdu is to be found from the equation of the locus. Thus we may write 


da 

— — 1 n du 

da- _ [df ’ 

[dn.l 


du 


-10 


ha,r 

fta" 


1 


1 



Now let (r'j s') be any point P, and let lines PA, PC parallel to the axes of s and r 
meet the locus in A, C, as in fig. 3 in Article 22. Then, since t satisfies the same differen- 
tial equation as Z, the integral 





dr 


taken round the contour formed by the arc AC and the lines CP, PA vanishes, and 
therefore we have the equation 


or, on putting 
the equation 


t (*■', 




^ AC 



Yds, 



+ 5^) Vfi.s. 


But we have, along the locus. 


Sf' _ ^ j ^ hag" 1 _ _ 54<T|)*^ du 

ds da du aa^' da , na" ds 


and, by the theory of Article 25, the expression last written is the same as the value of 
hdtids along the locus, or we have 

^ = iV‘(ci + 2c,5-t-3c,.f-t...). 
as 


Also along the locus we have 


t' — CiS + Cg^ + CgiP 
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Let 8 a denote the value of s at A. Then at A we liave 




r=,-', V = (i^) 

^ r -f .s* / 

f' = c ii\ + Ja* + + • • • , 


where (^a stands for (■''a ~ 

Along AC we have the formulflo already written for t' and and we have further 


’^ = (7f7)h-2»s+i'or-i-i»r+r»r), 

--5- = ( : rt i80(-+ 42()<='- 2H()C‘), 

cr (r +.S’)'’ ■ ' 


av 

dr 


and we hav'e to put 


ds = S, A dr = %,{h\ + 2n'J+Sh'.,lf+...)dX 


The limits of integration are (5 a and (V, which is (.s' - S.)/S,. 
The vjilue of (5 a is to be found by reversing the series 


I 


-R, 


(»-s,) j B', t (BViJ (»-.s.) + (B',yi;.>)(«-s,r -t 


1 

I » 


and putting r' for r and 8 a H we write e for (r'— 11^)/]^., the result is 


B', 


€ — 


5B'/ 5B'jr, , B'. \ (. 


B'l B \' ' " I B','- B'.M ^ V B',' B';' ' B', 


+ 


.5. = 

/ B'/ BV'B' B'/ B',B'. B'(. w,., 

-1 B?y 


Thus (5 a is known in terms of r'. 

37. Formula for the Time . — We work out the formula for t' or < — T^ in terms of (5, 
or (.s~Sjj)/2Ca> fl'iid e, or (r — Rj/Si;., at any point answering to simultaneous values of 
r and s which can occur in the second reflected wave from the left. For this we first 
perform the integrations with respect to r and s and then suppress the accents on (5' 
and e'. We record the results as far as terms of the fourth order. 

The terms of the first order present themselves in the form 


/lli+iAV’ 

\ 1 + 6 + (5 / 


C|(5a + 


1 

(1+6 + (5) 




and it is simpler to leave the factors 

/ 1 +e-f ^A f I 
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as they are, rather than to expand them in powers of c, 4 manner the 

terms of the second order are 


1 + e + (1 

the terms of the third order are 

l+l+AW 5 3 • ^ 


] -f e-f<? 


(I +.+ .!)■ 


{fe+ Sc. (B', +2) + 5c, (B', + 1 ) (B'.+ 6) + Sc,B',} (,1*- V) 

5 _ / ^ tk \2 5 


+ [l+e+sy " (l+e + ,ir 

and the terms of the fourth order are 

c A' + , \ „ { Jc. + tc. (3B', + 5) + Sc. (B', + 1 ) (B', + 3) + S<.,B', 


1+e+fV "■* (l+e + d) 

+|c. (B', + 1)MB', + 7) +^Cx(B'x + 3)B',+|c,BV (^‘-V) 

+ { V’C.+ ^.“c, (B'. + 7)} , (3+ 2,v) 

- (TT^ ! + S''-®'' (SB'i + 1 1 ) + ¥c,B'.} (3’+ 23.J+3.V) (3-3.)*- 

38. Formula for Z. — We write 21 for Z— Z^, and seek first a formula for 2J along the 
locus »„ = 0. The value of 21 along this Jocus is given by the equation 

z'=r’'" ^(i!<T+pdM, 

• J(ll9, 8,) cJO- dlL 

where the integral is taken along the locus DZ/Oa = 0, so that 

71 = I' i ^ (T, + C..1 + 0,,!=* + . . . ) (B', - 1 + 2BV + 3B'./ + . . . ) 


Thus the value of 21 along the locus can be expanded in powers of <1 in the form 

Z' = 

where 

d. = 2;r,(B'.-i), 

d, = S,{T,B',4-ici(B',-l)}, 

d, = S, {T3'i+fc,B',+ic,(B^-l)}, 

d, = S, {T,B'«+fc,B'.,+KB',+ic;.(B',-l)}. 

d, = {T;3'3+j|c,B',+ ic,B',+ ijc,B',+ J q(B\-1)}. 
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We require also the differential coefficient ?.Z'j?8 along the 1ck;ub, and this is given 
by the equation 

-t= _(T,+c.<?4-c/+...). 

CS 

The value of TI at any point (r', s') is then given by the equation 


Z' ,•) = [VZ']. + 1 (1^ - f ) Z' (f + f ) V 


in which V has the same form as in Article 36, the value of Z' at A is 

+ . . . , 

and the integration is taken along the locus. 

The result may be recorded in a similar form to that for t' in Article 37. The terms 
of the first order in the formula for Z' are 






the terms of the second order are 


{iS.{c.+5T.(U',+i)[ -5*} (.f-V), 


(l +«4-^) 


the terms of the third order are 


W- "iji Ci-- !o.+5o,(B',+ l)+loT,(B', + l)-+5T,li',i 

-8 (* + 4<i.(B'. + l)lJ(.!*-V) 


(i +e-+ 


(l+e + ,5)* 


and the terms of the fourth order are 


’ 5c,(B'.+ 1 ) + 1 Or. (B', + 1)“+ 5o.B', 

+ lOT, (B', + ])••’ + 2oT, (B', + 1 ) B', + 5T,B', j 
- i { rf, + 4(^, (B'l + 1 ) + 6d. (B'. + 1 )‘' + 4d, B', 1 ] {,r - ,1/) 

- rrr-jr, [YS, {o, + 4T, (B', + 1 ) } + w (B'. - 5 )] e {s+ 2 Sj {s-^^y 

^ J +€4-0; 

+ r-^-^[|'S,{c.B'. + 4T,B'i(B',+ l)+T,B'.)-|{d,B',+d,B'.(8B', + y)+2d,B',[] 
(1 +€4 o; 


1 4e4^ 
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39. Formula for a;,,. — A formula has been obtained in Article 32, and can be written 
in the form 


.r,, ( /•', ,') = - bh f ( j 1 + 30 (zif . I (B', - 1 + 2By + 3BV^ + . . . ) (^5, 

\ cr / I (r + ft ) a- ) a- 

in which we have to put 

r' + s' = — u(l+e^+^% 

O- = S. 1 1 + (B', + 1) .1+BVf +B':/+ ... }, 

r-r' = i',lB',^-f' + BV^+B'a5''‘+ ...K 


After the integrations are performed the accents on ,V and e are to be suppressed. The 
result may be recorded in the f(jrm : — The terms of the first order in the expression for 
ijc Hrc 

- 5// ( 1 + f + .I)'’ (B'l - 1 ) 
the terms of the second order are 

-5h (1 +t + ,ir {B',-3 (B', + 1) (B':-l)l 
the terms of the third order are 

-5/^(l+.+.^)-'lB'3-2(3B', + ])B',+7(B^ + l)=*(B',-l)[(.f-.V) 
-J.’-,0Mi+e+,ir li(B',-l)e-iB', (B\-])(,1 + 2.1JJ 

and ihe terms of the fourth order are 


-bh (1 +e+,5)'‘ {B' 4-3 (2B'. + 1) B'3-3B?+21B', (B'h- ] ) B', 

-14(B', + l)*(B\-l)j (,^-V) 
- 25A ( 1 + e + <5)‘ [{ 2B'a-7 (B', + 1 ) (B', - 1 ) } e (<5+ 2 .^a) 

{(3B',-l)B',-7B',(B\+l)(B',-l)j (.^+2,^+3^)] 

40. State of the Gas ai any Time. — With a view to applications it is important to 
indicate how the state of the gas may be determined at any time, or when the shot and 
its image have both travelled an assigned distance. We shall suppose that the time 
in question is an instant during the generation of the second reflected waves, before the 
second middle wave is obliterated. Then the central part of the tube is occupied by 
the second middle wave, and beyond the junctions the rest of the tube, up to the shot 
and its image, are occupied by the second reflected waves. 

An assigned position of the shot and its image answer to a given value of x, and the 
correspondins: value of <5 is to be found by solving the equation for x given in Article 34. 
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This is tlie value of ^ ai the image of the shot, and the eorre8}>on<liiig values of r and ,s 
at the image of the shot are given by formula' in the same artic‘le. Also, A being known 
for the image of the shot in this position, the value of t is given \)y the formula of ArtieU' 
33. Let this partieailar value of ( be denoted by Tj, and in like manner let the values 
of the various quantities at the image of the shot at this time be denoted by attaching 
a suffix 3 to the letters, tinis : 

In the second reflected wave from the left the values of r that ocanir lie betwc'en 11. 
and To each such value, when t ^ T,, tliere answers a value of .v and therefore of 

S. Tf in the formula of Article 37 we put T, for f and the chosen value for r, t In* formula 
becomes an equation giving (?. The chosen value of r determines the <‘orrt*sponding 
values of < and f\\, and the deduced value of A determines the corr(*s])onding value of .v. 
Then, simultaneous values of r and .s' being known, all the (piantities can be <h*tt*rinin(*d. 
It seems to l>e most apj)ro})riat>e to assume a series of suitabh* valut's ol r and calculah* 
the corresponding values of .s. The process of finding A, by trial, may lx* siinpliiit'd by 
means of a theorem to the elTect that, the loci, in the plane of (r, .v), which aaiswer to 
constant values of t and are equally inclined to the axis of r. 'J'o j)r()ve this we 
have 


(-) 

\ (Ur ’i . ooiist. 


111 - 


_ 



/ ?n 

rill 


1 dii,L„ 

fourtt 


or 


or 


i (Jr-- (ls \ _ l (ir-V(ls \ 

\d>r-^dsl t te . \dr — d,s ' ^0 -■ , 


ril) 

dr ( ~ c.niHt . 



= 0 . 


This theorem shows that a point of given r on the locus t -- T;, is not far from the image 
in r = It, of the tangent at (H,, S,,) f.o the locus along which a„ ~ (*. Hence a ‘first, 
approximation to the « answering to a given r is 2tS,, where dej.ends u])on r in 
the known way, and therefore a first approximation to the required value ol t'i is 

The junction of the second reflected wave from the left and the secotid middle wave 
is characterized by the value J{„ of r. if, then, the process iadh^ated above is carried 
out for the value R_, of i\ the result is to give a })air of sinndtaneous values of r and s, 
which can occur in the second middle wave at the time when t = '1',,. Another j.air of 
simultaneous values can be found by finding tbe common value ol r and s which occurs 
at the central section at tdie same time. I’his is to be tlotie by j.utting r = s and I -- 'J'., 
in the formula giving I in the second nuddle wave, and solving the resulting equation 
for r by trial. When tliis is done we shall have two pairs of simultaneous values of r 
and s which occur in the left-hand half of the central part of the tube at time 'J',, and 
they are the extreme values of /• and s which can oc(mr in that part at that tiim*. To 
obtain other pairs, we may choose an intermediate value of r, substitute in the equation 
giving t the value T,, of t and this value of r, and find « by trial. For a first approximation 
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we may assume that the required point (r, s) is on the straight line joining the two 
extreme j)oints whose co-ordinates have been determined previously. 

Alter tli<!se ])reliminasies the way is prepared for the numerical computation of any 
sj)ecial case. 

VAMT II. 

41. Niivierical Constants. — Prof. Love’s investigation was ixndertaken in order to 
tlirow light on a vexed question of internal ballistics, namely, how the mass of the 
])ropellant sliould be taken into account in calculating the velocity and pressure in a 
gun. Its c.otriplction has been delayed Jiot only by the analytical complexity of the 
probleju, but also by the time required for the numerical computations. In his original 
paj)er LAdUANOR set. out from a certain state of the gas assumed as a first, approximation, 
namely, one in which t.lie velocity, at a given epoch, changed uniformly from one end 
of the gas to the other. Restricting attention to the case of a very lieavy gun, the 
total momentum of gas and projectile is then (M + K:)V and the total kinetic energy 
1 (M + JC)V-, where V is the velocity of the j)rojectile, M its mass, and C' that of the 
pro})elling charge. Laguan(3E recognized that this state of motion is dynamically 
possible only in the limiting case of small charges, but made no real j)rogress towards 
the theory for finite charges, the development of analysis being then inadequate to tlie 
problem. Since the ratio C/M in modern guns, though less than with gunpowder, is 
still of the order the importance of a full numerical discussion of IjAgkanoe’s problem 
is evident. 'I'he calculations which follow were begun by Prof. Love, who determined 
all the fixed coefficiients and the position and velocity of the projectile at various epochs. 
After verifying these figures I undertook the calculation of the distribution of pressure 
in 1.he gas, at the times when a new type of wave was either being generated or extin- 
guished, and at the half intervals. Instantaneous cornbusion is assumed, as it ai)|)ears 
hopeless t.o attempt to allow for the gradual burning of the i)ropellant which occurs 
in actual guns. 

It is assumed that the propellant is cordite M.D., for which the maximum pressure 
for different densities of the gas, after explosion in a closed vessel, has been measured 
by Noble.* The results at medium pressure are represented approximately by the 
formula 

Po( ^ -0 = 9500, 

\/Oo / 

giving the pressure in kilograms per square centimetre when is in absolute measure. 
This is tlie formula used in calculating initial pressures. The subsequent expansion of 
the gas is adiabatic, and will be represented by an equation of the form 

/I 

py 1 1 = const. 

* Sir A. Noble, ‘ Phil. Trans.,’ A, vol. 205, p. 201, 1906. 
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It appears probable, for various reasons, that the mean adiabatic index y is in the 
neighbourhood of 1*2. As we are restricted to a special set of values the value 
11/9 = 1 - 22 is selected. 

The problem discussed in detail is that of a gun of 15 cm. calibre, ma.s8 of ])rojectile 
50 kg., charge of propellant 12 kg., distance travelled by the projectile from its initial 
position of rest to the muzzle 6 metres, initial volume of gas behind the })rojectile 
(chamber capacity) 30 litres. It is not, of course, possible with instantaneous (•ond)ns- 
tion to keep the maximum pressure the same as it would be in a gun, though the nniz/.lc 
velocity is much the same. The maximum pressure in this case is 0333 kg./<'m.". Had 
the pres.sure been ke}»t down to 3000 kg./cm.“ by taking a smaller charge, the }>roblcm 
woiild have been less representative as regards muzzle velocity, and as regards the ratio 
of the masses of ]:)ropellant and projectile. 

In order to exhihit. both the pressure in the gun and the degree in which the back 
particles partake of the motion of the projectile, eleven planes arc taken at ecpial distances 
apart in the undisturbed gas, the end planes coinciding w'ith the breech and the base 
of the projectile re.spectively. The horizontal line at the top of Plate 1 shows their 
initial positions. These eleven planes of particles are traced throughout, their motion. 
The particles originally half-w'ay betaveen the breech and tlu^ base of the projectile may 
be called the middle particles,* and we shall choose, as epochs for the curvtjs of pre.ssnrc 
(Plate I), the times at which a “ junction ” is either at the breech or the base of the. 
])rojectile, or has just reached the middle particles. A junction is marked wit h a black 
circle on the figure. 

42. Detaila of the Calculation (Plate 1, curve 1) (Article 10).- The <‘arly stages of 
the (ialculation call for no comment. We have o-„ - 90(),53rf7 cm.. 'sec., /<„ (>•4. 

“ 950th)„/(l — /}„) = 6333'3 kg./cm.*, c — 339 '5305 cm. (the initial distance' from 
the breech to the base of the projectile is |c = 1(>9’7()525 cm.), a ^ 177,877-1 cm./s(!c,, 
h = 778-0909 cm. The progressive w'ave wdiu h starts out from t lie base of t lie jn-ojc-c- 
tile reaches the middle particles (x„ = |c) at time t = 0-0004772 sec. Particles b(4 wt-en 
there and the breech are still at rest : from these particles to the base of the ]»rojectile 
the velocity of the gas increases almost uniformly to the value 99-0 m./sec.. and the 
pressure falls to 5(551-3 kg./cm.*. The fall of pressure is remarkable (a)n,sid(>.ring t hat, 
the })rojectile has only moved a distance of 2-4 cm. from its initial j)o.sition ; and we 
observe a finit.e discontinuity in the pressure gradient on the two sides of the junction. 

(Plate 1, curve 2). — The progressive wave reatdics the breech at time t — 0-0009544 
sec., when the projectile hais moved a distance of 9-28 cm. from its seat and has a 
velocity of 187-7 m./sec. The pressure falls from 6333-3 kg./cm.“ at the breech f.o 
5097-2 kg. /cm.* at the base of the projectile. 

(Plate 1, curve 3) (Articles 12, 16-17). — The first middle wave begins at the cjxxdi 
just mentioned, by reflexion of the progressive wave at the breech. To find when it 

* These particl(!8 must be distinguished from those of the “ middle section ” of the theory, which hen- 
correspond to the breech of the gun. 


2 H 2 
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rca(;hcs the middle particles, i.e.., when the progressive wave lias receded to x^, = Jc, 
we solve the equation {x„-\-h) {at \-li) = {h-{-\c)-, giving / — 0"0014785 sec. The 
velocity of the projectile at this time is 275-4 m./sec., its disjilacement 21 -4 cm. The 
pressure falls from 51 5J -(5 kg. /cm.- at the junction to 4598-7 kg./cm.® behind the projec- 
tile. In the first, middle wave trial and error begins. At the breech u ■- 0 and ^r„/(r 
is found by trial to give the correct v.alue of /. .For intermediate points we have theoreti- 
cally to find both w and o- by trial to rnalce .r„ an<l t correct. Aet.ually the smallness of 
a allows us t,o neglect powers of vjn- above the second, so that the pressure follows an 
approximately ])arabolic law. The difference of pressure in the first middle wave is 
quite small. At the breech we have 5170-9 kg./cm.’', an increase of only 19-3 kg./cm.* 
over t hat at the junction, as against a drop of 552-9 kg. /cm." from the junction to the 
projectile. 

(Plate I, curve 4). —The first, middle Avave reaches the projectile at time 
t ■--- T] 0-0021 170 SfH'., when the displacement of the projectile is —X, = 42-191 cm. 
and its v-elocity — U, — 37175-64 cm. /sec,. --- 371-8 m./sec. The remaining constants 
at this ej)och are 11^ 443,092-1, S, - 480,268-8, -- 923,360-9. The pressure falls 

slightly from 4169-1 hg./cm.’'^ at the breech to 4102-5 kg. /cm.'-* at the base of the 
})rojectile. 

(Plate I. curve 5) (Articles 18-25). — The first reflected wave begins at, i — 'I’l. For 
the constants we find 

log (A,./i:,"’) = 6'9<4 1 6 . log (A./ii,") = y-98722, log (- 2 ! A,,/i:,") = 7'66552, 

log (3 ! A:)/i:j) = .')- 2 {»(;o;{, log (-4 ! A 4 /S,'') = 4 •h.'l.^lO, log (5 ! = 3-3598G, 

log (6 ! A„/:£,‘‘) = 2 '6999 1 , l(.g (7 ! Aj/li,’) = 1 -49726, log (8 I An/ii,") = 0-02177, 

log (9 ! A„/:i,) = 0-29583, 

log H, = 0-3334 1 , log lb = 0-84347, log Tt, = i-6601 1 . log lb =r 2-49429, 
lug 15, = 3 - 33303 , log B., = 4-18096. 

K| = —670-58, log( — L,) = 3-64091. 

To find when the first reflect, ed w-avc reaches the middle particles, we know that 
»• — B, along a, junction with the first middle wave, and s is found l)y trial, from the 
formula' of t he first middle wave, to give a:,, = Ic. Knowing r and «, f is know-n ; we 
find / 0-002898 sec. The part of the first middle wave which still remains is treated 

as before. The ])ressure falls from 3316-0 kg. /cm.* at the breech to 3.304-3 kg. /cm.* 
at the junction. A long j)roc,ess is required to find the pressure in the first reflected 
wave. Writing (/, - (r-R,)/-i and if (s— Si)/i!,, at the base of the projectile 
</> — Bjif .. . f is a known function of if. We expand the formulas of 

Article 20 to give t+hja, x„ and (Z- Ki — JjiM.)/Si explicitly in terms of <j> and S, and 
t.’-y different values of <f until / has its required value 0-002898. Then the pressure at 
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the base of the projectile is known, and also its velocity and final po.sition. For other 
points <f> and have to be found to make both r„ and 1 (correct : the adjust, jncnl is facili- 
tated by the fact that uniform division of x,, corresponds approximately to uniform 
division of ij>. “At the junction (r,, = Ic) </> = 0, and at the base of the jirojectile (j'„ =- 0) 
fj, = —0-019578. Taking four values of <j> equally spaced between these, and finding 
to give the correct t, we have four points which correspond nearly to 10, 20, 30 and 
40 per cent, division of the initial gas, atui are easily adjusted to exact value by inter- 
polation. The pre.s8iire falls from 3304-3 kg./tmi.' at the junction to 2970-3 kg./cm.- 
at the base of the projectile. The projectile is di8})laced 75-4 cm. from its seat , and 
has velocity 406-2 ni./sec. 

(Plate 1, curve (i). The first reflected wave reH< hes the bree(ii at time i O-OOhSAlt 
sec., where the pressure is 2010-5 kg./cm." Other points are found as in the last jiara- 
graph. The pressure at the ba.se of the projectile is 2101 -0 kg. /cm.-, the dis}»hu<‘ment 
of the projectile 124-3 cm., and its velocity 550-4 m./sec. 

(Plate 1, curve 7) (.'\.rti<ies 30-31). The second middle wave begins at the above 
epoch t — 0-003859, pushing back the first reflected wave along a junction .v I*,. 
This junction reaches the middle particles at, time t - 0-005154. In the ])art of the 
first reflected wave that still remains the j)res.sure falls from 1708-2 kg. /cm.'’ at the 
junction to 1535-2 kg./cm.- belund the projectile. Tlie di,s])lac(‘nient of the ])rojectile 
is 202-1 cm. and its veUxity 032-5 m./sec. The second middle wave difiius from the 
first reflected wave by the ju-escnce of four additional terms with coefficients given by 

log { (:;,/2U,)''l = 3'04397, log = :rr>28;!;), 

h»g I -»,»(S,,/2ll,)''l = ;r004.52. log |,,„(i:,,/2l{,)"; = ;0.‘!4841, 


where 1., — 814,358-3 cm. /sec. ; also - 40(i-85. At t he breech u 0 or 
— ^ leaving <ft to be found by trial. The pressure at. the breech is 

1728-0 kg./cm.®. For intermediate points we take a nund)er of values of </>, find (f by 
trial to give the correct L then (ailculate x„ and inter})olat,e. 

(Plate 1, curve 8). - The second middle wave reaches the ba.se oj the projcuttile where 
s = — Rj, r -- R^, = 371,200-2, giving ir — t ~ T, = 0-007137 se(;. This j»oint 

is found without trial. The pressure at the base of the projectile is 1030-2 kg./cm.®, 
its displacement — X^, = 335-6 cm., and its velocity —Ik, -- 71,827 cm. /sec. - 
718-3 m./sec. The value of Z is Z^, — - 177-0. At the breech we have a ])res8ure of 
1085-7 kg./cm.®. Other points are calculaterl as in the la.st paragraph. We have 


= 0-00034563, - 

Sj, -V 


= 000000159.53, 


0 0000200 14, 


= 0-00017489, 



- 0-0005048, 



- 0-004338. 
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(I’late 1, can've 9) (Articles 32-40).--The second reflected wave begins at the base 
of tli(*. ])rojectile at time T^, and pushes back the second middle wave along a junction 
r = Hj. Tims (/, is known, and the value of S corresponding to an assigned x„ is found 
by trial. We find that the junction reaches the middle particles at time f = 0-01023 
sec. The pressure at the bree(di is OSO-Okg./cm.'^, at the junction 041 *0 kg. /cm.*. For 
the (jonstants of tlie second reflected wave we have 


lugBi = OTSGOS, 
logTi; = 1 9901 2, 
logcu = 1 '81. '3 19, 
logf, = G-oinss, 


log B', = 0-27390. 
log(-c,) = 1-08789, 
log (- 0 ,) = 2-.5G98.’), 
log{-^,) = G-8556G, 


log B';, = 0-82262 
logc, = 0-10720, 
log^i = 3-94418, 
log ^5 = 7-62931. 


log = 1-40104, 
log(-c,) = 1-00167, 
== 5-07447, 


The method of calculation of the pres.sures in the second reflected wave has been described 
in Article 40. 'Plie pressure at the base of the projectile is 581-6 kg. /cm.*, where the 
displacement is .571 -9 cm. and the velocity 801 -3 m./scc. 

The projectile is so near the muzzle at time t -- 0-01023 that a fresh chart for the 
muzzle epoch (displacement 600 cm.) is unnecessary. We find for the time to the 

muzzle i ----- 0-010.58 sec., for the muzzle velocity 807-7 m./sec., and for the pressure 

at the base of the projectile at. this instant 552-6 kg./cm.*. 

43. - The pressure results are collected in Table I., from whicdi Plate 1 is 

c-onstructed. Plat e 2 shows the pressures at the breecdi and at. the base of the projec- 

tile, their ratio, the mean pressure, the displac-envcnt and velocity of the projectile, and 
a certain “ energy fac-tor ” as functions of the time. The mean ])ressure (P in Table I.) 
is that whic-h the cordite gases would have after adiabatic expansion, at uniform density, 
1.0 th,e volume wliic-h they actually occupy at time f. 'Phe work of expansion in these 
circumstances will be equal, not t o the kinetic; energy of the projectile, but to a greater 
kinetic energy corresponding to a fictitious mass M-i exC!, where 

The “ energy factor ” a may be expected to vary with the distance travelled by the 
projectile : the lower values given are only approximate. 

It, is difficult, after a glance at Plate 2, to resist the conclusion that the motion is 
t.ending t,o a limiting form, in which the pressure is approximately represented by 
f iy,,) </> {i), with suitable functions /, </>. The energy factor a oscillates about a mean 
value of approximately 1 /3, and the range of oscillation diminishes in time : similarly 
the pressure ratio oscillates about a value of approximately 0-9. Moreover, the latter 
value, like the former, can be obtained from Lagrange's approximation by etuitable 
treatment.''' If j/ is the pressure at the breech and p that at the base of the projectile. 


* F. GosaoT and R. Liouvillk, ‘ Memorial des Poudrea et Salpetrcs,’ vol. 1.5, p. 51, 1906. 
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p'jj) is the ratio of tlie momenta of gun and projectile, that is (M+JC)/M, so that the 


pressure ratio is approximately 


0-893. The agreement is to be expected ; 


for Table I. shows how little, relatively, yjy„ varies with y„, so that Lagrange’s approxi- 
mation leads to little error in the total energy and momentum. 

44. Calculation of Recoil. — Prof. Love’.s theory also enables us to calculate the distance 
recoiled by a very heavy gun while the projectile is travelbng to the muzzle : this is 
important since the distance can also be found experimentally. We take from Plate 2 


the values of ]>' and p at intervals of 0-0005 sec. to the muzzle, and calculate ^p’ dt 
and [pdt by approximate integration. These quantities are proportional to MW' 


and MV, where M', M are the masses of gun and projectile and V', V their vekxiities. 
A second integration gives M'S' and MS, where S' and S are the distances travelled by 
gun and projectile. For the nuizzle epoch we find, in the present problem, M'S'/MS = 
1 /0-879. The recoil distance S' of the gun is therefore the same as for a massless pro- 
pellant and a projectile of mass M/0-879 — 56-9 kg., an addition of 0-57 times the 
mass of the proj)ellant to that of the projectile. Lagrange’s approximation gives 
0 • 5. (’ranz* measured the recoil distancie of a rifle, with comparatively sIoav combustion 
of the propellant, and obtained factors 0-496, 0-497, 0-477, mean 0-493. The theory 
of limiting motion w-ould seem to apply with almost equal force to the case of slow 
combustion ; and thus we may regard Cranz’s experiment as confirming the recoil 
factor ^ and therefore (indirectly) the energy factor 1/3. Prof. Love has worked out 
the energy factor for a light projectile of mass 25 kg., and 12 kg. propellant, at epochs 
corresponding to (4) and (8) in Table I. The values are 0-335 and 0*333. 

45. A Special Solution of the Hydrodynamical Equations. — Prof. Love’s theory having 
suggested the possibility of the motion tending to a limiting form, it remains to show 
that the hydrodynamicsal equations admit of a particular solution in which the pressure 
is of the form / (y^,) <i> (t). We shall see that the pressure ratio and energj' factor corre- 
sponding to this exact solution agree closely with those already calculated, and thus 
support is lent to the view that the limiting motion would be developed sooner or later 
with other initial conditions, c.g., with gradual introduction of gas from a burning 
propellant. If t/„ is, as above, the initial distance of a particle from the breech and y 
its distance at time t, the general hydrodynamical equation is 


fT;// /'I .\y (1 ?y 1 

ct \po / '/Jo o.Vo / pu rya 

Write temporarily x — //,„ z = y—p„y^. Then 

t Pa vX \ eXj 




• C. Cbanz, ‘ Zeitschr. f. d. ges. Schiess-u. SprengstoSwesen,’ vol. 2, p. 345, 1907. 
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A solution of the type z — f(x) <j> (t) is possible if and only if 

/" (.r) = Afix) i f (x) v>" (0 = B, 
where A and B are constants connected by the equation 

/>(. 

If S is the area of the cross-section, the equation of motion of the projectile, which is 
supposed to be at a: = h, is pS = M/ (b) (j," (/). Now in general 

p = pi, \f (x) if, (/) 1 

Hence the equation of motion of the projectile is satisfied if 

MB/(b) = Sp,(l-f,„)^{f(b)}-\ 

or 

y'ifmrw.'’ 

where e = C/M — S6/o„/M is the ratio of the mass of the propellant to that of the projec- 
tile. Writing w —f (x) and q = dwjdx, the first integral of the differential equation 
for w is 

v-i 2 1 

^ A(y— l)a“— w* 

where a is a constant. Since /(x) vanishes with x, the final integral is 


j; X. 

Writing c —f (b) for the length of the column of gas at the instant considered, we have 
therefore 




2 1 
A(y-l)a*-c“‘ 


Substituting for A we have 


fif') 


BO that 


-l) {a^—c’‘)e 
2ybc 

I (a*— 


A(y-l) 1 2y/>C J ^ 


• dtv — 


^ — (a —cp-K 

2yo ' ' 


This equation determines c/a, and when it is known w is given by 


r (a®— dw = {«®— c*)>^ 

Jo 2yC 0 
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The pressure ratio iietween the two ends of the gas is K = where 

{/ {b)lf' (0)}’'-* = Hence 



Writing c = « sin we find E = cos’" where m = 2y/(y— 1) and B is found by trial 
from the equation 


sin B 

C08"‘(? 


Jo 


cos"*"' Bde = 

m 


In the case of y = ll/9, m = 11, we find, after some analytical reduction, the 
expansion 

E = 1— ... , 

valid for small values of t. Either method gives R = 0-894 for t = 12/50, the corre- 
sponding value of B being 8^ 9' 6". It will be noticed that although R is not equal to 
(1 to the second order, the approximation is still a remarkably good one. The 

present theory will appear more satisfactory, as it is based on an exact solution valid 
for all values of e. 

As regards the energy factor, the previous definition in terms of the work done from 
an initial state of uniform density is not convenient, as this state is not one of the previous 
states of the gas. We may, however, define the energy factor in such a way that the 
kinetic energy of the gas is ae times that of the projectile.”' 

Corresponding to the initial distance x from the bi-eech we have in general w = a sin 
where 

j cos"'"' = K ~, 

and 

K = f cos”'-’ BdB = . 

Jo m Bill 0 


The corresponding velocity is V sin ^/sin f?. If x + dx corresponds to 
Y^dxfh — cos'"-’ <j>d<f). The kinetic energy of the gas is 

riya ^ 

and that of the projectile ^MV*. Hence by definition 




a = 


e cos 


♦ This was not done above because the problem would naturally present itself in the other form in 
practical calculations, where we should seek a factor which will make the kinetic energy of the projectile 
equal to the work of an assumed massless propellant. 
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where Q is given by the equation already written down. Using the reduction 
formulae we find 

_ f — m sin* ft 
(m+l) e sin^d ’ 

giving a = 0'825 when m = 11 and e = 12/50. The expansion formula, to the first 
power in c, is 

“ = i-rSs e- 

46. Application to Ballistics , — To resume, Prof. Lo\t?’s theory supports the factors 
I and i up to considerable values of C/M, and shows further that the ratio of the pressures 
on projectile and breech (Plate 2) begins at once to oscillate about its mean value, 
reaching its first minimum when the projectile has travelled a distance of only two-t hirds 
of a calibre. We may remark that no support is lent to the theory which appears to be 
favoured by Charbonnier* of more or less violent impulses of pressure on tiie base 
of the projectile : the discontinuity is at most one of pressure gradient, w'hich becomes 
less and less as the motion proceeds. What would happen with gradual introchiction 
of gas from a burning propellant is more conjectural, but nevertheless it seems of interest 
to examine the consequences of the assumption that the limiting state of motion, contem- 
plated above, is developed almost at once, and maintained ever after. The consideral ions 
which we shall advance have no pretence to rigour, f 
It is usual to measure maximum pressures in guns by crusher gauges placed at or near 
the breech. Let P be the pressure at the breech, P(l— C72M) that at the base of the 
projectile at any time, powers of C'/M above the first being neglected. Compare the 
actual motion with that for a massless gas of the same thermodynamical properties, 
and a projectile of mass m. Then for identical motion of the two projectiles, with 
m/M = l-fC/SM, 

P _ 

P(1-C/2M) " M’ 

or p/p = 1— C/6M. In order to keep up the parallelism of motion we have to ensure 
that equal quantities of propellant are burnt in equal times. The rate of regression of 
the surface of colloidal propellants at different pressures has been measured by V1EI1.LK 
in a famous research.^ Mansell, who examined cordite M.D. by Vieillf.'s metluKl,^ 
found a rate of regression in a closed vessel approximately proportional to the pressure. 
If D and d are the diameters of cordite in the tw’o cases (or more generally mnnbers 
proportional to the linear dimensions of the grain), equal generation of gas corresponds 
approximately to the condition 

d _ p 
D “ P(l-C/4M)’ 

* P. Charbonnier, ‘ Traite de Baiistique Interieure,’ Paris, 0. Doin, p. 91. 

t See also F. Gossot and R. Liocville, loc. cit., pp. .50-5« ; vol. 17, pp. 61-66, 1914. 

I P. ViEiLLE, ‘ Memorial dea Poudres et SalpWres,’ vol. 6, j). 256, 1S93. 

§ J. H. Mansell, ‘ Phil. Trans.,’ A, vol. 207, p. 243, 190H. 
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VII. I'lie A<^rodiinnmics of a Spuming Shell. — Port IP 

By 11. H. Fowler ami C. N. II. Lock. 
CommuniccUed by H. W. Richmond, F.R.S. 


K«‘coive<l AiigUMt 17, 19;J1, — Hend February 9, 


§1. Introduction. 

In a previous paper* the authors, with others, have described observations of tlie 
angular oscillations of the axis of a 3-inch shell over the first 600 feet from the luuzzlc 
of the gun, and from an analysis of the observations have obtained information about 
the forces due to the air. In the experiments, shells were fired from two guns giving 
different degrees of axial spin to the shell. While the shells fired from the gmi giving 
the more rapid spin were all stable, most of the shells from the other gun were slightly 
unstable, this condition being shown by the nuu^h larger maximum yawf developed. 
These unstable rounds were not analysed in (A) as no suitable method of doing so had 
then been deviserl.ij; The analysis of these rounds, about one-third of the number 
fired, forms the subject of the present paper ; the results confirm those of (A) and 
provide some additional information. 

The information as to the force system t>btained from the stable rounds* was 
confined to yaws up to 7 degrees or perhaps 1 0 degrees ; by analysis of the unstabh* 
rounds this information is extended, though in a fragmentary manner, over the region 
up to 35 degrees of yaw. On the other hand, no information has been (h'rived from 
the observed damping of the unstable rounds. The observations are, in n'Hpect of 
the damping, clearly in qualitative agreement with the theory and results of (.A), but 
no method has been devised of making a quantitative analysis of the damping. 

The force system on a model shell was also determined at low velfK-ity in the wind 
channels of the National Physical Laboratory. The results are shown in fig. 2 of (A) 

♦ “The Aerodynamics of a Spinning Shell,” ‘Phil. Trans.,' A, vol. 221, p. 295 (1920). This papjT 
will be cited as (A). The experiments analysed here and in (A) were carried out for the Ordnance 
Committee, and the results are published with their sanction. 

f The “ yaw ” is the angle between the axis of the shell and the direction of motion of its centre of 

gravity. 

I As will appear later, the ordinary solution in elliptic functions of the equations of motion of a top 
is not adequate for this purpose in the case of large yaws. 
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and have been used in both papers for extending the results down to low velocities, 
as in figs. ] and 2, here. 

Shells of four different t 5 rpes, T.-IV. were used. Types I.-III. were of the same 
external shape (form A), with three different positicms of the centre of gravity. 
Type IV. was of a different external shape (form B). The details are given in (A).* 

The experimental data, which have already been discussed in (A), consist of the 
mass, principal moments of inertia, and position of the centre of gravity for each type 
of shell ; rough values of the forward velocity over the whole range of 600 feet from 
the muzzle of the gun ; the spin of the shell, deduced from the rifling of the bore ; the 
yaw and orientation of the shell’s axis at a number of points along the range, deduced 
from the shape and orientation of the holes punched by the shell in cardboard targets. 
These cards were set up at intervals of about 60 feet for all the unstable rounds, and 
it appears from figs. 12 of (A) and figs. 3 and 4 of this paper that they were close enough 
together for satisfactory curves to be drawn through the observed points representing 
the variation of the yaw and its azimuth (/> over the whole range. 


§ 2. The Equations of Motion. 

It is convenient to recapitulate the notation of (A). Suppose that OA denotes the 
direction t)f the axis, OP the direction of motion of the centre of gravity of the shell ; 
tlien AGP -- (f, and </, is the angle that the plane AOP makes with a fixed plane 
through OP. M (= M sin <^) is the couple in the plane AOP which tends to increase H, 
A, B and N are the principal moments ot inertia and the axial spin of the shell, and we 
write it ~ AN /B. Then the equations of motion will be taken in the formf 

K (I) 

( 2 ) 

where E and F are constants. The various assumptions underlying equations (1) 
and (2) are discussed in detail in (A). If n is constant the equations are, of course, 
of the same form as the ordinary integrals of energy and angular momentum for a 
spinning top, and the complete solution in elliptic functions is standard. 

When M is an arbitrary (odd) function of d the top sohition no longer applies, but 
a solution in elliptic functions is still possible if M has the form X sin 1 1 — Y (1— cos } , 
where X and Y are constants. This more general form allows the first two terms in 
the expansion of an arbitrary M to be catered for and can represent M adequately 

* hoc. cit., p. 316 and fig. 6. See also fig. 1, here. 

t (A), loc. cit., p. 334, equations 3.404, 3.405. For the underlying assumptions see (A) Part I., pp. 301 sqq., 
311 »qq. Thsse equations are, strictly speaking, not referred to fixed axes, but are approximate equations 
referred to axes changing direction with OP. Dashes denote difierentiations with respect to the time t. 


f sin* <5 + | cos S 
<p' sill’* + ii cos (5 = K, 
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over a wider range of values of A. By suitably adjusting X and Y, which dehiie the 
couple, and the initial conditions, a curve showing the variation of with the time 
mn be obtained which agrees closely with observations over a complete half-period, 
so that the above expression for M appears to be adequate up to values of tt of 36 degrees.* 
Our original approximation with Y — O fails in general when 10 degret‘8. The 
observed curves suffice to determine X and Y for each ro\ind, and as observatimis 
were taken for a number of different values of the muzzle velocity, M is determined 

by the experiments over a limited range, as a function of the two variables, r, the 

velocity of the shell, and tl. 

In solving the equations of motion it is convenient to express the couple by means 
of the non-dimensional coefficients s and q defined by the equation 

SI II A I,, j . n\| t *i\ 

= 1 1 — 4g«(l — cos »v)l (3) 

4.s‘ 

Tt will appear that the motion with permanently zero is stable or unstable 

according as s>l or s<l. For the rounds here analysed, s lies between 1'06 

and 0-83. 

In expressing the results in a standard form it is convenient to use a different 
non-dimensional coefficient /«, which is independent of the mass, moments of inertia, 
size and velocity of the shell, and depends only on the shape of the shell and the 
non-dimensional variables v/a and r?, where a is the velocity of sound. This is defined 
by the equationf 

M = /.(V sin {r/u, ^), (4) 

where p is the air-density, r the radius of the shell, and the quantities involved are 

expressed in consistent units. , 

According to (3), is practically constant so long as A < 7 degrees, and the value 
of /m (v/«, 0) is strictly comparable with similar values obtained in (A) by analysis 
of the stable rounds on the assumption that /« is independent of A. 

§ 3. Final Results of the Experiment. 

Fig. 1 shows curves of /*, {v/a, 0) as a function of v/a for the four types of shell 
corrected for the effect of the cards J. They are reproduc.ed without alteration from 
figs. 4 and 6 of (A) and represent the results for the stable rounds. § The values 
derived from the present analysis of the unstable rounds are plotted for comparison ; 

* When the yaw exceeds 30 degrees the fit is less satisfactory {e.g.. III., 11-13). 

t Loc. cit., p. 302, equation 1.103. 

f { 10 below. 

( The curve for type II. is oot actually given, but the data for drawing it can be found in (A) (fig. IS, 
p. 362). 


2 K|2 
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they show remarkably good agreement between the new results and the old. This 
confirms the substantial truth of the whole theory ; in particular, the agreement of 
the results for the two twists of rifling verifies that the couple M is unaffected by a 
change in axial spin in the ratio 3 to 4. 



Fig. 1. Values of the couple coefficient /m (i’/a, 0) and the normal force coefficient (r/a, 0) plotted 
against r/a, corrected for the effect of the cards. The full curves for for types I. -TV. are reproduced 
without alt(*ration from (A), The plotted points show the means of ob8(‘rvations here analysed for the 
first and second half-periods, and the numbers against them show the number of rounds contributing to 
each mean. The group marked *•* was analysed in (A) by a different method with identical results. The 
origin oif^ for ty})e IV. is displaced downwards 4 units. 

The full curve (V) for (shells of form A) represents the complete results of the experiment. The 
dotted curve reproduces the partial results of (A). 

Curve for 3-inch shells of form A with centre of gravity 4 -20 inches from the base. (Type III.) 

Curve II. — The same with centre of gravity 4*73 inches from the base. (Type I.) 

Curve III. — The same with centre of gravity 6 -08 inches from the base. (Type II.) 

Curve IV.— The same for form B with centre of gravity 4*965 inches from the base. (Type IV.) 

Curves of /m sin the complete moment coefficient, considered as a function of 
both variables vja and S corrected for the effect of the cards, are plotted against 
(5 in fig. 2. The information is somewhat fragmentary : in addition to wind channel 
results, values of /m, when 10 degrees, are available for shells of type I.-IIL for 
two velocities near v = a. For type IV. (pointed shells) values of fu for large S are 
wanting in this region, but exist for two high velocities, and one less than a. 




THE AEKODYNAMICS OP A SPINNING SHELL. 


‘JS 1 


Some general information can be deduced from these curves. At high veloi ities 
{v/a = 2'0) and large values of S the couple coefficient actually falls below its low 



Fig, 2. Curvefi of the complete couple coefficient /« sin o against for various values of vja 

(as shown against the curves). The curves stop at the greatest value of o for which observaiioiifi are 
available. 

The origins of all the curves except for type III. are displaced upwards and can be recovcr<‘d from tlic 
fact that all curves pass through their respective origins. The scale of is in degrees. 

velocity (wind channel) value (fig. 2) ; the curve of the couple cwfficient against yaw 
has here a large curvature downwards. It is, on the other hand, almost straight in 
the region of the velocity of sound. 
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We may notice also the peculiar behaviour of rounds III. (11-13), fig. 3,* in which 
the motion seems to become quite irregular from round to round after the first 
maximum yaw is attained. As these are the only rounds in whi(;h a yaw of 36 degrees 
or more is developed, it seems likely that some peculiar change in the type of the 
airflow occurs at or about this angle, analogous to the phenomenon of “ burbling.”f 
Rounds IV. (10-12) have the smallest velocity of any group fired; the agreement 
of /m for these rounds with wind channel results for the whole range of 1^, figs. 1 and 2, 
is very satisfactory. 

The new values of /», (/>/«, 0) can be used -to correct slightly the mean curves of / m, 
and from the modified curveS the value of /m, the coefficient of the force normal to 
the shell’s axis at small yaw, may be re-determined by the method used in (A), § 1 • 13. 
The re-determined curve for is shown in fig. 1. 1’lie values differ only slightly from 
the former values, and the main features of the ft, curve are fully confirmed. 

The final results of the complete experiment, stable and unstable rounds alike, 
corrected for the effect of the cards, have been combined together to give the final 
values of /j, (v/a, 0) for shells of types I. and IV. and ft, {v/a, 0) for type I. shown in 
Table I., which replaces the corresponding Table I. of (A). 

Table I. — Final values of /„ {vja, 0) and ft, {vja, 0) for shells of type I. and /m {vja, 0) 
for shells of type IV., embodyitig the results of the whole experiment. The effect of 
the cards has been corrected for as far as possible, and this table supersedes Table I. 
of (A). 


vja. 


Shells of type 1. 

i Type IV. 

1 

/n (»’/«. t >)' /n (»’/ a , 0 ). 

1 /m 0 ). 

Wind channel 

8*57 

3*34 

8-95 

0-7 

8*6 

3-35 

9-0 

0-8 

9-05 

4-0 

9-7 

0*9 

10*35 

5-2 

11-1 

10 

11-55 

5-25 

11*75 

M 

11-55 

4-7 

11-6 

1*2 

11-25 

3-9 

11-4 

1-3 

10*9 

3-7 

11-26 

1-4 

10-55 

3-85 

IM 

1-5 

10-3 

4-0 

11-0 

1*6 

10-05 

4-15 

10*95 

1-7 1 

9-85 

4-3 

10-9 

1*8 , 

9-65 

4-5 

10-8 

1*9 

9*4 

.™-. 

10-75 

2-0 

9-15 

— 

— 


* Also (A), p. 349, fig. 12 b. 

t This term is commonly applied to the sudden increase of turbulence behind an aerofoil at the critical 
angle. 
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§ 4. The Solution of the Equations of Motion. 

We shall now solve the equations of motion (1 ) and (2), assuming that M is of form (3). 
We take first the case of rosette motion, in which zero values of it can of'cur, so that we 
may assume the initial conditions 

= 0, .r = bit. 


Eliminating <j,' and writing sin = y v/e get 

4;//'*= if (5) 

The right-hand side is a cubic in y^ whose roots are such that it may be written in 
the form 

4y''-‘ (l/.^ < 1 < 1 Ar). . . . («) 

Formulae connecting* h, a and f with h, q and s may be obtained n)ost conveniently 
by putting if = \, f ~ t), and by differentiating vv'ith respect to y'^ and putting 
y* = 0. The resulting formulae are 

= \ (7) 

iqtflff- = b\ (b) 

iq {a\r-aVf-/r\n = -1/ \ ( 9 ) 


A solution of (6) is ctbtained by assuming, in the usual notation of Jacobian elliptic 
functions, 


Cll~ II 

1 -(f sn-' II ' 


( 10 ) 


where the constant g and the modulus k of the elliptic functions remain to be determined. 
If we solve (10) for cn* u and differentiate, we get 


leading to 


— sn II cn II dll n u' — 


( 1 -f/ ) t/l/' 

i'f-gVr' 


V = 








Comparing this with (6) we may write u' — ± Xil, \ (constant, and obtain 

r = <flg\ 

J-J _ ffjl-k' ) 

" i^-g' 


9 = 



* This a has, of course, no conneotion with the velocity of sound. 


(H) 

( 12 ) 

(13 
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Since ,v = 0 when t — d, we may write u = K— Xfii, where K is the complete 
elliptic integral of the first kind to modulus k. Treating Qt as independent variable, 
the final form of our solution contains four constants a, k and g, which must be 
completely determinable in terms of s, q and h, so that there must be an independent 
relation between a, X, k and g by which any one can be found when the other three 
are known. To determine them it would be necessary to solve (5), the original cubic 
in y^. To analyse the experiments, however, we have to solve the inverse problem 
of determining s, q arul h when a, X, k and g are known. In practice g is small so 
that, as a first apprcjxirnation, we may use the following simplified form of (10) : — 


jy = a cn (K— Xfi/;), (14) 

where a, k and x may be treated as independent. By fitting a curve of this type to 
the curve of observed values of y (sin against Qt, we can determine the constants 
a, X and k. It is at once clear that a — sin Ja, where a is the maximum yaw, but 
we shall continue to call this constant a for shortness. The value of g can then be 
obtained from the ideritical relation in terms of a, k, x, and the curve re-calculated by 
formula (10) if g is large enough to make it worth while to do so. After that the 
values of a, X and k could be re-adjusted and the process repeated. Theoretically, 
we could presumably arrive at the precise solution in this manner by a limiting 
process. Practically, in nearly every case, the first approximation with g = 0 is all 
that is required. 

The values of s, q and b are given by simple formulse in terms of a, X, k and g. Prom 
(8) and (9) we get 

l/.v-l = 


on substituting for q, and/* from (11)-(13), this reduces to 

l/.-l (IS) 

I i-g^ J 

where k = sin k.* In practice either a or cos k, or both, are small and g is of the same 
order as a ; the second term inside the bracket may then be neglected in determining s, 
in which case the value of g is not required. This, as we shall see, is really a consequence 
of the smallness of b, its mean value in practice being about O-OIS. For q write 
equation (7) in the form 

4«+j^=4y(A‘/'-V+/'). 


and substitute for q, A* and /* in the right-hand side, getting 


iq = 


\—a‘ 






sm K-f 


ooe** 


{a*-2g' 


1-fl^ 


(16) 


* This K will not be confused with the k pi (A), loc. cit,, p. 328 , which is the damping coefficient depending 

on the cross-wind force. 
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Finally equation (8) gives 




4\V coe=* «r 
1-P* ■ 


( 1 ".^ 


The equation for g is obtained by substituting for q, h* and/* in (7). which becromes 
4\*(l— a*)(rt*— i)f*) ja^'— gr*+ (l— a*)F} — rt*(l— p*) = (I : . . . (IH) 


this is a quadratic for whose solution may be written 

^ = (siia« = a), (19 

where 0 is given by 

cot 9 = cot* ^a-— (tan* i«)/4\ (20) 

The ambiguity is settled in practice by the fact that ^* must be small if equation (14) 
is to be taken as a first approximation to the solution. In practice, as we have said, 
h is small. Valuable information as to the nature of the solution is, therefore, obtainable 
by considering its limit as i -> 0. This gives us a guide as to the actual relative order 
of all terms. 

Let us suppose then that b -v 0, that s and q are definite constants, and let us assume 
that is of the same order as a, which by (19) and (20) must be the case unless x -► 0. 
Then equation (17) shows that X*a* cos* k/( 1— ^)-^0, and, therefore, in the limit, 


l/.s— 1 = — 4X* cos 2(f, 


( 21 ) 


Equation (21) shows that, if s 1, x 0 is impossible. Hence in all (iases (s yf 1) 
our assumption as to g is justified and a cos k 0. This also justifies our previous 
statement concerning (15). There are now two cases according as s < 1 or #> 1. 

Case (i ). — s < 1. We are supposing that « — 1 is fixed, so that as h -*• 0, s— 1 is large 
compared to h. To satisfy the signs of (21) we must have k > 45 degrees. This 
implies sin* k>\, so that (16) becomes in the limit 


4g- = 


1 —a' 


h + 


4X* sin* K 


a 


It follows that o ->• 0 is impossible, and therefore cos k ->■ 0, if -> 90 degrees, and a and X 
tend to definite non-zero limits. The limiting forms for 1 /«, q and ^ are easily found 


to be 

1/#,-! = 4X*, (22) 

4<? = — sec* Ifa 4X* coeec* (28) 

jir* = sin* Ja {l--(tan* j^)/4X*}, (24) 

VOL. OCXXII. — A. 2 L 
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in which we have replaced a by sin ^a. These fonnulse are good approximations in 
practice, when s is not too close to unity. The half-period QT* (= K/X) tends to 
infinity, but so slowly that no difficulty ocxjurs in practice. Since a, the maximum 
yaw, does not tend to zero with 6, the initial disturbance, we have here what may be 
called the unstai)le case. 

Case (ii). -.s*> 1. We now must have if <45 degrees and, therefore, as cos® #f>|, 
a-* 0 at the same rate as b ; this is the stable case in the usual sense. Equation (16) 
shows further that k-^O, and, therefore, by (16), X has a definite limit determined 

l_l/s = 4X* 

For given q equations (]6)-(20) determine the limiting ratios of 6 : sin Ja : it :g. 

The case in which s = 1 and 6 0 can be treated in a similar way. It is found that 

If 45 degrees and a and X both tend to zero like 

§ 5. Rounds mth a Non-Zero Minimum Yaw. 

We shall only consider cases in which the minimum yaw ft is small, and shall take 
as initial conditions 

^ = 0, sin S = /i,Q. 

The equations of motion become 

sin* iifci sin.^-f (cos / 8 — cos 5 ) = 0, (25) 

.r* + sin* ^ - 12*5,* + r ^ d cos 5 = 0 (26 ) 

jj3 a 

If we write = sin® sin® ^ft, vanishes initially and the equation for may be 


written 

4//i* = 12* {hi‘ (cos ft—yi^) —yi—lh sin ft 

-f(8in*i;S + )!/,*)(cos*^/3-y,*) [l/.s-4g'(8in*ii8 + ji,*)]}. . . . (27) 

We identify (27) with the equation 

4//? = 4gl2*(/i,*-H?/.*) (a.*-2/.*) (/*-^.=') (28) 

in which a,® = sin* |a— sin* JjS. Equations (10)-(13) retain their form, and (7)-(9) 
become 

{h\ sin ^/9 + cos \ftY = 4g (/i.,*-f cos*|^/8) [fi—co^^ft) cos* ^a, . . . (29) 

6* = (6i cos sin ^ftf — 4q (/ii*— sin* ^ft) (/i*+sin*^/8) sin* ^a, , . . (30) 


~/ii*+(l/«) cos jS— 1— 4^ sin*|^/S(2 co 8*^/8— 8in*'J|8) = iq{aif\—h\ai—h\fi). . (31) 

* T ifi the time interval between a aero or minimum and an adjacent maximum of the yaw. 
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The solution is 


or 


Vi 


cu’* u 

1 sn‘‘ u ’ 


(m = K— XQ/). 




(8irt’'^«— sin^^/8) c»“ ii 
1 —g' It 


(32) 


The values of s aiul q in terms of X, sin |a, k and g will differ from the values they 
had before by terras of the order sin® or h sin {fi which are negligible in practice 
compared to o,®. Hence the previous solution may be applied provided that (32) 
replaces (10) in calculations of the curve of sin ^<5 as a function of iU. For convenience 
in computing, (32) may be put in the form (neglecting p®) 


where 


sin = sin }ci cos x ^ sin ^/3 sin x ^ 
sin fi cos f) 


tan 0 = sin cot x/sin ^/3, cos x = ''<• 


(33) 


Formula (17) remains a valid approximation for 6® provided fc® is defined by (30). 


§ 6. .4 Discussion of the Probable Effects of Damping, and Other Factors Omitted in the 

Foregoing Solution. 

Up to this point we have assumed that the motion in yaw is exactly periodic with 
half-period iiT. This would be exactly true if the couple M were a function of only, 
OP a fixed straight line, and no other couples existed. In actual fact, M is a function 
of the forward velocity and therefore of the time ; OP changes direction under the 
influence of gravity and the cross-wind force, and other couples besides M act on the 
shell, depending on the angular velocity of the shell. All these factors (-ause j)rogiessive 
changes in the curve of yaw from period to period ; for the case of the stable rounds 
they have been discussed at length' in (A), where it is shown that they do not. a})preciahly 
affect the determination of M at any velocity for small values of A. In particular, 
the effect of gravity is almost entirely allowed for by using (as we do) the true yaw' 
and not the angle between the axis of the shell and some fixed straight line. As explained 
in (A)* the shape of the hole in the cards determines the true yaw and not the angle 
between the axis of the shell and the normal to the card. 

There is no reason to expect that any of these damping effects will be relatively 
more important for an unstable than for a stable shell, except for the change of M with 
the velocity. Although the change in velocity over a single period is always small, 
yet when s »s less than or nearly equal to unity a small change in M will cause a fairly 

* Lae. oit., p. 318, footnote. 

2 L 2 
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large change in the type of motion. This is shown clearly in fig. 3, round III. 16, 
where the decrease in amplitude and the change from an unstable to a stable type is 
quite marked, but still not sufficient to introduce any error in the determination of 
the couple for a single half-period. The effect is illustrated by the change in « in 
successive half-periods (Table III.), which is in general in the direction, and roughly of 
the amount, required by theory. 



Fig. 3. The observed and calculated motion in yaw, comjmred for selected rounds. The plotted 
points show the observed values of sin plotted against iU for rounds III. (11, 16) and IV. (8, 9). The 
continuous curves are the result of calculations described in detail in §§ 6, 8. Short vertical lines mark 
the positions of maxima and minima, and the origins of co-ordinates. The values of the constants used 
arc as follows ; — 

III. 11. (a) K == 80 degrees ; (h) k — 86 degrees, = 0 ; (c) k = 85 degrees, — 0*186. 

III. 16. (a) K == 80 degrees ; (6) k = 60 degrees, = 0 ; (c) 60 degrees, sin = 0*037 ; 

(d) K = 40 degrees, sin ss: 0*037 ; (e) k = 0, with third order contact with (a) at maximum. 

IV. 8. (a) K = 86 degrees ; (b) #c = 76 degrees, sin J/8 = 0*034. 

IV. 9. (a) s= 60 degrees ; (6, c) k = 70 degrees. 

It appears that a change in M with v cannot alter an initial rosette motion into one 
with non-zero minimum yaw. This alteration^ as in the stable case^ must be due to 
the other couples depending on the migular velocity of the axis, and to the sideways 
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motion of the centre of gravity, which function as damping forces as explained in (A).* 
No means of dealing with these effects theoretically has yet been devised for the case 
of large yaw ; the observed changes are clearly of the general type which one’s experience 
of the stable case would le^d one to predict. 


§ 7. The Motion in <j>. 

It is not difficult to write down u formal expression for the luolion in </.. If wc take 
equation (25) and substitute for sin from equation (32) we obfain after icducfion 

it , hil sill 1/3 


12 


4- 


^ I + COK A 
hil sill 


+ 


( 1 + cos A) if ’ 

IzOil! 


(3;t)' 


1 4 COK A 1 +COS A ( I — //■) siii^^jS 811^ n 4-.siir’ In ci|- n 


where h is defined by (30). Now even when a is as big as 30 degrees there is still only 
a maximum difference of 7 per cent, between 1 -fcos A and 2, and this niaximuni is 
only effective for a short part of each j)eriod. Hence, for almost all juirposcs, wc arc 
still justified in replacing 1-1 cos A by 2t. In order to integrate this equation wc Jioticc 
that \iidt — —da and that 2 = 0 or « — K corresponds to the minimum. Thus, 




h sin r*' (l — (iif ii) ri II 

2\ J» ( 1 — (5r“) sin'* J/f sn'' // 4-8in“ in cir' // 


(34) 


This equation contains an elliptic integral of the third kind which can la* evaluated 
in P-functions. We have not, however, made this evaluation or calculated any actual 
^-curves from (34) mainly because it does not appear that any further information us 
to the forces acting on the shell would be obtained thereby. We shall content ourselves 
in this paper with a statement of sufficient theoretical results to show that tlie observed 
^-curves are qualitatively of the form to be expected from (34). A more depiiled 
discussion of these curves, however, would, we think, be of some interest. 

It is convenient to treat the motion by using the variable -- -lilt. 

When fi is zero, will be constant and equal to ^12 to our present approximation ; 
with y and t/r as polar co-ordinates the motion then consists of an o.Hcillution in a straight 
line through the origin, for \[/ = 0. In the general case we may eliminate dl between 
equations (33)' and (28), and on substituting for h from (30) obtain an equation for 
dyjdx/r in the form:|: 




1-77-4-rT-)- • (35) 

y 1*4 Kin* 1 / 4 / ^ 


If we assume that V large compared to sin* ^a, the last two brackets 


^ In particular see p. 313. 

t It is easy to estimate the precise effect of this approximation in the simple case of the rosette motion. 
The error caused is always very small. 
i In deducing (35) we replace l+coe^ by % 
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in (36) are effectively unity, and the equation reduces to that of an ellipse in polar 
co-ordinates with axes sin ^a, sin This tends to a straight line as the limiting 
form when 

The same (simplified) relation between A and >/«■ was obtained in (A)* for the case 
of small yaw only. The elliptic motion may be calculated most easily by recognising 
that \fr is the auxiliary angle 6 of equation (33) so that 

= f/>,| + iii/ 4 0. 

The conditions under which this approximation is valid may be seen by reference to 
etjuations (11) and (12) which are satisfied by fi'‘, and a,®. We notice that /,* is 
never small compared to unity and tends to infinity as q, and therefore g tends to zero ; 
while V may be comparable with unless k is small. Thus the approximation is 
really only valid for .s > 1, in which case it api)lie8 even if fi is not small compared 
to ft. Finally, if 1- A:® is small, equation (12) shows that will be small compared 
to Of, and the third bracket in (36) will be more important than the second near a 
minimum of y ; this indicates that the shape of the {y, yjf) curve there approximates 
to an ]iy})erbola instead of to an elongated ellipse ; the curve may also no longer be 
re-entrant, the total change of in one period differing from ±t. 

Examples of all these results may be seeh in fig. 4, in whkjh the observations for 
three different rounds are plotted with {y, t/r) as polar co-ordinates. For round 1. (6), 
for which is small and the shell just stable, we find the expected elongated ellipse-like 
curve, with a slowly-developing minor axis caused by the damping factors. In III. (16) 
K = 80 degrees for the first half-period, diminishing to 40 degrees for the third ; a 
considerable minimum yaw developes and the curve is less like an ellipse, though the 
maxima are still nearly 180 degrees apart. Finally, in IV. (8) k — 85 degrees, falling 
to 75 degrees, and the shape of the curve near the minimum clearly resembles an 
hyperbola ; we may guess then the angle between the two maxima is somewhere about 
100 degrees instead of 180 degrees. 

Lastly, a word must be said about the observational determination of 12, which is, 
of course, theoretically determined by the muzzle velocity, twist of rifling and moments 
of inertia of the shell. In all cases the slope of the 0-curve over the first half-period, 
or rather more, is uniform and w^ell determined. Since appears to be really very 
small initially one may expect from theor}^ the slope of this part of the curve to be 
^12 whatever the value of k. The agreement between this observed slope and the 
calculated value of 12 is satisfactory. 

§ 8. The Method of Analysis. 

The method of analysis of the sin J^-curves will now be explained with reference 
to fig. 3. After the observed values of sin have been plotted against {U, the values 


* Loc. oU., p. 346, eqaation 4.06. 
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of iK corresponding to the ends of half -periods can be determined from the symmetry 
of the curve, with the exception of the start of the first half-period. This must, of 
course, be near the muzzle, but need not be actually at the muzzle, and its precise 




0 1 2 3 4 S G 7 

Scute oj cntM 

Fig. 4. Curves showing the observed angular motion of the axis with (sin ^ ) as polar 

co-ordinates (\f ^ c/i— </*(,— J lit). The circles show the observed points and the curves are 
drawn freehand through them. « 

For I. (5) 1 cm. represents 0-01 in sin 

For III. (16) and IV. (8) 1 cm. represents ()‘02 in sin 

position must be guessed. The values of sin can be obtained from a rough curve 
drawn freehand through the observations. Each half-period is then analysed separately 
and the only additional constant (when fi—0) required for computing a curve, by 
the approximate formula 

sin = sin cn (K— XSiL k), 

is the value of k or sin k. This may be approximated to with the help of the following 
artifice. Draw by eye a cosine curve (fig. 3, III. 16, first half-period) to have third 
order contact with the observed 8injf?-curve at the maximum and to cut the axis 
at T. Then the ratio of NT to the half-period NP must be »/2K. For all curves of 
the form y = A cn for difierent values of k, have third-order contact at the 

maximum ordinate, and a cosine curve is the limiting case, in which K = A first 

estimate of k can usually be made by this method to the nearest 5 degrees, when 
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> 45 degrees. If necessary, similar curves are drawn for other values of k (rounds 
III. 11, III. 1C) and the true values of k, sin and iiT (the length of the half-period) 
finally settled by interpolation. 

If required a curve can be calculated by the exact formula (10) after g has been 
determined by (19), but the change of shape is negligible unless sin |a and, therefore, g 
is very large. An example of the effect of including g is shown in fig. 3 for III. (11), 
but round III. (11) and its companions are the only ones in which g had any sensible 
effect. Rounds IV. (8 and 9) illustrate the effect of a considerable alteration in h 
(representing the initial disturbance) in causing, when « < 1, a considerable change in 
period but only a small change in amplitude. The fit obtained between calculated 
and observed curves is generally good. The selected curves in fig. 3 are a fair sample 
of the whole. 

When the minimum yaw ^ is not zero the curve is first calculated as above, as if 
j3 =; 0, and then corrected by (33), using the observed value of j8, which is obtained 
like a from a rough (!urve. An example of such curves will be found in fig. 3 for the 
second half-period of IV. (8) and the second and third half-periods of 111. (16). After 
the ft correcti(»n has been put on, the value of k may require readjustment to obtain 
the proper fit. 

The values of k, sin and ilT so determined are given for each half-period of each 
round in Table II., together with sin ^ft and X obtained from the equation x = K/12T. 
We then obtain s, q and h from equations (16)-(17).* From the values of s and q and 
the other observational data we can calculate /m sin (5 as a function of vja and ^ from 
formulae (3) and (4). The results are shown in figs. 1 and 2, and Tables I. and III., 
and have already been discussed. 

The damping effects appear in the variation of the various constants from one 
half-period to another. In general, s increases approximately at the rate required by 
theory, i.e.. inversely as the square of the velocity at the middle point of the half- 
period, f 

* When K is much less than 46 degrees the method breaks down, as « cannot be determined satisfactorily 
from the observational curves. The method explained in (A), p. 343, could then be employed. This is 
equivalent to assuming q ~ 0 and using formula (16) to determine k given sin Ja and X. Under these 
conditions sin J a is so small that the value of q does not appreciably affect either the value of s or the shape 
of the curve of against S. 

t Theoretically, » should increase while q should remain roughly constant. But sin Ja is common to 
the first and second half-period, while X is determined mainly by the shape of the curve near the maximum. 
Hence, in general, k alone varies between the first and second half-periods. It appears that the result of 
varying k only in formula) (16, 16) is to produce a fictitious decrease in q while the increase of s is di m inished 
as may be seen in Table II. For this reason mean values for the whole period are used in constructing 
figs. 1 and 2. 



THK AKBOl)YNAMI€S OF A SPINNINO SHELL. 


243 


Table II. — Greneral Table of Results. 


Column 1. 
„ 2 . 
,, 3. 

» 4 . 

» 6 . 
»> 

„ 7. 

„ 8 . 


Number of round and number of half-period for the round (in brackets). 
Mu 2 zle velocity, f.s., for round or mean for group. 

Air density p, lb./(ft.)\ and temperature,® F. 

Q (= AN/B), radians/sec. 

liT, radians, where T is the observed duration (sec.) of each half -period. 
Observed values of sin Ja, where a is the maximum yaw. 

Observed values of sin where /3 is the minimum yaw. 

Values of k, degrees, where ^ (= sin k) is the modulus of the elliptic 
function which fits the observations. 


9. Values of \(= K/yT), where K is the complete elliptic integral of the 
first kind for the value of a in (8). 



2 M 


voi,. ccxxii. — A. 
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Table II. (continued). 


1 

: 1 

2 

3 

1 

4 

5 

<) 

7 

8 

9 

1 

;II. 14 (1) 

1334 

0-0812 

98-6 

18-4 

0-135 


1 

60 

0-119 

(2) 


40° 


19-8 

0-135 

0-014 

66 

0-105 

11. 15\(1) 




16*(i 

0122 


48 

0-117 

* 16/(2) 




15 ‘9 

()-r22 

0-012 

36 

0-111 

III. 11(1) 

1077 

0-0807 

99-0 

.34-0 

0-332 



84 

0-107 

111.12(1) 


42° 


.32-0 

0-290 

— 

85 

0-120 

111.13(1) 




28-4 

0-.301 

" 

85 

0-135 

111.14(1) 

1312 

0-0812 

120-4 

' 

22-0 

0-204 


78 

0-136 

(2) 


40° 


17-2 

0-204 


70 

0-146 

111.16(1) 




i8*0 

0-207 

— 

75 

0-164 

(2) 




14-5 

0-207 

0-053 

56 

0-141 

(3) 




13-9 

0-187 

0-053 

55 

0-147 

111.16(1) 




21-8 

0-204 

— 

80 

0-146 

(2) 




15-6 

0-204 

0-037 

60 

0-138 

(31 




17-0 

0-179 

0-037 

40 

0-105 

1 

IV. 10(1) 

884 

0-0807 

62-5 

1 

16-5 

0-233 


70 1 

0-162 

(2) 


42° 


13-3 

0-233 


50 

0-146 

IV..11 (1) 




' 21-0 

0-226 

~ 

78 

0-142 

(2) 




16-0 

0-225 


50 

0-129 

IV. 12(1) 




20-0 

0-207 


77 i 

0-146 

(2) 

% 



[ 

14-5 

0-207 

1 


62 

0-163 

1 

llV.7 (1) 

1553 

0-0779 

109-7 

HI 

■ 


83 

! 0-226 

IIV.8 (1) 


47° 


mSm 

WBm 

— 

86 i 

0-213 

1 (2) 




H^l 

BiiH 

0-034 

75 1 

0-213 

i IV. 9 (1) 



i 

1 

1 

i 

m 

m 

“ 

70 1 

0-218 

IV. 1 (1) 

! 

2130 

0-0782 

160-6 

12-6 

0-160 


66 

0-187 

(2) 


45° 


12*9 

0-160 

0-018 

66 

0-179 

IV. 2 (1) 




18-0 

0-167 

— 

82 

0-187 

(2) 




14-2 

0-157 

0-013 

70 

0-176 

|IV.3 (1) 




17-0 

0-160 

— 

80 

0-186 

1 (2) 




14-8 

0-160 

— 

76 

0-187 

:iV.5 (1) 




16-6 

0-160 

— 

74 

0-176 

(2) 




13-9 

0-160 

0-016 

i 

70 

0-180 


* II. (16 and 16) are practically indistinguishable. These values refer to their mean. 
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Table III. — Mean values, for each group, of s, q and r ; the corresponding values of 
'Pja and {•'/a, 0) ; and the percentage spread in s. Each half-period is treated 
separately in each group. 


Group . 

$. 

Percentage 
spread 
in 8 , 

y- 

V. 

t' 

/(f. 



I. 8 10 

(1) 

0-896 

0-8 

0-213 

i(m:i 

0-965 

11-80 

I. 9 

(2) 

0-932 

— 

0-084 

1053 

0-9.66 

11-56 

1. 17, 18 

(1) 

0-892 

4-3 

0-678 

1297 

1-181 

11-61 

1. 17, 18 

(2) 

0-908 

5-5 

0-.697 

1264 

1 - 150 

12-01 

I. 5-7 

(1) 

1-000 

l>-3 

0-398 

1560 

1-413 

10-56 

1. 5-7 

(2) 

1 -007 

.6-6 

0-507 

1517 

1 - .375 

11-08 

1. 5 

(3) 

1-060 


— 

1494 

1-354 

10-86 

II. 11-13 

(1) 

0-977 

3-1 

0-068 

1094 

0-994 

10-34 

IL n-13 

(2) 

1-014 

5-5 

-0-04 

1075 

0-977 

io-;m) 

II. 14-16 

(1) 

0-987 

2-1 

0-284 

1315 

1-198 

10-20 

11. 14-16 

(2) 

1-006 

3-2 

0-066 

1286 

1-171 

10-47 

III. 11-13 

(1) 

0-946 

2-6 

-0119 

1063 

i 0-966 

: 13-08 1 

III. 14^16 

(1) 

0-931 1 

1-8 

0-203 

1296 

1-180 j 

13-10 i 

III. 14-16 

(2) 

0-959 

3-6 

0-118 , 

1263 

J-150 ! 

13-43 1 

III. 16, 16 

(3) 

0-990 

3-7 


1239 

1-128 

13-62 1 

IV. 10-12 

(1) 

0-934 

0-3 ! 

0-146 1 

877 , 

0-797 

10-00 

IV. 10-12 

(2) 

0-976 1 

3-8 i 

0-033 1 

866 1 

0-787 

9-79 

IV. 7-9 

(1) 

0-852 

4-5 

0-793 1 

1532 

1-385 

11-40 

IV. 8 

(2) 

0-864 i 

1 

0-820 

1488 

1-345 

11-93 

IV. 1-3, D 

(1) 

0-897 

3-5 ! 

0-987 

2102 

1 -905 

10-80 

IV. 1-3, 5 

(2) 

0-907 

i 

3-5 i 

! i 

0-885 

2052 

1-860 

11-20 


The values of /„ here piveii are nol. corrected for the effect of the cards. 


§ 9. The Values of b. 

The value of h represents the initial angular velocity of the axis of the shell, for at the 
beginning of the first half-period rosette motion may be assumed and — bn. The 
values of b for each round are given in Table IV. 


Table IV. — Values of fe ( = where (f„ is the initial angular velocity of the axis 

of the shell. 


Group, I 


Values of b. 


Mean. 

I. 8-10 

0-018 

0-011 

0-023 1 

0-017 

1. 17, 18 

0-017 

0-022 


0-019 

1.6-7 1 

0 021 

0-023 

0 009 

0-018 

II. 11-13 

0020 

0-017 

0014 

0-017 

II. 14-16 i 

0-016 

0-018 

0-018 j 

0-017 


2 


Group, i 


Values of b. 


Mean. 

III. 11-13 

0-007 

0-006 

0-007 1 

0*007 

III. 14-16 

0-011 

0-016 

0-011 1 

0-018 

IV. 10-12 

0-024 

0-013 

0-013 

0-017 

IV. 7-9 ! 

0-012 

0-007 

' 0-032 

0-017 

IV. 1-3, 6 ; 

0-024 

0-015 

0-008 

0-010 

0-014 

1 


2 
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They represent the size of the initial disturbance which upsets the nose-on motion, 
and vary irregularly in any one group, as might be expected. Their general size, 
however, is reniurkably consistent from group to group. The corresponding values 
for the stable rounds and rough values for some of the rounds here analysed have been 
discmssed by us in a previous paper.* The further results here given confirm the state- 
ments of that paper ; the mean value of b for any group is practi(;ally constant some- 
where between O'Ol and 0-02 for all groups fired. 


§ 10. Allowance for the Effect of CarJ^s. 

In obtaining figs. 1 and 2 and Table I., but not in other cases, a small correction 
has been made to the value of the couple to allow for the impulsive action on the shell 
when it strikes a card. The amount of this correction was calculated from a few special 
rounds fired with cards on the far screens only. The following argument indicates 
that the effect should be roughly proportional to the couple due to the air and 
independent of other factors except the number of cards and the muzzle velocity. 
The effect of each (^ard may be considered as an impulsive force whose moment about 
the centre of gravity is roughly proportional to sin d If the cards are (as they were) 
uniforml}' distributed in space and- therefore in time, there will be a total impulse per 
second which is proportional to sin and if the cards are not too far apart this is 
equivalent to a steady couple roughly proportional to the couple due to the air. The 
correction worked out in the case of the stable rounds at from 3 per cent, to 4 per cent, 
depending on the muzzle velocity. In view of the preceding argument the same 
corrections are applied here. 


§ 11. Concluding Remarks, 

In view of possible future experiments it is of interest to compare the merits of the 
stable and unstable rounds for the purpose of this analysis. A large proportion of 
the rounds analysed in (A) had a stability coefficient s of about 1 • 8. The advantages 
of this are that the theory of the motion is practically complete, and in addition to 
the values of fy^ as a function of via rough values of the damping factors were obtained, 
which could be greatly improved if a longer range were available. The maximum 
yaw, however, is small, so that small errors in the determination of the yaw are 
important, while the periods are short so that, unless the cards are close together, it is 
difficult to draw curves through the observation points with sufficient certainty to 
determine the periods accurately. 

For the unstable rounds here analysed the theory is imperfect as regards the 
determination of damping. But a small change in the value of the couple M will 


* ‘Proc. Camb. Phil. Soc.,’ voL XX, p. 311, 1921. 
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make a large change in the ty'pe of motion, so that the method is now a very sensitive 
one for determining the couple, and no great accuracy of observation is required. 
The yaw developed is also much larger, so that values of the couple are determined 
over a larger range of yaws. 

From the point of view of geneial aerodynamical theory the results form a preliminary 
contribution to the problem of determining the force .system impressed by the air on a 
body moving unsymmetrically through a fluid at velocities at which the compressibility 
of the fluid produces marked effects. 
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1. Optical Rotatory Power op Tartaric Acid and the Tartrates. 

The optical rotatory power of tartaric acid was discovered in 1832 by Biot (‘ M6m. 
Acad. Sci.,’ Paris, 1835, vol. 13, Table G, p. 168 ; paper read November 5, 1832), who 
devoted one of his longest memoirs (‘ Mem. Acad. Sci.,’ 1838, vol. 16, pp. 93-279 ; paper 
read January 11 , 1836) to a detailed account of its properties when mixed with water, 
with alcohol and with wood-spirit. 

Biot found that tartaric acid, when “ dissolved in different fluid media, exercises on 
the planes of polarisation of light a special power, which distinguishes it from all the 
other substances hitherto studied.” These had agreed with quartz in obeying, at least 
approximately, Biot’s Law, according to which “ the rotation of the different simple 
rays is reciprocal to the square of their wave-lengths ” (‘ M6m. Acad. Sci.,’ 1817, vol. 2, 
pp. 49, 57 and 135 ; paper read September 22, 1818). This agreement had been verified 
in the case of turpentine, alone and mixed with ether, and of cane-sugar dissolved in 
water (i.) by comparing the tints with those produced by equivalent plates of quartz, 
and (ii.) by eliminating the effects of rotatory polarisation with the help of a quartz 
VOL. OCXXII. — A 601. 2 N [Publiihed April II, IBM 
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plate of opposite sign acting as a compensator (‘ Mem. Acad. Sci.,’ 1817, vol. 2, 
pp. 103-1 14). When tartaric acid was compared with quartz, however, no such parallelism 
was observed, the rotations for the chief colours being as follows : — 



Red. 

Orange. 

Yellow. 

Green. 

Blue. 

Indigo. 

Violet. 

Quartz 

0 

18 -99 

o 

21-40 

o 

23-99 

o 

27-86 

o 

32-31 

o 

36-13 

o 

40-88 

Tartaric acid . . . 

1 

38-7 

1 

40*29 

i 

42-61 

46-11 

44-40 

42-9 

39-38 


(‘ Mem. Acad. Sci.,’ 1838, vol. 15, p. 236). Similar phenomena were observed when 
tartaric acid was dissolved in alcohol {ilnd., p. 245) ; but Biot found that “ when it 
combines with basic substances in the same media, it loses its special action and imprints 
on the products the properties common to aU other bodies endowed with rotatory 
power ” (‘ Mem. Acad. Sci.,’ 1838, vol. 16, p. 229 ; paper read November 27, 1837). 

Biot’s experiments on tartaric acid and the tartrates covered so wide a range that 
the whole of the work described in the present paper may be regarded as a logical exten- 
sion of his investigations, aided on the physical side by modern optical theories and 
by modern apparatus, and on the chemical side by structural formulae and by stereo- 
chemical notions which were only struggling for recognition even in the closing years of 
Biot’s life. The contributions which he made to the fundamental problem of deter- 
mining the form of the curves of rotatory dispersion are discussed below in a separate 
paragraph, but reference may be made here to a few of the many topics covered by his 
investigations. 

(a) Influence of Water on the Rotary Power of Tartaric Add. 

Biot discovered that “ in aqueous solutions of tartaric acid at a given temperature, 
the rotatory power of the acid calculated for each simple ray is always of the form 
A + Be, where e represents the proportion by weight of water in the solution ” (‘ Mem. 
Acad. Sci.,’ 1838, vol. 15, p. 216 ; compare dnd., p. 207), the specific rotation being 
therefore a linear function of the concentration. This linear law was first described in 
a sealed communication deposited in the Archives of the Academy on August 25, 1834, 
and opened on December 7, 1835. A note added on the latter date (‘ Comptes Rendus,’ 
1836, vol. 1, p. 469) stated that the law was an approximation which did not apply to 
dilute solutions. Biot made use of the linear law to construct a diagram (‘ M^m. Acad. 
Sci.,’ 1838, vol. 16, fig. 4, facing p. 662), in which the rotatory power for light of different 
colours is shown as a series of straight lines inclined at different angles to the axis of 
concentration. This diagram shows a marked similarity to the “ characteristic diagram ” 
constructed 76 years later by Armstrong and Walker (‘ Roy. Soc. Proc.,’ 1918, series 
A, vol. 88, pp. 388-403), the chief difference being that the rotations for green light are 



ON OPTICAL ROTATORY DISPERSION. 


25l 


represented by a line inclined at an arbitrary angle, instead of at 46 degrees, to the 
horizontal axis ; the anomalous dispersion in concentrated solutions is shown by the 
intersection of the lines showing the rotatory power of the acid for light of different 
colours, and the removal of some of the more obvious anomalies on diluting the solutions 
is shown by the gradual separation of the lines until they follow the normal sequence 
of the primary colours of the visible spectrum. 


( 6 ) Rotaiory Power of Amorphous Tartaric Add. 

Our own investigations (pp. 266 to 271) have shown that Biot’s linear law is only 
an approximation, and that an equation with five arbitrary constants would probably 
be required to express completely the relationship between rotatory power and concen- 
tration. With the help of his diagram and formula, Biot was, however, able to calculate 
by extrapolation the rotatory power of pure anhydrous tartaric acid at different tem- 
peratures and for light of different colours. In particular, he concluded that the rotatory 
power A of the anhydrous acid for the red light transmitted through glass coloured by 
cuprous oxide would change sign at 23° C., being positive above this temperature and 
negative below it (‘ Mem. Acad. Sci.,’ 1838, vol. 16, p. 269). This prediction was verified 
dramatically some years later when Laurent in 1849 discovered a method by which 
moistened tartaric acid could be fused and cooled to a transparent glass in thicknesses up 
to 76 mm. (‘ Ann. Chim. Phys.,’ 1860, vol. 28, p. 353). Biot then found that the hot, 
pasty acid produced a strong dextrorotation, which became negative on cooling. A 
70 mm. column of the acid at 3*6° C. gave a,,,, = —3*28°, when [a]„d = — 2'787°, 
agreeing very closely with the value [aj^^ = —2*762° calculated by extrapolation 
from the rotatory power of concentrated aqueous solutions of the acid (i&td., p. 366). 


(c) Rotatory Power of the Tartrates. 

Whilst his first long memoir on tartaric acid (“ M4thodes math^matiques et exp6ri- 
mentales, pour discerner les Melanges et les Combinaisons, d^finies ou non d6finies, qui 
agissent sur la Lumiere Polarisee *, suivies d’applications aux combinaisons de I’acide 
tartrique avec I’eau, Talcool, et I’esprit de bois,” ‘ Mem. Acad. Sci.,’ 1838, vol. 16, 
pp. 93-279) dealt with solutions of the acid in water, alcohol, and wood spirit, his second 
memoir (“ M^moire sur plusieurs Points Fondamentaux de M6canique Chimique ” ; 
‘ Mem. Acad. Sci.,’ 1838, vol. 16, pp. 229-396) described the changes which are produced 
in the rotatory power of tartaric acid by adding other acids (sulphuric, hydrochloric and 
citric, he. cU., 271-304), alkalis (potash, soda and ammonia, loc. dt., 307-377) and earths 
(alumina and beryllia, loc, cit., 377-386). The action of alkalis was of special interest in 
that the tartrates derived from them showed none of the anomalies of the acid, their 
rotatory dispersion conforming approximately to the law of inverse squares and agreeing 
generally with that of quartz. Our own measurements have shown that this conclusion 

2 N 2 
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is broadly correct, since aqueous solutions of sodium tartrate show a closer approxima- 
tion to the requirements of Biot’s Law than in the case of any other substance that we 
have yet investigated ; the agreement is, however, even here not exact, and the complex 
character of the rotatory dispersion of the acid is shown, although in a much less striking 
way, in the salts derived from it. 

(d) Influence of Boric Add. 

Of wider general interest is Biot’s discovery of the remarkable exaltation of rotatory 
power which is produced by the addition of boric acid to tartaric acid. The properties 
of the boro-tartaric solutions were first described in outline in his sealed note to the 
Academy (‘ Comptes Rendus,’ 1836 , vol. 1 , p. 468 , compare ‘ M6m. Acad. Sci.,’ 1838 , 
vol. 16 , p. 271 ), but a detailed description was given ten years later as part of a long 
memoir “ On the employment of polarised light to study various questions of chemical 
mechanics ” (‘ Ann. Chim. Phys.,’ 1844 , vol. 11 , pp. 82-112 ; see also ‘ Ann. Chim. 
Phys.,’ 1860 , vol. 69 , pp. 229 - 266 ). It is characteristic of the thoroughness with which 
Biot worked, that he extended his observations to include not only aqueous solutions, but 
also glassy amorphous mixtures of the two anhydrous acids (‘ Ann. Chim. Phys.,’ 1860 , 
vol. 28 , p. 368 ). The exaltation of rotatory power which Biot observed on the addition 
of boric to tartaric acid appears in many other substances which resemble tartaric acid 
in containing two hydroxyl-gi*oups attached to adjacent carbon-atoms. It is generally 
accompanied by an increase of electrical conductivity, and in recent years has been 
made the basis of a general method of determining the configuration of hydroxylic- 
compounds of the sugar group (see especially Magnanini, ‘ Zeitschr. physikal. Chem.,’ 
1890 , vol. 6 , p. 67 ; ‘ Berichte Deut. Chem. Ges.,’ 1891 , vol. 24 ref., p. 894 ; Boeseken 
‘ Berichte,’ 1913 , vol. 46 , p. 2612 ; Irvine, ‘ Trans. Chem. Soc.,’ 1914 , vol. 106 , p. 898 ; 
1916 , vol. 107 , pp. 1221 and 1230 ). 

Later workers, whilst confirming the accuracy of his general conclusions, have added 
many details to the broad outlines of Biot’s work. Thus Arndtsen (‘ Ann. Chim. 
Phys.,’ 1868 , vol. 64 , p. 411 ), during a summer spent in Paris, showed that Biot’s 
maximum in the green disappeared at the violet end of the spectrum at concentrations 
below 20 per cent, of tartaric acid ; Krecke (‘ Archives Neerlandaises,’ 1872 , vol. 7 , 
p. 107 ) showed that even in a 60 per cent, solution the maximum vanished at the violet 
end of the spectrum when the temperature was raised to 60 ® C. ; and Wendell 
(‘ Wiedemann’s Ann. Phys. Chem., ' 1898 , vol. 66 , pp. 1149 - 1161 ) confirmed the observa- 
tions of Arndtsen and of Kreoke as to the displacement of the maximum towards 
the violet by dilution and by heating, and the increase of rotatory power which accom- 
panies these changes. Lepesohkin (‘ Berichte Deut. Chem. Ges.,’ 1899 , vol. 32 , pp. 
1180 - 1184 ), working in the opposite direction, observed in a supersaturated solution at 
20® C. a negative rotatory power, analogous with that which had been recorded by 
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Biot for the anhydrous acid, and by Arndtsen (‘ Ann. Chim. Phys.,’ 1868, vol. 64, 
p. 416) for very strong alcoholic solutions ; this negative rotation for dark-blue light 
became positive for light of longer wave-lengths, reaching a maximum dextrorotation 
in the yellow region of the spectrum. Winther (‘ Zeitschr. physikal. Chem.,’ 1902, 
vol. 41, pp. 181-189), who made a detailed study of the effects of temperature and 
concentration on the rotatory power of the acid in aqueous and in alcoholic solutions, 
extrapolated to 100 per cent, tartaric acid, and concluded that the maximum might 
be displaced still further, disappearing at the red end of the spectrum when the tem- 
perature of the anhydrous acid fell below 20° C. This conclusion was not confirmed 
by Bruhat (‘ Trans. Faraday Soc.,’ 1914, vol. 10, p. 89), whose extrapolation gave a 
maximum between the yellow and the red, whilst his observations of the glassy acid at 
16° C. indicated that a maximum could still be seen in the red region of the spectrum. 

New ground has been broken in the detailed investigation by Winther and by 
Patterson of the tartaric esters which show similar anomalies to those which Biot 
had discovered in tartaric acid.* Very noteworthy also is the achievement of Brithat 
{loc. dt.), who by means of special apparatus succeeded in measuring the rotatorj’ power 
of fused and superfused tartaric acid for several wave-lengths at temperatures from 
1 80° to 1 6° C., thereby bringing the acid into line with its esters as they had been investi- 
gated 12 years earlier by Winther. The investigation of tartar emetic and of the 
related compounds of arsenic and bismuth has also given interesting results, which 
are described in detail below (pp. 284 and 285). 

2. Rotatory Dispersion in Quartz and in Tartaric Acid. 

Biot’s measurements of the optical rotatory power of tartaric acid indicated the 
existence of two types of rotatory dispersion, which may be described provisionafly as 
the “ quartz type ” and the “ tartaric acid type.” Since these correspond to some 
extent with the later classification of rotatory dispersion as normal and anomalous, or 
as simple and complex, it will be desirable to set out the essential features of these 
various methods of classification. 

(a) Biot’s Tm Types. 

Biot divided optically active substances into two groups according as they obeyed 
the law of inverse squares, a = jfc/x*, or showed large deviations from this law. The 
maximum in the optical rotatory power of tartaric acid, which he observed in the green 
region of the spectrum, was merely an incidental feature in the exceptional behaviour 
of the acid, and did not receive any of the emphasis which has since been placed upon 

* For a study of the form of the dispertion-ourves for ethyl and methyl tartrates see Lowkt and Dioxson, 

‘ Trans. Chem. Soc.,’ 1915, vol. 107, pp. 1175-1187 ; Lowbt and Abram, ibid., pp. 1187-1195. 
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it.* On the other hand, the extreme sensitiveness of the rotatory power of tartaric 
acid to changes of temperature, concentration and solvent was regarded by Biot as 
one of the chief anomalies in the behaviour of this exceptional substance. Biot had 
laid stress on the fact that the optical rotatory powerf of a substance was usually inde- 
pendent of the conditions under which it was observed ; thus the rotatory power of 
turpentine was not affected by diluting it with other essential oils (‘ M6m. Acad. Sci.,’ 
1817 , vol. 2 , p. 116 ), or with ether p. 116 ), and it even retained its optical activity 
when examined as a vapour in a column 30 metres in length {ibid., pp. 126 - 133 , 
compare Gernez, ‘ Ann. de I’Ecole Norm.,’ vol. 1, p. 1) ; cane sugar, too, showed a 
very similar rotatory power when examined in the amorphous solid state as “ barley 
sugar ” and when this same product was dissolved in water (‘ Mem. Acad. Sci.,’ 1836 , 
vol. 13 , pp. 126 - 132 ). The marked influence on the rotatory power of tartaric acid of 
dilution with water or of addition of boric acid was therefore attributed to chemical 
changes just as definite as those involved in the conversion of the acid into its salts. 
This early view, which had fallen into disrepute for many years, has now become promi- 
nent again, more especially as an explanation of variations of rotatory power in those 
cases of anomalous rotatory dispersion of which tartaric acid is still the chief type. 

(6) Normal and Anomalous Rotatory Di8fersion.\ 

Only a short time elapsed before Biot’s law of inverse squares was recognised as- 
being inexact. Biot had suspected almost from the first that small variations of dis- 
persive power might exist in different compounds ; in 1836 he obtained clear evidence 
of this fact by balancing against one another columns of turpentine and of oil of lemon 
which produced approximately equal and opposite rotations, when he found that the 
compensation of the deviations, although very close for all the rays, was, however, 
neither complete nor general ” (‘ Comptes Eendus,’ 1836 , vol. 2 , p. 643 ) ; cane-sugar 

* For early examples of this emphasis, see Arndtsbm, ' Ann. Chim. Fbys.,’ 1858, vol. 64, p. 409 ; Ebbokk, 

‘ Arch. N6erlandaises,’ 1872, vol. 7, p. 114 ; Landolt, ‘ Liebig’s Annalen,’ 1877, vol. 189, p. 274. 

t Biot described as the molecular rotatory power of substances (‘ M6m. Acad. Sci.,’ 1838, vol. 16, p. 96 ; 
compare ‘ M4m. Acad. Sci.,’ 1836, vol. 13, p. 116) the rotation that would be produced by a column 1 mm. 
thick and of unit density ; this is one-hundredth part of what is now called the spemfic rotatory power of 
the substance. 

X The term “ normal dispersion ” was used by Arndtsbn in 1868 {‘ Ann. Chim. Phys.,’ 1868, vol. 64, 
p. 412) to describe the case in which “ the angle of rotation increases continuously with the refrangibility 
of the rays.” The term “ anomalous (rotatory) dispersion ” appears to have been introduced in 1877 by 
Landolt (‘ Liebig’s Ann. der Chemie,’ 1877, vol. 189, p. 274), who described under this heading (1) a 
maximum which travels from the violet to the green region of the spectrum as the concentration of the 
aqueous solution of tartaric acid increases, and (2) a reversal of sign in the rotatory power of the anhydrous 
acid and of its alcoholic solution. Krbckb, five years earlier (‘ Arch. N4erland.,’ 1872, vol. 7, pp. 98, 110 
and 114), had referred less specifically to the “ remarkable anomalies ” which are observed in the optical 
properties of tartaric acid. 
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and invert-sugar gave, on the other hand, a very exact conapenBation (‘ Ann. Chim. 
Phys.,’ 1844, vol. 10, p. 35). After Biot’s death the law of inverse squares was generally 
abandoned, even as a first approximation. The result was most unfortunate, since the 
experimenters who proved the inaccuracy of Biot’s formula did not possess the 
mathematical skill that was required to replace it by another formula that was more 
exact. There can be little doubt that, as more exact methods of measurement were 
developed, Biot himself would have investigated the deviations from this law, and might 
well have discovered the small but important correction which Drude introduced 
many years later when he wrote a = V) instead of a = k/\*. 

This discovery was extremely likely in view of the fact that, as early as 1817, Biot, 
in applying the law of inverse squares to the rotatory power of quartz, had used a 
graphical method in which virtually the reciprocal of the rotatory power was plotted 
against the square of the wave-length* (‘M6m. Acad. Sci.,’ 1817, vol. 2, plate 3 facing 
p. 136). This device of plotting 1/a against X* is, however, the simplest method of 
checking the validity of Drude’s formula, and has been used extensively in recent years 
as a convenient test for this purpose (Lowry and Dickson, ‘ Trans. Chem. Soc.,’ 1913, 
vol. 103, p. 1075 ; Lowry and Abram, ‘ Trans. Faraday Soc.,’ 1914, vol. 10, p. 104 ; 
compare also Frankland and Garner, ‘ Trans. Chem. Soc.,’ 1919, vol. 16, p. 640, 
footnote, and Rupe and Akermann, ‘ Ann. der Chem.,’ 1920, vol. 420, p. 12). The 
mere plotting out on Biot’s original plan of a series of accurate experimental data 
would therefore have disclosed to him both the existence and the magnitude of Drupe’s 
correction. 

In Ae ah aenop, of Riot’s niathematifal genius, however, nearly all the wnrk on rf)tatnrv 
_ T n MP anaenne ot Ktot .a mathematinal 0 Rnins. however, nearlv alj the wf)rk nn rf>tatnrv 

dispersion during the next half-century became semi-qualitative in character, the data 
being represented by curves of unknown form, instead of by mathematical equations. 
This fact affords an explanation of the exaggerated importance which was attached to 
the more conspicuous anomalies, as well as of the utter confusion into which all attempts 
to classify rotatory dispersion fell. Thus, in the absence of any precise knowledge of 
the real form of the dispersion curves, Krecke seized upon “ the anomaly that, in con- 
centrated solutions of tartaric acid, the green rays are turned more than the red and 
violet rays ” (‘ Arch. Neerlandaises,’ 1872, vol. 7, p. 1 14). Landoet in 1877 recognised 
two anomalies, namely, (i.) that in aqueous solutions of tartaric acid “ if one increases 
the concentration, the maximum rotation wanders [from the violet] towards the red 
end of the spectrum, and in solutions containing 50 per cent, tartaric acid, the green 
rays are most strongly deflected,” (ii) “ that tartaric acid in the anhydrous state must 
deflect the rays C D E to the right, 6 F c to the left, and that for a certain kind of light, 
whose wave-length lies between the lines E and C, there can be no rotation at all ” 

(‘ Liebig’s Ann. der Chem.,’ 1877, vol. 189, p. 274). 

* The lengths of the colomns of quartz required to produce a rotation of nir/2 were plotted against the 
square of the wave-length as a series of straight lines diverging from the origin where I = l/a = 0 and 
X* an 0 ; Dbude’s equation gives straight lines diverging from 1 /« = 0, X* = X<,*, 
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where the “ dispersion constants ” x,*, corresponding with the natural free periods 1 /x, 
of the electrons, were deduced from measurements of refractive dispersion as expressed 
by the equation 




M, 

x“-x/ 


in which N is the refractive index and E is the dielectric constant of the 
medium. 

In those cases in which only one electron need be considered, the magnetic rotation 
could be expressed by an equation 


a. 



X- X--X 



which involved four constants, of which two could be derived from measurements of 
refraction. 

The importance of these equations did not appear immediately. Very few experi- 
mental data were available, and Drude applied his formula? only to the magnetic; 
rotations of carbon disulphide and of creosote and to the natural rotatory power of 
quartz, which he expressed by the two-term equation 

X--X/ x- 

containing two arbitrary constants A;,, k.^, and one constant, X|*, derived from measure- 
ments of refraction ; the dispersion constant of the second term was omitted as being 
negligible in comparison with Perhaps on account of the lack of suitable data, the 
new formulse were not applied to any single member of the vast array of optically active 
organic compounds which have been prepared and studied, more especially from the 
time of Pasteur onwards. 

In view of the very limited application of these formulae by Drude himself, the 
ind e finite number of arbitrary constants which they contained, and the fact that a 
complete knowledge of the refractive dispersion of the medium was presupposed, it is 
not surprising that Drude’s formulae remained almost barren so far as their immediate 
application to measurements of rotatory dispersion was concerned. Fifteen years of 
work on rotatory dispersion (‘ Phil. Trans.,’ A, 1912, vol. 212, p. 261 ; ‘ Trans. Chem. 
Soc.,’ 1913, vol. 103, p. 1062 et seq.) have, however, provided ample data for testing 
the yalidity of these equations, and have established beyond question the fact that they 
are adequate to meet all the requirements of the most diverse and of the most exact 
measurements of rotatory dispersion. In the case of some scores of organic compounds, 

VOL. ccrxu. — A. 2 o 
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both the optical and the magnetic rotations* can be expressed by a single term of the 
general equation (Lowry and Dickson, ‘ Trans. Chem. Soc./ 1913, vol. 103, pp. 1067- 
1075 ; Lowry and Abram, ' Trans. Chem. Soc,,’ 1919, vol. 116, p. 300 ; Rtjpe and 
Akermann, ‘ Ann. der Chem.,’ 1920, vol. 420, p. 4) ; liquids such as ethyl and methyl 
tartrates and aqueous solutions of tartaric acid, which show anomalous rotatory dis- 
persion, require two terms of opposite sign (Lowry and Dickson, ‘ Trans. Chem. Soc.,’ 
1915, vol. 107, pp. 1173-1187 ; Lowry and Abram, ‘ Trans. Chem. Soc.,’ 1916, vol. 107, 
pp. 1187-1196) ; quartz, although showing no obvious anomalies, requires three terms 
of Drude’s equation in order to express the most recent measurements that have been 
made of its rotatory dispersion (Lowry, ‘ Phil. Trans.,’ A, 1912, vol. 212, p. 261). This 
determination of the exact form of the curves has led to an extremely easy and con- 
venient classification of rotatory dispersion, as simple when one term of Drude’s equation 
is sufficient and complex when two or more terms are required (Lowry and Dickson, 
‘ Trans. Faraday Soc.,’ 1914, vol. 10, p. 102). The complex curves are only anomalous 
when they cross the axis of rotations and exhibit a reversal of sign ; but a simple mathe- 
matical analysis has established the conditions under which a complex curve, expressed 
by two terms of Drude’s equation, ceases to be normal and becomes anomolous in the 
sense of the exact definition already referred to (‘ Trans. Chem. Soc.,’ 1915, vol. 107, 
p. 1198). 

3. The Origin of Anomalous Rotatory Dispersion. 

(o) Anomalous Rotatory Dispersion as a Problem in Chemical Mechanics. 

The present paper follows one on rotatory dispersion in quartz. It may be regarded 
as supplementing that paper by extending the new series of exact measurements from 
the first to the second of Biot’s types of rotatory dispersion. It also carries the work 
forward from optically active crystals to optically active liquids, and so opens up again 
the complex chemical problems which led Biot to describe most of his work on tartaric 
acid as a study in chemical mechanics rather than as an investigation of the physical 
properties of the acid. It is this underlying chemical interest that more especially 

* The magnetic rotatory dispersion in carbon disulphide can be expressed, at least as well by a simple 
two-constant equation a == 1;/(X2~0'066), as by the four-constant equation used by Drude. Thus the 
five lines quoted by Drddx (‘ Theory of Optics,’ 1907, p. 431) give for k the values 



0. 

D. 

E. 

F. 

G. 


k = 0-2224 

0-2221 

0-2226 

0-2236 

0-2224 

whilst the observed and calculated dispersion-ratios compare as 

follows ; — 



Observed 

. . . 0-692 

0-760 

1-000 

1-234 

1-704 

Cal (four constants) . . 

. . . 0-692 

0-762 

0-999 

1-232 

1-704 

Cal. (two constants) . . 

. . . 0-693 

0-762 

1-000 

1-228 

1-706 


Later measurements (‘ Trans. Chem. Soc.,’ 1913, vol. 103, p. 1074) agree still more closely with a simple 
constant equation. 
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distinguishes the work on tartaric acid from that on quartz, and gives to it its own 
peculiar importance. From the physical point of view the contrast is not great, 
and almost the whole of the advantage rests with the quartz, the large rotatory power 
of which renders possible an accuracy of measurement that is probably at least 100 
times greater than in the case of any other medium. But whereas the rotatory power of 
quartz is influenced only slightly by the experimental conditions, tartaric acid is subject 
to drastic changes of rotatory power as a result of verj' small changes of circumstance. 

In recent years this extreme sensitiveness has been regarded by many writers as an 
inherent quality of the physical property of optic*! rotatory power ; but all the new 
evidence goes to show that Biot was right in attributing it to chemical changes in the 
optically active liquid. One point must, however, be made clear immediately : whatever 
the nature of these chemical changes may be, they must proceed to equilibrium with 
very great rapidity, since even the most careful experiments (‘ Trans. Chem. Soc.,’ 1915, 
vol. 107, pp. 1177 and 1189) have failed to detect any lag in the adjustment of rotatory 
power in the tartaric esters when conditions have been altered. In this respect these 
changes may be compared with the dissociation of nitrogen peroxide, with the dissocia- 
tion and association of water, or even with the phenomena of ionisation in aqueous 
solutions, all of which appear to depend on very rapid or instantaneous reactions. 
Under these circumstances, only static methods of investigation are available, t.e., the 
liquid must be proved to be complex by recognising in it the attributes of a mixture, 
rather than by isolating its components and watching them change gradually into one 
another with lapse of time. 

(6) A'nom(dou,s Rotatory Dispersion observed in Natural and ArtiAoial Mixtures. 

What evidence is there, then, that tartaric acid gives rise to a complex pA)duct 
when it is dissolved or melted in order to convert it into an isotropic, optically active 
medium ? Biot foimd evidence of widespread chemical change in the progressive 
alterations of rotatory power that were produced alike by the addition of water or 
alcohol, of soda or potash, of ammonia, and of sulphuric and boric acids ; but this 
argument is obviously limited to the changes which accompany dissolution and cannot be 
applied to the mere fusion of the anhydrous acid. A more general argument is afforded 
by the experiments in which Biot attempted to neutralise the optical rotatory power 
of IsBvorotatory turpentine by compensating it with a column of dextrorotatory oil 
of lemon (‘ Comptes Rendus,’ 1836, vol. 2, p. 643) ; not only was the compensation 
“ neither complete nor general,” but “ when the principal section of the analysing prism 
coincided with the original plane of polarisation, there was produced an extraordinary 
image of blue-violet colour, dark, and sensibly free from red ; and, on turning the prism 
a little to the right or to the left of this position, the tint of the image varied in a con- 
trary sense to the refrangibility, thihga which are entirely different from those which a 
single one of the two essences could produce alone.” Similar effects were observed in 
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artificial mixtures of Isevorotatory turpentine with dextrorotatory camphor, as well as 
in some natural turpentine-oils. 

On the basis of Biot’s experiments, as well as of his own observations of the unequal 
dispersive power of different liquids, Arndtsen (‘ Ann. Chim. Phys.,’ 1868, vol. 64, 
p. 421 ) put forward for the first time a precise explanation of “ the singular dispersion of 
the planes of polarisation of tartaric acid,” as follows : — 

“ If one should imagine two active substances which do not act chemically upon 
one another, of which one turns the plane of polarisation to the right, the other to the 
left, and, in addition that the rotation of the first increased (with the refrangibility of 
the light) more rapidly than that of the other, it is clear that, on mixing these substances 
in certain proportions, one would have combinations which would show optical pheno- 
mena precisely similar to those of tartaric acid, as M. Biot has already proved by his 
researches on different mixtures of turpentine and natural camphor. One might then 
regard tartaric acid as a mixture of two bodies differing only as regards their optical 
properties, of which one had a negative rotatory power, the other a positive rotatory 
power, and of which the rotations varied in different proportions with the refrangibility 
of the light.” 

This hypothesis, made more than 60 years ago, appears to us to afford a correct 
explanation of the peculiar rotatory dispersion of tartaric acid and its derivatives. 
In its support we submit (i.) the mathematical evidence that the form of the dispersion- 
curves is in harmony with this view, and (ii.) the chemical evidence that mixtures of 
isomerides in equilibrium actually exist, e.g., in the case of nitrocamphor, and that 
their behaviour is in accordance with that which must be postulated for the “ two kinds 
of optically-active molecules ” assumed by Arndtsen. 


(c) Anomalous Rotatory Dispersion jrrodurod hy ike Partial Compensation of two 

Simple Dispersions. 

The measurements described below afford strong support to Arndtsen’s theory, 
since it has been established by visual and photographic readings that the dispersion 
curves for tartaric acid, like those of its esters (‘ Trans. Chem. Soc.,’ 1916, vol. 107, 
pp. 1173-1196), can be represented over a wide range of wave-length and to a close degree 
of approximation by two terms of Drude’s equation, thus 

hi 

“ X^-X/' 

This equation is a direct mathematical expression of the view that the anomalous 
rotatory dispersion of tartaric acid is produced by the counterbalancing action of two 
components of opposite rotatory power and unequal dispersion. It is, however, not in 
itself a conclusive argument for the presence of two kinds of optically active molecules 
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in these liquids since the two compensating terms in the equation may be due to (i.) two 
electrons with opposite influence on the rotatory power, as in the case of quartz, where, 
however, they do not give rise to anomalous dispersion, (ii.) two radicals of opposite 
activity united in one molecule, as in the cases of /-menthyl d-camplior /S-sulphonate 
(TscHUGAfiFF, ‘ Ber. Deutsch. Chem. (resell.,’ 1911, vol. 44, p. 2023; 1912, vol. 45, 
p. 2769 ; compare ‘ Trans. Faraday Soc.,’ 1914, vol. 10, p. 73) and /-menthyl 
d-diphenylmethylacetoacetate (Rupe and Kagi, ‘ Ann. der Chem.,’ 1920, vol. 420, 
p. 38) ; (iii.) two molecules of opposite rotatory power, either easily convertible, as in 
the case of the isomeric nitro-camphors (Lowry, ‘ Trans. Faraday Soc.,’ 1914, vol. 10, 
p. 100), or fixed, as in the artificial mixtures of Biot (‘ Comptes Rendus,’ 1830, vol. 2, 
p. 643), and of voNWyss(‘ Wiedemann's Ann. Phys. Chem.,’ 1888 [2|, vol. 33, p. 607). 
To decide between these three possibilities, further consideration is needed both of the 
chemical and of the physical properties of the solution as set out in the following 
paragraphs. 

(d) Dynamic Isomerism as an Explanation, of Anomalous Rotatory Dispcrsimi. 

The view that the two terms in the equations showing the effect of wave-length on 
the rotatory power of tartaric acid and its derivatives are due to two electrons, as in the 
case of quartz, is rendered improbable by the fact that substances of similar type do 
not show this effect. Thus, if tartaric acid be regarded as a dicarboxylic acid of the 
sugar-group, belonging to the C\ series and containing two asymmetric carbon atoms, 
it might be expected that the methyl-glucosides, which belong to the C„ series and 
contain five asymmetric carbon atoms, would give even more complex dispersion-curves ; 
actually, however, their dispersion can be expressed accurately by a simple one-term 
formula. The hypothesis of two radicals of opposite optical activity is even less 'easy 
to apply to tartaric acid, unless some form of molecular rearrangement is first postu- 
lated, since the two active radicals of which it is composed are not only of the same 
sign, but are of identical structure, and would therefore give identical rotatory dispersions. 

It is, indeed, impossible to discover, in the simple structural formula 

HO.CO.CHOH.CHOH.CO.OH . 

commonly assigned to tartaric acid, any justification for its anomalous rotatory 
power, and some change of molecular structure appears to be inevitable if its 
peculiar physical properties are to be accounted for, since the complex dispersion of 
the acid is just as exceptional amongst simple organic compounds as would be the 
appearance of a bright blue or green colour in a simple compound of the alcohol or 
sugar group. If then, some form of molecular rearrangement must be assumetl, no 
simpler hypothesis can be adopted than that of Arndtsen, which suggests that the 
rearrangement is incomplete, so that one of the two compensating factors required to 
account for the complex or anomalous diqiersion of the medium is merely the original 
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form of the acid, whilst the other is a product of change, of opposite sign and unequal 
dispersion, but of a character sufficiently oonunonplaoe to give rise to a simple, instead 
of a complex, dispersion-curve when studied as a separate entity. This product might 
be an ion, a hydrate, a polymer, or an isomer of the original form of the acid ; but, 
since the amorphous acid and its liquid esters exhibit a full range of anomalies in the 
absence of any solvent, the first two possibilities are ruled out, and the alternatives are 
reduced to two, involving (i.) polymerisation or depolymerisation as suggested by 
Wendell Wiedemann’s Ann. Phys. Chem.,’ 1898, vol. 66, p. 1166), or (ii.) isomeric 
change. These alternatives may even be combined, since when isomeric change takes 
place, it is not unusual for one or other of the isomers to undergo association if the 
physical and chemical conditions are favourable. 

Arndtsen’s hypothesis may then be interpreted in the light of modern knowledge, 
by suggesting that tartaric acid and its esters afford yet another example of “ dynamic 
isomerism ” or reversible isomeric change. This phenomenon was discovered in 1877 
by Butleeow (‘ Liebig’s Ann. der Chem.,’ 1877, vol. 189, p. 77), who made use of it 
in order to account for the production of two types of derivatives from prussic acid, 
a result that could be explained most readily by assuming that the liquid acid was a 
mixture of the two parent-compounds, thus 

CHs.CiN - . H.CiN:^HN:C<^ CHs.N:0<( 

V ^ ^ 

Methyl cyanide. Prussic acid. Methyl isocyanide. 

These two isomerides have not yet been isolated, although Butlerow was able to 
demonstrate the existence of a similar equilibrium between two isomeric olefines when 
isodibutylene was dissolved in strong sulphuric acid. If tartaric acid gave rise, when 
fuse‘d or dissolved, to a similar mixture of isomerides with suitable optical properties, 
Arndtsbn’s hypothesis would afford a complete explanation of the anomalous dispersion 
of the acid. 

(e) Plastic and Fixed, Derivatives of Nitrocamphor and of Tartaric Add, 

Nitrocamphor, which exists in solution in two optically active forms, of opposite sign 
and unequal dispersion, affords a still more striking example of dynamic isomerism. 
The ordinary form of the compound is laevorotatory, but its rotatory power in freshly 
prepared solutions changes from left towards right, giving rise to the phenomenon of 
mutarotation, or change of rotatory power with time (Lowry, ‘ Trans. Chem. Soc.,’ 
1899, pp. 75, 211) as the result of a reversible isomeric change, which can be expressed 
by the balanced equation : 

,CH.NO, ^C:NO.OH 

Nitrocamphor. Pseudonitroeamphor. 
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In the case of nitrocamphor, only one form of the parent substance is known, 
although derivatives of both types have been prepared, including dextrorotatory salts, 
such as 

/CtNO.ONa 

UH./ I 

^CO 

and a dextrorotatory anhydride 

.C:NO.O.ON:(\ 

C,H./ I I >C«H, 

^CO oc^ 

derived from the acidic pseudo-form of the nitro-compound. 

In the case of ir-bromonitrocamphor, however, both isomers have been isolated and 
have been found to change in opposite directions to an equilibrium mixture of 
intermediate rotatory power {ibid.y p. 225). 

.CH.NO, 0:N0.0H 

^CO XX) 

Nitrocamphor agrees with tartaric acid in that its optical rotatory power is 
exceptionally sensitive to changes of conditions, no doubt in part as a result of the 
displacement of the point of equilibrium, e.g., in different solvents. As in the case of 
tartaric acid,’ the rotations may even exhibit a change of sign under some extreme 
conditions ; thus in certain oxygenated solvents nitrocamphor, which is usually Iscvoro- 
tatory, gives small dextrorotations, just as dextro-tartaric acid, when dissolved in an 
excess of alkali, may give small Isevorotations (see pp. 280-282 below). 

It is, however, characteristic of nitrocamphor that it is able also to give derivatives 
of fixed type (compare the conversion of prussic acid into methyl cyanide and methyl 
isocyanide) in which the plasticity of the parent substance has disappeared. Thus by 
chlorination nitrocamphor is converted into two derivatives of the normal nitro type, 
whilst in the formation of the anhydride and of the salts a complete conversion into 
the acid pseudo-nitro type takes pla(«. The chloro-nitrocamphor corresponding to 
nitrocamphor itself gives [aj^ —6* in chloroform, whilst the anhydride gives [a]„ -f 167“ 
in chloroform. 

. In the case of tartaric acid, it has been less easy to discover fixed derivatives to 
correspond with these compounds, since (as has already been noted) the esters show 
just the same anomalies as the acid itself, and any molecular rearrangement which 
involves the hydrogen atoms of the carboxyl groups is therefore ruled out as an explana- 
tion of the flexible rotatory power of the acid. Biot in 1836 (‘ Comptes Rendus,’ 1836, 
vol. 1, pp. 468-469) appeared to have found a solution of this problem when he stated, 
in his sealed note to the Academy, that “ The combinations of tartaric acid with solid 
bases, also with boric acid, give products endowed with rotation towards the right ; 
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but the relative intensity of these rotations for the different simple rays, obeys the 
general law of this phenomenon, to which tartaric acid alone is a marked exception, at 
least among all the bodies which I have been able to study hitherto.” 

Preliminary observations appeared to confirm Biot’s observations, since the dis- 
persions of the tartrates in aqueous solutions not only approximated very closely to the 
requirements of the simple dispersion formula, but, in the case of sodium tartrate, 
showed a surprisingly close agreement with the law of inverse squares. The conclusion 
that the rotatory dispersion of the tartrates is “ simple ” was, however, open to grave 
suspicion on account of the extreme smallness of the dispersion-constants, corresponding 
with absorption-bands not far removed from zero wave-length. Moreover, on calculating 
a simple dispersion formula for sodiunj tartrate from the data for Hg 6461 and Hg 4359, 
selected from a particularly long series of readings (including 16 wave-lengths in the 
visual and 6 wave-lengths in the photographic region of the spectrum, instead of the 
short series of four or five wave-lengths which we have generally used in investigating 
cases of simple rotatory dispersion), we obtained an unmistakable series of positive 
differences from red to green, negative between green and violet, and positive again 
beyond the violet mercury line. These differences were observed in two solutions of 
different concentrations, and could not therefore be accidental. It was therefore clear 
that the curves for the metallic tartrates were not really simple, but complex, with a 
large positive and a small negative term, so that the anomalies would be pushed right 
out into the ultra-violet region of the spectrum where the solutions are too opaque for 
observation by ordinary methods. 

In the case of boric acid we were more fortunate, since when an excess of boric acid 
was added to tartaric acid the aqueous solution of boro-tartaric acid gave a simple 
dispersion curve, with a normal value, 0'0246, for the dispersion-constant Boro- 
tartaric acid then appears to be a “ fixed ” derivative of tartaric acid, in which the acid 
has been locked up in one of its two alternative forms. A similar result was obtained 
with tartar emetic, which gives very large dextrorotations, but a perfectly simple 
dispersion, with a dispersion-constant Xo* == 0’0494. Boro-tartaric acid, which has 
many analogies amongst the polyhydric alcohols of the sugar group (see p. 262) is 
probably 

X)— CH.CO.OH 
HO.B< I 

^O— CH.CO.OH 

and it is possible that the simple character of its rotatory dispersion may be due to the 
bridge between the two asynunetric carbon atoms which is shown in this formula. 

The search for a “ fixed ” derivative of the elusive Irevorotatory modification of the 
acid proved even more difficult than in the case of the dextrorotatory component. 
The negative rotations discussed on pp. 280 to 284 of this paper are usually complex 
in their dispersion, but we were fortunate in discovering that the Isevorotatory solutions 
obtained by dissolving tartar emetic in an excess of alkali are not only comparable in 
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rotatory power with the parent substance, but like it exhibit a perfectly simple rotatory 
dispersion, with a dispersion-constant X„* = 0*0627. 

After the mathematical evidence set out under (c) above, the discovery of these fixed 
compounds is the most important evidence that has yet been put forward in support of 
Arndtsbn’s hypothesis. If it is difficult to discover in the formula commonly assigned to 
tartaric acid any physical basis for the anomalous optical properties of the acid and of 
so many of its derivatives, it would be at least equally difficult to discover either in 
boro-tartaric acid or in tartar emetic any factor which would account for the disap- 
pearance of the anomalies, apart from the view which has already been advanced that 
in these compounds the plastic acid has been fixed in one of its labile forms. 

4. Experimental Methods. 

The experimental work described in the present paper was undertaken with the 
object of applying to the problems investigated by Biot the exact methods of measuring 
rotatory dispersion which have been developed during the past 15 years, anti which 
have already been applied (as described in the preceding paper of this series) to the 
exact determination of the optical rotatory power of quartz. Thus Section 6 describes 
a critical investigation of the relationship between the rotatory power and cont;entration 
of aqueous solutions of tartaric acid, and a detailed study of the deviations from Biot's 
linear law, as revealed by exact measurements for a series of eight wave-lengths in the 
visible region of the spectrum. Section 6 describes an investigation of the relationship 
between optical rotatory power and wave-length for a series of aqueous solutions of 
tartaric acid ; this was undertaken in order to test in the case of tartaric acid the equa- 
tions which had already been proved to be adequate to express the anomalous rotatory 
dispersion of the tartaric esters. The remaining sections of the paper deal with the 
influence of various chemical agents on the rotatory power of tartaric acid, in extension 
of the early pioneering work of Biot. 

The optical apparatus used in the experiments on tartaric acid was the same as that 
which has already been described in the preceding paper of the ’present series. An 
important improvement has, however, been effected in the matter of light-sources. 1 n 
the experiments on quartz the cadmium lines were read with the help of light derived 
from an open arc burning between electrodes of a cadmium-silver alloy (Lowry, ‘ Phil. 
Mag.,’ 1909, vol. 18, pp. 320-327). Five years later a description was given of “ An 
enclosed cadmium arc for use with the polarimeter ” (Lowry and Abram, ‘ Trans. 
Faraday Soc.,’ 1914, vol. 10, pp. 103-106) ; this arc was of an experimental type, requiring 
the continuous use of a Gaede pump to maintain the vacuum, and merely served to 
show how very valuable an efficient lamp of this type would be in all optical experiments 
which demand intense sources of monochromatic light. During the period covered by 
the experiments now described we have had the privilege of using the enclosed cadmium 
arc designed by Dr. Sand and described by him at the Manchester meeting of the British 
Association (‘ B.A. Report,’ 1915, vol. 85, p. 886). This lamp has proved to be per- 

voL. ocxxn. — A. 2 p 
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fectly adapted to the work we have been doing, and in some respects is even more 
convenient than the mercury arcs which are now available for experimental work. The 
importance of this development maybe shown by the statement that whereas twenty years 
ago the sodium light was the only practical light-source for use in polarimetry, this line 
is now usually left to the last because it is more troublesome and in every way less 
satisfactory to read than the lines derived from the enclosed mercury and cadmium arcs. 

Photographic observations form an essential feature of the experiments which are 
now described. The method used was described in outline in 1908 (‘ Roy. Soc. Proc.,’ 
1908, A, vol. 81, 472-474), but has reached its highest development in connection with 
observations of the rotatory power of quartz for ultra-violet light, of which a detailed 
account will be given in the third paper of the present series. 

5. Specific Rotatory Power op Tartaric Acid for Light of Different 

Wave-Lengths. 

A long series of observations was made, in order to establish standard values for the 
specific rotatory power of tartaric acid in aqueous solutions at 20° C. Similar observa- 
tions have been made by a number of observers using monochromatic sodium light 
(Pribram and (JUfCKSMANN, • Monatshefte,’ 1898, vol. 19, p. 136), or patches picked out 
from a continuous spectrum, with the help of a spectroscope or by means of light-filters 
(Wendell, ‘ Wied. Ann.,’ 1898, vol. 66, p. 1163 ; Winther, ‘ Zeitschr. Physikal. Chem.,’ 
1902, vol. 41, p. 166) ; but no values have been given hitherto for the pure light-sources, 
derived from the spectra of mercury and of cadmium, which have now become the 
common standards in polarimetric work. The values placed on record in Table I. make 
good this deficiency ; they also provide data for testing, for a considerable series of 
pure monochromatic light-sources, the linear relationship between concentration and 
rotatory power which was put forward by Biot in 1834, as well as the parabolic relation- 
ship used by Winther in 1902. 

In order to secure exact values for the specific rotatory power of the acid, all the 
solutions for these experiments were prepared from exactly-weighed quantities of acid 
and water. Two samples of acid were used, one of them (for which we are indebted to 
Messrs. Bennet, Lawes & Co.) being a specially pure sample, containing less than 0*06 
per cent, of ash, and practically no trace of lead. In order to avoid changes of concen- 
tration caused by evaporation, the precaution was taken of using solutions which had 
not been filtered ; small traces of insoluble matter were found to come almost exclu- 
sively from the Wedgwood mortar used to powder the crystals, and, when the further 
precaution was taken of merely crushing the crystals in an agate mortar, the amount 
of solid undissolved was negligible. The rotations of the solutions were determined in 
a polarimeter-tube 6 decimetres long, which had been calibrated to check the length of 
the column, and was maintained at a constant temperature by a rapid flow of water at 
20° C. Two, three, or even four series of readings were taken, as shown in Table I., 
with solutions prepared independently of one another, until it appeared probable that 
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the casual errors had been reduced to a few huudredths of a degree. Table I. shows the 
observed rotations, a, and the specific rotatory powers f«] derived from them, for 11 
solutions containing from 5 to 55 grams of acid in each 100 grams of solution ; the 
corresponding molecular rotatory powers are also shown in the table. 

The data used in testing Biot’s linear law and Winther’s parabolic formula are 
shown in Table II. Biot’s linear law, although based originally upon somewhat rough 
measurements, is very good as a first approximation. Thus, in fig. ] , in which the 
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molecular rotatory power of the acid is plotted against the percentage by weight of 
water in the solution, the curves are seen to be inflected, but the deviations from the 
linear law, though quite real, are by no means conspicuous. More remarkable still is 
the fact, which Biot discovered in 1850, that extrapolation by means of the linear law 
leads to substantially correct values for the specific rotatory power of the anhydrous 
glassy or amorphous acid. In our own calculations we have used, for each of a series 
of nine wave-lengths, a linear formula based on the values for the specific rotatory powers 
of the acid in solutions containing 66 and 85 per cent, of water ; the rotatory powers 
of the anhydrous acid, as shown under c = 0 in Table II., are derived by interpolation 
from the observations of Bruhat (‘ Trans. Faraday Soc.,’ 1914, vol. 10, p. 89), and 
the differences between the observed and calculated values are : — 

1-2, 1-6, 1-6, 1*7, 1-7, 1-7, 1*8, 0-6°, Mean l-6“. 

This agreement is remarkably close, having regard to the facts that (i.) the linear law 
is only an approximation, (ii.) the extrapolation covers nearly half of the total range of 
concentration, and amounts in the case of the violet mercury line to an extension of 
over 12 degrees in the range of rotatory powers. 

In view of the fact that the linear law is valid to this extent over the wide gap between 
the anhydrous acid and its saturated solutions in water, we were prepared to find that, 
although closer examination would show marked deviations in the values for dilute 
solutions, no substantial errors would occur in the case of the more concentrated solu- 
tions. This anticipation was, however, by no means correct. Basing the linear formula 
again on the rotatory powers of the acid in solutions containing 66 and 85 per cent, of 
water, we find that the deviations which are produced by increasing the concentration 
to waier 46 per cent., add 66 per cent., are even greater than those which result from 
diluting to water 96 per cent., acid 6 per cent. ; and this is true, not only for one wave- 
length, but for the whole range of wave-lengths shown in Table II. The linear law is 
thus shown to be even less exact in concentrated than in dilute solutions. 

A natural sequel to the recognition of the fact that the linear law is inexact, is the 
introduction of a third term into the equation, which thus changes from 

[ai] = Ai + BjC to [aj] = Ag-l-Bae-l-Ci.e’'. 

This method of expressing the specific rotatory powers of the acid was adopted by 
WiNTHEB in 1902. Its application to the data now recorded is shown in Table II. 
The parabolic formulse were all based on the readings for solutions containing 66, 70 
and 86 per cent, of water ; in a few cases these readings may have been less exact than 
others that might have been selected ; but no great advantage would have been obtained 
from any laborious attempt to smooth the values or to adjust the curves, since the 
general results were perfectly obvious when the errors were examined over the whole of 
the series of nine wave-lengths. Within the range from 66 to 86 per cent, of water, the 
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agreement was much better than with the linear formula, as was inevitable since there 
was exact agreement at three points instead of two ; in the more concentrated solutions, 
also, the parabolic formula gave rather better results than the linear law ; but in the 
more dilute solutions the errors were increased very considerably by the introduction 
of a third term, with the result that outside the limit of 55 to 86 per cent, of water, 
the parabolic was distinctly worse than the linear formula. 

The real character of the deviations was only revealed when the errors of the various 
formulee were plotted against the concentrations as in figs. 2 and 3. As in the case of 




270 


MESSRS. THOMAS MARTIN LOWRY AND PERCY CORLETT AUSTpi 


solution volumes (Bousfield and Lowry, ‘ Phil. Trans.,’ A, 1905, vol. 204, p. 283) 
the errors in the measurement of specific-rotatory power mcrease with dilution, so that 
the course of the curves becomes uncertain as the proportion of water increases towards 
100 per cent. It is, however, quite evident that the curve of errors, fig. 36, for the 
linear formula intersects the zero-line at three points between e = 0*45 and c= 1. 



Any attempt to flatten this curve, by the addition of a third term containing is 
obviously doomed to failure, since the curvature from the straight line is in opposite 
directions at the two ends, and cannot be covered by a section of a parabola. The t 3 rpe of 
formula used by Winther is therefore only of value for interpolation over a narrow range, 
and is even worse than a simple linear formula for extrapolation. This is true not only 
for dilute solutions, where the errors immediately become larger, because the curvature 
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is in the wrong direction, but also for more concentrated solutions, as may be seen by 
comparing Bbuhat’s experimental values for the anhydrous acid, c = 0, on the one 
hand, with the values of A, in the linear equation, which showed deviations amounting, 
on the average, to 1*5°, and on the other hand, with the values of A.j in the parabolic 
equation, which gives errors as follows : — 

3-3, 2*9, 4*1, 4-5, 5*1, 4*5, 4*5, 4*3, Mean 4*1”. 

The complete course of the curve of rotatory power against cx)ncentration is shown, 
for the violet mercury line, by the heavy curve o in fig. 3. The ordinates of curve h 
represent the errors of a linear formula which is correct at 55 and 86 per cent, of water ; 
the curve c shows the errors of a parabolic formula which is correct at 66, 70 and 85 per 
cent, of water. The error (+0*6 degrees) in extrapolating by means of the linear 
formula to the anhydrous condition is shown on the left-hand side of the diagram, 
where a broken line is used to cover the interval between 0 and 46 per cent, of water 
in which no experimental values are available. A similar prolongation of the curve of 
errors on the right-hand side of the diagram indicates the most probable value for infinite 
dilution. If the aqueous solutions contained only an anhydrous acid and a fully- 
hydrated acid, both of constant specific rotatory power, the relationship between rotatory 
power and concentration should be expressed from end to end, if not by the straight 
line d, at least by a simple uninflected curve. The actual deviations from this ideal 
straight line are shown in fig. 3 by measuring the ordinates downwards from d instead 
of from the horizontal axis of zero rotation. It will be seen that this curve of 
deviations (which are all negative in sign) shows one minimum and two maxima, so 
that the exact relationship between rotation and concentration could only be expressed 
by an equation containing at least five arbitrary constants. 

In view of the complexity disclosed by thb preliminary analysis, we have not thought 
it worth while to pursue the subject further, except to point out that in the case of 
each wave-length it is possible to use a linear formula (as indicated by the straight 
line e, and the curve of errors c, in fig. 3), which is substantially correct both for the 
anhydrous acid and for aqueous solutions from, say, e = 0*6 to 0*9, but widely 
divergent outside these limits. A series of values calculated from such a linear 
formula, for the mercury violet line, is given under [«„] in Table II. ; this formula is 
correct for the anhydrous acid c = 0, and gives a ± error at three other points lying 
near e = 0*63, e = 0*80 and e = 0*91. 


6. Rotatory Dispersion in Aqueous Solutions op Tartaric Acid. 

In order to determine the exact form of the curves of rotatory dispersion in aqueous 
solutions of tartaric acid, eight solutions were originally prepared and examined, con- 
taining from 5 up to 70 grams of tartaric acid in 100 c.c. of solution. In two cases the 
readings were confined to the seven visible cadmium and mercury lines ; in four other 
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cases the series was extended to wave-length about 4160, by the inclusion of photo- 
graphic readings, and in the case of two of the strongest solutions, readings were taken 
for 21 and 26 lines, extending to wave-lengths 4006 and 3941 respectively. 

These solutions were filtered, in order to facilitate the reading of the more difficult 
blue and violet lines. The concentrations, as well as the specific and molecular rotations 
derived from them, were therefore less certain than those set out in the preceding section, 
and, when the latter had been completed, the earlier observations wetfe regarded as 
obsolete, with the exception of the two long series which covered a very wide range of 
the spectrum, and were specially well adapted for testing the form of the dispersion- 
curves. The rotations for these two solutions are set out in Table III. (a) and (6). In 
order to bring them into line with the standard series of readings of Table I. the true 
concentrations of these two solutions were found by interpolation from the standard 
series, the concentrations deduced in this way being e = O' 4590 and 0*5876, or 69 *90 
and 49*96 grams of tartaric acid in 100 c.c. of solution, as compared with the nominal 
values of 70 and 60 per cent. After making these very small corrections, the specific 
and molecular rotations of the two long series were included with the shorter standard 
series of Table I. amongst the data used in discussing the relation between rotatory 
power and wave-length. 

The calculated rotations shown in Tables III. and IV. are derived from an equation 
of the Drudb type containing one positive and one negative term, thus 

k h 

But whereas in the case of quartz the data are now so extensive and so accurate that 
five arbitrary constants can be determined exactly, the range and accuracy of the data 
in the case of tartaric acid and other optically-active organic compounds are only suffi- 
cient for the exact determination of three arbitrary constants ; in other words, the 
effect of a small alteration in any one of four constants can be eliminated almost entirely 
by suitable alterations in the other three. This limitation has already been discussed 
in the case of ethyl tartrate, the rotatory-dispersion of which can be calculated almost 
equally well from formuhs in which the dispersion-constants are : — 

(i) Xi* = 0‘035, Xa** = 0-065, 

(ii) X,* = 0’030, X»* = 0-070. 

(iii) Xi* = 0-025, X** = 0-080, 

where the sum of the dispersion-constants Xi® and is abnost constant (Lowby and 

Dickson, ‘ Trans. Chem. Soc.,’ 1916, vol. 107, p. 1186). The best results are therefore 
obtained by assuming a steady value for one of the two dispersion-constants in a series 
of related compounds ; thus, in 22 independent series of observations of tartaric acid 
and its esters, the value Xj* = 0*030 may be maintained for the smaller of the two 
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dispersion-constants. This may be regarded as substantially correct for the whole of 
the series, since, in case after case, independent calculations have given numbers lying 
within a narrow range on either side of this average value. 

Having thus established a fixed value for the smaller dispersion-constant, the magni- 
tude of the larger dispersion-constant X-j may be deduced with a very fair degree of 
accuracy. Thus in the case of methyl and ethyl tartrates the values were as follows — 

Methyl ester. Ethyl ester. 


Pure ester 0*064 0*066 

In ethylene chloride or bromide .... 0*068 0*061 

In formaldehyde 0*070 0*070 


The concordance in the values for the two esters when examined under similar condi- 
tions is a very fair indication of the accuracy of the dispersion-constants deduced in 
this way. 

In the case of the two concentrated solutions of tartaric acid, the values of the second 
dispersion-constant deduced independently were 0*074 and 0*073. With these values, 
a close agreement was found between the observed and calculated rotations as set out 
in Table III., both in the visual and in the photographic regions. This agreement, 
following upon a similar concordance in 12 long series of observations of methyl and 
ethyl tartrate, is sufficient to establish the general validity of the two-term equation as 
an expression of the complex rotatory dispersion both of tartaric acid and of its esters.* 
It is then a simple problem to study the variations of the four constants of this equation 
as the concentration of the solution is increased or diminished. Preliminary observations 
indicated that the dispersion-constant for tartaric acid in aqueous solutions might, 
with advantage, be reduced from 0*074 for solutions containing 70 grams of acid in 
100 c.c. to 0*066 for solutions containing 6 grams in 100 c.c. ; but this diminution could 
not be confirmed in the more exact, though rather less extensive, observations set out 
in Table I. We have, therefore, preferred to make use of constant values, Xj* = 0*030, 
X/ = 0*074, for the two dispersion-constants of this series of solutions rather than to 
introduce small variations which would merely have led to irregularities in the values 
of the “ rotation-constants ” ib, and The observed and calculated values of the 
molecular rotatory powers at eleven different concentrations are set out in Table IV. 
Table V. shows, for the 13 solutions for which data are given in Tables III. and IV., 
the magnitude of the four constants of the two-term equation, together with the wave- 
lengths at which the principal anomalies are found, namely, the inflection of the curve 
at X„ the maximum at x^ and the reversal of sign at Xp. These latter have been 
calculated from the equations, as a convenient method of interpolation ; wave-lengths 

* In the oaae of the acid there are indications of a predominance of negative errors between the green 
and violet meroury lines ; this is, perhaps, an efieot of ionisation, since nothing of the sort has been noticed 
in the oaae of the esters. 
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which depend on extrapolation beyond the range of the experimental data are printed 
in italics. 

From Table V., and from the graphical representation of fig. 4, the following con- 
clusions may be drawn : — 

(1) The reversal of sign (which has been observed hitherto only in the anhydrous 
acid, in alcoholic and in super-saturated aqueous solutions or in the ultra- 
violet region of the spectrum) is here recorded with the help of the camera, in 
the extreme violet region of the spectrum in unsaturated aqueous solutions 
containing only 60 grams of tartaric acid in 100 c.c. of the solution (c = 0*6875 
or P = 41 *25 per cent.). 

(2) The maximum rotation, which has usually been said to vanish on dilution, is here 
retained on the less refrangible side of the violet mercury line even at a con- 
centration of only 6 grams per 100 c.c. This fact is of interest in connection 
with the statement of Abndtsen that at concentrations below 20 per cent, by 
weight “ the dispersion becomes normal in so far as the angle of rotation 
increases continuously with the refrangibility of the light ; yet the rotation 
increases so little from the ray F to the ray c, that one caimot doubt that it 
would have a maximum in the violet part of the spectrum ” (‘ Ann. Chim. 
Phys.,’ 1868, vol. 64, p. 412). Our observations prove the reality of this 
hypothetical maximum, whilst, at the same time, they show the futility of any 
definition of “ normal dispersion ” which depends merely on the removal of 
the maximum from the easily-visible into the violet or ultra-violet region of 
the spectrum ; a similar usage of this term by Wintheb has already been 
criticised (Lowey, ‘ Trans. Chem. Soc.,’ 1916, vol. 107, p. 1196) on the ground 
that it implies a physiological definition of a purely physical property. Anoma- 
lous dispersion depending on the imperfect compensation of two simple rotatory 
dispersions of opposite sign may, as a matter of actual fact, be rendered normal 
by displacing the maximum to infinite wave-length in the infra-red ; but any 
displacement in the opposite direction only exaggerates the invisible maximum 
in the ultra-violet region.* 

7. Tabtrates of the Alkali-Metals. 

w 

In his sealed note, communicated to the Academy on August 26, 1884, Biot referred 
for the first time to the rotatory power of the tartrates in the following terms : — “ The 
combinations of tartaric acid with solid bases give products endowed with rotation 
towards the right ; but the relative intensity of these rotations for the different simple 
rays obeys the general law of this phenomenon, to whidi tartaric acid alone is a marked 
exception, at least, among all the bodies which I have been able to study hitherto " 
(* Comptes Rendus,’ 1836, vol. 1, p. 468). A detailed study of the tints produced by 

* For » aeries of carves illostratiiig this point, see ‘ Trans. Chem. Soc.,’ 1016, vol. 107, p. 1200. 
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aqueous solutions of potassium, sodium and ammonium tartrates (‘ M6m. Acad Sci.,’ 
1838, vol. 16, pp. 304-317) showed that these agreed very closely with those produced 
by quartz plates of suitable thickness, and with those calculated from Biot’s law. A 
similar conclusion was reached by Ejieckb, who measured the rotatory powers of the 
potassium, sodium and ammonium salts over the range from 0° to 100° C., and concluded 
that “the tartrates examined obey the laws of Biot” (‘Arch. N6erland.,’ 1872, 
vol. 7, p. 114). Kreoke’s figures actually show small regular deviations in the case of 
potassium and sodium tartrates, and very marked deviations in the figures for ammonium 
tartrate and for Rochelle salt. Thus his figures for [a] x* are as follows : — 




C. 

D. 

E. 

b. 

F. 

Tartaric acid 50% 

0 

0 

2,427 

2,227 

1,602 

1,633 

4,928 

1,331 

„ „ 50% 

100 

6,792 

6,289 

4,942 ! 

4,646 

Potassium tartrate 20% 

0-100* 

9,407 

9,246 

9,166 ' 

9,286 

9,479 

Sodium tartrate 20% 

0-100* 

9,067 

8,977 

8,863 

8,798 

9,166 

A nimonium tartrate 10% 

26 

13,376 

12,860 

11,948 

12,081 

12,608 

Rochelle salt 20% 

0-100* 

8,179 

7,944 

7,642 1 

7,608 

7,673 

.... ..... 







.. 



The figures for tartaric acid, which are given for comparison, show the sensitiveness 
of the free acid to changes of temperature, as well as its complete liberation from the 
requirements of Biot’s law. Thus the specific rotatory power of potassium tartrate for 
sodium light decreases by 3 per cent.” only, from 27*223° to 26*415°, on raising the 
temperature from 0° to 100° C. ; that of the sodium salt increases by 2 per cent., from 
25*702° to 26*256° between 0° and 76° C., and then diminishes again to 26*211° at 
100° C.; whilst in the case of Rochelle salt there is a regular increase of 9 per cent, 
from 21 *820 at 0° to 23*993° at 100°. The rotatory power of the free acid, however, is 
practically three times as great at 100° as at 0° C. 

Our own observations of the rotatory power of the tartrates of the alkalis are set out 
in Tables VI., VII., VIII. and IX. As in the two long series of readings of tartaric 
acid, filtered solutions (made up volumetrically) were used to facilitate the reading of 
the more difficult wave-lengths ; their exact concentrations were then determined by 
comparing the readings forUg 5461 with those made with unfiltered solutions, prepared 
gravimetrically from samples of the various salts in which the proportion of moisture 
had been checked by analysis. In the case of the ammonium salt, which decomposes on 
drying even at moderate temperatures, standard solutions for the determination of 
concentrations were made by adding the calculated amoimts of a titrated solution 
of ammonia to weighed amounts of tartaric acid in a stoppered flask and diluting the 
solution to a known weight. Densities of all the solutions were also determined. The 
data used in these calculations axe shown in Table X., where also are given a number 


♦^Average valnes. 
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of molecular rotations for sodium light, by means of which a comparison may be made 
with rotations interpolated from the earlier data of Thomsen (‘ Jour. Prakt. Chem.,’ 
1886, new series, vol. 34, p. 74) and of Patterson (‘ Trans. Chem. Soc.,’ 1904, vol. 86, 

p. 1120). 

Our measurements of the molecular rotations of the tartrates show a close general 
agreement with the requirements of Biot’s law, but with small deviations of a different 
type from those recorded by Krecke. Thus whilst his values for [M] X® always passed 
through a minimum in the central portion of the spectrum, ours either pass through a 
maximum as in Table VI., or rise progressively as the wave-length diminishes as in 
Tables VII., VIII. and IX. In the case of sodium tartrate (22‘ 64 gr. of NajH 4 C 40 «. 2 Ha 0 
in 100 c.c. of solution, Table VI. (a)) the agreement of our numbers with the require- 
ments of Biot’s law is remarkably close ; thus the product [M]x® has the value 20*29 
in the visible red region at wave-lengths 6708 to 6438, and the value 20*31 in the extreme 
violet at wave-lengths 4072 to 4006, rising in the intermediate region to a shallow 
maximum 20*68 in the blue at wave-length 4678 ; if all the 22 readings are considered 
the average value of [M] x® is 20*40, the maximum errors are -1-0-28 and —0*23, and 
the average error is only ±0*11 or 0*6 per cent. 

In view of the smallness of the deviations from Biot’s law, it seemed probable that 
a complete agreement might be. obtained between* the observed and calculated values 
by using a “ simple ” dispersion formula containing a second arbitrary constant. In 
each case, therefore, the constants of the “ simple ” formula [M] = A;/(X®— X„*) were 
calculated in the usual way from the rotations for the two dominant mercury lines 
HgMei and Hg 4 ;„,H, as shown in Table XI. 

Special attention should be given to the values of the “ dispersion-ratio ” 
shown in the last column of Table XI., which increases and diminishes with the 
ma^tude of the “ dispersion-constant ” X„*. The latter constant being the square of 
a real quantity must always be positive, so that the smallest value for this diq>ersion- 
ratio is that given by Biot’s law, where x„® = 0, namely. 


«4368 ^ (5461)® 
a54«i (4858)® 


r570. 


The ratios shown above come nearer to this minimum than in any case hitherto 
investigated, and in one of the solutions of sodium tartrate, where X„* falls to 0*00032, 
this minimum is almost attained. Some of the lowest values previously recorded are 
shown in Table XII. 

These figures show that the dispersion-ratio rarely falls below 1 * 630 or the dispersion- 
constant below 0*018 ; in other words, the absorption-band which determines the 
position of the vertical asymptote of the dispersion-curve may be pushed out so far as 
X == v^0*018 = 0*186^ or 1860 A.U, but it never goes much beyond this, even in 
the case of the most latmsparent of the substances quoted in Table XII. When dealing 
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with the natural rotatory power of optically active liquids, the asymptote rarely goes 
beyond X = v"^0‘024 = 0*16/^ or 1600 A.IT. In view of this strict limitation of 
transparency, in carbon-compounds generally as well as in water and in silica, it seemed 
improbable that the metallic tartrates could be transparent to light of excessively short 
wave-length, especially as the magnetic rotations in ethyl tartrate are controlled by an 
absorption-band in exactly the same position as in the simple alcohols. The validity of 
the simple formula, therefore, lay open to suspicion, on account of the extreme smallness 
of the dispersion-constant, and it appeared much more probable that the dispersion- 
ratios in the tartrates had been brought down into close proximity with the minimum 
value 1 • 570 by the influence of a second (negative) term in Drudb’s equation, similar to 
that which brings the dispersion-ratios in tartaric acid down below this minimum and 
gives rise to the anomalous dispersion of the acid. 

The evidence which first convinced us that the simple dispersion-formula, like Biot’s 
law, is merely an approximate expression of the rotatory dispersion in the tartrates, is 
shown in Tables VI. (o) and (&). In these two tables a “ simple ” formula is shown 
which has been calculated to fit the experimental values for the green and violet mercury 
lines. The average error is only a fraction of 1 per cent. ; but without exception, all 
the errors between the green and violet lines are positive in sign, whilst all those beyond 
the violet are negative ; below the green, the errors are again negative in eight out of 
ten cases. This regular distribution of the errors, which was confirmed in the case of 
ammonium tartrate, Table IX., for 14 out of 15 visual readings in one series and for 12 
out of 13 in a second series which has not been reproduced, proves clearly that the 
deviations are not accidental but systematic, calling for some further modification of 
the formula used to express the observations. 

When once it has been recognised that the dispersion curves for the alkali-tartrates 
cannot be represented by the “ simple ” formula a = jfc/(x® — Xo*), no difficulty is 
experienced in securing a satisfactory agreement between the observed and calculated 
rotations, by using a Drude equation with one positive and one negative term, as is 
shown in the last columns of Tables VI., VII., VIII. and IX., where the errors in the 
visual readings are seen to be small and for the most part distributed quite irregularly. 
On account of the smallness of the deviations from the simple law, it is difficult to deter- 
mine the exact magnitude of the two additional constants which serve to express them 
in the equation. The dispersion-constants selected for these calculations were 
Xi* = O' 038, Xa* = 0'06, but since the sum of these two constants 0*098 is almost 
identical with the sum of the constants 0'030-f0'074 = 0*104 used in the case of 
tartaric acid, there can be little doubt that the latter pair would have given equally 
satisfactory results. 

The negative rotation-constants, kt, as set out in Table XIII., are larger than might 
have been expected, approaching almost to one-half of the values for the positive rotation- 
constant hi. This is due to the fact that the dispersion-constant x/ of the negative 
term is but little greater than the di^rsion-constant Xi* of the positive term ; the 



280 


MESSRS. THOMAS MARTIN LOWRY AND PERCY CORLETT AUSTIN 


negative term must therefore be weighted somewhat heavily to produce any marked 
alteration in the form of the curve. 

8. Negative Rotations in Solutions op c?-Tartaric Acid and its Salts. 

Although the common form of tartaric acid, and the tartrates derived from it, are 
usually dextrorotatory, negative rotations are occasionally observed, especially at high 
concentrations and low temperatures, and in the more refrangible portions of the spectrum. 
Biot, who had predicted this phenomenon in 1838 (‘ M6m. Acad. Sci.,’ 1838, vol. 16, 
p. 269), detected it twelve years later in the cold, glassy acid (‘ Ann. Chim. Phys.,’ 1850, 
vol. 28, p. 363) ; the more elaborate work of Bruhat (‘ Trans. Faraday Soc.,’ 1914, vol. 
10, p. 89) on the rotatory power of the anhydrous acid has shown that, whilst the 
rotations are positive in the red and yellow regions of the spectrum, they become nega- 
tive for wave-lengths less than 6600 at 16° C. None of the aqueous or alcoholic solutions 
examined by Biot gave negative rotations, but Lepeschkin (‘ Ber, Deutsch. Chem. 
Gesell.,’ vol. 32, p. 1180-1184) detected a negative rotation [a]/482 = — 1'22° in 
the dark blue region of the spectrum when working with a supersaturated aqueous 
solution containing 66*6 per cent, by weight of tartaric acid. Our own observations 
include negative readings in the violet region for unsaturated solutions containing 60 
grams of tartaric acid in 100 c.c. of solution ; and Nutting Physical Review,’ 
vol. 17, p. 11) has observed very large negative rotations, up to [a]27wl9”= — 296-8°, 
in the ultra-violet, in a solution containing 28-62 grams per cent, of tartaric acid. 
Grossmann (‘ Trans. Faraday Soc.,’ 1914, vol. 10, p. 63) observed only positive 
rotations in methyl alcohol, but negative values have been recorded by Arndtsen 
(‘ Ann. Chim. Phys,,’ 1858, vol. 64, p. 416) for more concentrated solutions. 
Grossmann showed, however, that solutions in ethyl alcohol, even at a concentration 
as lew as 6 per cent,, give negative rotations in the blue region beyond 4700, whilst 
similar solutions in propyl alcohol are Isevorotatory beyond 5200. Negative rotations 
for sodium light have been observed in solutions of tartaric acid in acetone mixed 
with ether or with chloroform (Landolt, ‘ Ber.,’ 1880, vol. 13, p. 2333), in water 
mixed with butyl alcohol (Pribram, ‘ Monatshefte,’ 1888, vol. 9, p. 485) and in 
alcohol mixed with benzene, toluene, chlorobenzene or ethyl bromide (Pribram, 

‘ Ber.,’ 1889, vol. 22, pp. 6-11). 

This depression of rotatory power and ultimate reversal of sign may be regarded as 
a result of getting the tartaric acid into solution in much the same condition as that in 
which it exists in the anhydrous amorphous state, without developing the great increase 
of dextrorotatory power which results from hydration, or the lesser increase which results 
from interaction with the lowest members of the series of alcohols. A similar depression 
of dextrorotatory power is produced by formic acid, acetic acid, and e^ecially propionic 
acid (Grossmann, loc. dt., p. 66) as well as by mineral acids. In the special case of 
sulphuric acid, Biot found that the addition of 20 per cent, of the strong acid to an 
aqueous solution of tartaric acid lowered its specific rotatory power by about one-third 
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from agBD = 15*4 to 10*90 (* Mem. Acad. Soi.,’ 1838, vol. 16, p. 280) ; but a concen- 
trated solution containing 

C^HrtOrt 22*68 gram, SO;, 65*02 gram, H*0 95*90 gram 

gave a much lower rotation and a novel type of dispersion in which the niaxinmni 
disappeared into the infra-red, whilst a reversal of sign occurred in the blue region, 
giving rise to leevorotations in the violet thus : 

red -}-2*200°, yellow -|-0*850°, green -l-0*650°, violet —4*950° 


{ibid., p. 301). Grossmann has recently examined solutions of tartaric acid in sulphuric 
acid of higher concentrations (including the anhydrous acid containing 100 per cent. 
H 2 SO,), and has shown that Isevorotations are found for violet light of wave-length 
4620 from 45 to 75 per cent, of sulphuric acid only ; when sulphuric acid containing less 
than 35 per cent, of water is used as a solvent, the tartaric a(^id increases again in rotatory 
power, and finally gives a specific rotation from 3^ to 7 times as great as in aifueous 
solutions (‘ Trans. Faraday Soc.,’ 1914, vol. 10, p. 67). This case is of special interest 
on account of the clear evidence whic*h it affords of the formation of some new chemical 
compound of high dextrorotatory power, perhaps an anhydride : 


HO.CH.CfX 


/(!» compare 


HO.CH.COn 

I >NCH:, 
HO.CH.CO 


HO.CH.CO 

for which [«]„ = -t- 1 24°, [M]d = -f 281°, or a sulphate : 

O.CH.CO.OH HO.CH.CO.O 

O.CH.CO.OH HO.CH.CO.O 


SO,<( I 


>S0, 


Of special interest is the fact, which is disclosed by plotting 1/a against that, 
whatever the nature of this compound may be, it is sufficiently “ fixed ” to give rise 
to a rotatory dispersion which, in the case of five readings out of six, appears to obey 
the “simple” law a = A7(X* — X,®)* In view of the importance of these observations 
we made several attempts to repeat them, in order to test the validity of the “ simple ” 
dispersion law by means of fresh data extending over a wider range and including a 
larger number of wave-lengths ; but, up to the present, we have not succeeded in prepar- 
ing solutions sufficiently clear to use for such a test. 

In quite a different category must be placed Biot’s observation that aluminium 
tartrate, which is strongly dextrorotatory in dilute solutions, becomes tevorotatory 
when the solution is concentrated (‘ Comptes Rendus,’ 1835, vol. 1, p. 459 ; ‘ Mem. 
Acad. Sci.,’ 1838, vol. 16, Tables 12, 13, 14, at end of volume). It is possible that 
tervalent aluminium behaves in some respects like boron or antimony, and that concen- 
tration is accompanied by a change of structure analogous with that which is produced 
VOL. ccxxii. — A. * 2 B 
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by the addition of an excess of potash to tartar emetic (see below, p. 286). A detailed 
investigation of the aluminium tartrates from this point of view would be of great 
interest, but was not undertaken in the course of the present research.* 

Confirmation has, however, been obtained of Biot’s observation that the alkali- 
tartrates become leevorotatory when dissolved in an excess of strong alkali ; thus whilst 
the rotatory power of potassium hydrogen tartrate in dilute solutions is about twice as 
great as that of the free acid, and the rotatory power of the neutral potassium salt is 
about three times as great, the further addition of potash (perhaps producing some 
displacement of hydrogen by potassium in the two hydroxyl-groups) causes the rotatory 
power to diminish and finally to become reversed in sign. Biot found (‘ Mem. Acad. 
Sci.,’ 1838, vol. 16, p. 345, and Table 6, facing p. 338) that a solution containing 


K2C4H4O,,, HaO, 2 ‘6 per cent. ; Kj,0, 36 ‘2 per cent. ; HjO, 6r26 per cent, 
was Inevorotatory and gave the remarkable dispersion shown by the following readings, 

red — 0‘433", yellow — 0‘617”, green — 0'2°, 

where the shallow maximum is of opposite sign to that observed in tartaric acid. Our 
own observations on a similar, but more concentrated, solution containing 

KAHjOh, HaO, 210 gr. ; KaO, 36-43 gr. ; HaO, 51-89 gr. 

in about 60 c.c. (density 1 '604) gave a series of very small negative readings from which 
the molecular rotations shown in Table XIV. (a) may be deduced. The dispersion is 
obviously not simple, and the high value of the dispersion ratio = 3’3 

suggests that the rotation would become positive in the infra-red. Biot’s reversed 
maximum is not confirmed by our observations. 

Sodium tartrate is more readily soluble both in water and in strong alkali. Biot 
{ihid., p. 364, and Table 8 at end of volume) found that a solution containing 

Na2C4H406. 2HaO. 18 27 per cent . ; NaA. 19‘69 per cent. ; HA 67’04 per cent. 

gave the following rotations : — 

red —2-675'’, yellow —4”, green — 4‘700’. 

Our own observations on a stronger solution containing 

Na.AH40«, 2HA 13-3 gr. ; Na,0, 20-41 ; H,0. 59*18, 

in about 66 c.c. (density 1 • 4093) gave the very substantial negative readings shown in 
Table XIV (6). These readings are large enough to give smooth values (fig. 6) for the 
molecular rotatory power of the dissolved salt. They confirm the increase of Issvoro- 
tatory power with diminishing wave-length already recorded by Biot, but they do not 

* This investigation is now being carried out by Miss Gkabam (26.1.22). 
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conform to Biot’s law since [M]X* increases from — 3’9 at Cd 6438 to —6*7 at Hg 
4368 ; and they cannot be expressed by the simple Drude formula a (x* — \<,‘) = const., 
since the line obtained by plotting 1 /« against X* has a perfectly definite though very 
slight curvature. 

The effects produced by the addition of a few molecular proportions only of alkali 
to aqueous solutions of potassium and sodium tartrates are shown in Table XV. (a) and 
(b). The molecular rotations are a little lower than in Tables VI. and VII., but the 
solutions are still dextrorotatory, and the dispersions, though certainly complex, can 
be expressed very closely by a “ simple ” formula, which, in the case of the sodium salt, 
is identical with Biot’s law ; the readings are, however, too small to reveal the 
complexity first disclosed in Table VI. (a). 

9. Tartar Emetic. 

Tartar emetic, K(SbO) CjH^O,., ^H„0, although one of the most interesting of the 
tartrates, does not appear to have been examined by Biot. The rotatory dispersion in 
tartar emetic was measured, apparently for the first time, in 1872 by Krecke (‘ Arch. 
Neerland., 1872, vol. 7, p. 114), who observed a very close agreement with the require- 
ments of Biot’s law. Thus he gives for [ot] X* the following numbers 

C D E 6 E 

AtO° 62,406 61,263 60,966 61,308 63,142 

At 100° ... . 48,436 *46,193 46,796 46,861 49,307 

He calls attention to the fact that “ the specific rotatory power of tartar emetic is 
extraordinarily great, and diminishes with rise of temperature,” and includes this salt in 
his general statement that “ the tartrates examined follow the law of Biot.”* Even more 
interesting than the high rotatory power of the salt is the fact discovered by Grossmann 
(‘ Zeitschr. Physikal. Chem.,’ 1907, vol. 67, pp. 633-666) that when sodium hydroxide is 
added, the specific rotation of the salt assumes a large negative value, probably because 
“ in the alkaline solution an antimonyl alkali tartrate is present, in which the hydrogen 
atoms of the alcoholic hydroxyl groups are also displaced.” 

Our own experiments give no support to Krecke’s view that tartar emetic obeys 
Biot’s law. Thus the first preliminary series of observations gave for the product 
[M]X* values which increased progressively from 166 ’17 at wave-length 6708 to 203*86 
at wave-length 3917. But a “ simple ” dispersion formula [M] = 140*67/(X*— 0*0477), 
based upon the readings for the two dominant mercury lines, showed an agreement that 
was very satisfactory, especially in view of the fact that the observed rotations had been 
multiplied by nearly 12 to convert them into molecular rotations. Moreover, the 

♦ For farther observations on tartar emetic, see Long, ‘ Amer. Joum. Soi.,’ 1889, series (8), vol. 38, 
p. 264 ; 1890, vol. 40, p. 276. 
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magnitude of the diq>er8ion-con8tant 0*0477 did not present the same grounds for 
suspicion as in the case of the tartrates of the alkali metals. In view, however, of our 
experience with these tartrates, we considered it necessary to make a series of measure- 
ments at least as complete and as extensive as that which had disclosed the real com- 
plexity of the rotatory dispersion in sodium tartrate. The solution used for these 
measurements was made up to be approximately M/60 or 6*68 grams of tartar emetic 
per 100 c.c. ; a comparison with the rotations of unfiltered solutions made up gravi- 
metrically. Table X., gave the concentration as 6*32 grams per 100 grams of solution 
of density 1*0368, or 6*616 grams per 100 c.c., and this figure was adopted in calculating 
the molecular rotations. The rotations of this solution are set out in Table XVI., 
which gives the results of visual readings for 18 lines and photographic readings for five 
lines, as compared with 16-f-6 readings in the case of sodium tartrate. Although the 
observed rotations are multiplied by 10 in order to convert them into molecular rota- 
tions, their agreement with the calculated values is very satisfactory; even in the 
photographic region the largest error is only 1 per cent., and all the errors appear to 
be distributed quite casually, without any of the long series of positive or negative errors 
observed in the case of the alkali-tartrates. We therefore conclude that the rotatory 
dispersion in tartar emetic is definitely simple ” in character, and that in this compound 
we have for the first time succeeded in eliminating completely that complexity which is 
so strongly developed in the acid and its esters. 

Similar remarks may be applied to the alkaline solutions of tartar emetic. The 
preliminary series of observations for seven lines in the visible spectrum showed that 
[M]x* increased from —106*8 at wave-length 6438 to —133*3 at wave-length 4358, 
but that the dispersion could be represented satisfactorily by a simple formula. The 
simplicity of the rotatory-dispersion was, however, confirmed by a series of 17 visual 
readings as shown in Table XVIl. Photographic readings are not included, a<3 the 
solutions are not stable and show a marked diminution of rotatory power on keeping ; 
the visual readings could be taken before any serious alteration had occurred, but the 
photographic readings would have occupied too much time for this to be done successfully. 

10. Compounds op Arsenic and Bismuth. 

The arsenyl compounds H(A80)C«Hp«, K(AsO)C«H<0«, Na(AsO)C,H 40 ,|, corre- 
sponding with tartar emetic were examined by Landolt (‘ Ber. Deutsch. Chem. Gesell., 
1873, vol. 6, p. 1077, and “ Optical Rotatory Power,” tr. 1902, p. 663). No measure- 
ments of dispersion were made, but the data showed that the arsenyl compounds have 
much the same rotatory power as the simple alkali-salts and do not exhibit any of the 
special qualities of tartar emetic. Grossmann (foe. cit.) states that the addition of 
sodium hydroxide to sodium arsenyl tartrate appeared to cause complete decomposition 
of the salt into neutral disodium tartrate and optically-inactive sodium arsenite. Our 
own observations on the rotatory dispersion in an alkaline s<^ution of the arseno-tartrate. 
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Table XVIII. (a), are in agreement with Grossmann’s view. The rotations are positive 
and of the same order of magnitude as in the case of an alkaline solution of the potassium 
salt. The dispersion shows the same rough conformity with Biot’s law, and the same 
close approximation to the requirements of a simple formula with an abnormally small 
dispersion-constant, as in Table XV. (a), but the observed rotations are too small in 
magnitude and too few in number to provide conclusive evidence of the complexity of 
the dispersion. In the absence of an alkali, the formation of an arseno-tartaric acid is 
indicated by the increase of rotatory power, Table XVIII. (6), which is produced by 
saturating a solution of tartaric acid with arsenious oxide and filtering ofE the excess 
of arsenic. The dispersion-curve is not “ simple,” like that of tartar emetic, since 
the dispersion-ratio — 1*476 is less than the minimum value 1*670 for 

Xn® = 0 ; it is probable, therefore, that the arseno-tartaric acid is already partially 
dissociated, and that the addition of an excess of alkali merely completes the hydrolysis 
already initiated by the water in the solution. 

The dispersion of the corresponding compounds of bismuth do not appear to have 
been investigated hitherto*, but we have been able to prepare an alkaline solution of a 
bismuthyl compound which shows all the characteristics of alkaline solutions of tartar 
emetic. Its rotatory power is strongly negative, though less than in the case of tartar 
emetic, and its rotatory dispersion, as set out for 21 wave-lengths in Table XIX., agrees 
very well with a simple dispersion formula [M] = —37 *414/(x®— 0*0646). The 
dispersion-c^onstant in this formula agrees closely with the value 0*06276 given by an 
alkaline solution of tartar emetic ; it is therefore clear that in alkaline solutions 
bismuth yields a Isevorotatory compound with tartaric acid of exactly the same type 
as the compound formed from tartar emetic, and that both compounds differ from 
the acid and from its simple salts in giving simple rotatory dispersion. The simple 
dispersion in these more complex tartrates is indeed the most striking discovery that 
we have made in the course of the present investigation. 

11. Bobo-tartaric Acid. 

Boric acid was mentioned in Biot’s sealed communication of August 26, 1834, as a 
substance which (like the alkalis) combined with tartaric acid, giving dextrorotatory 
solutions which obeyed the general laws of rotatory dispersion as they had been estab- 
lished in the case of quartz and of several optically-active liquids (‘ ComptesRendus,’ 
1836, vol. 1, p. 468 ; compare ‘ Mem. Acad. 8ci.,’ 1838, vol. 16, p. 271). The action of 
boric acid was described in detail ten years later (‘ Ann. Chim. Phys.,’ 1844, vol. 11, 
pp. 82-112 ; see also 1860, vol. 60, pp. 220-266) in a long memoir “ On the Employment 
of Polarised Light to Study Various Questions of Chemical Mechanics.” The acid 
produced a marked increase in the dextrorotatory power of tartaric acid ; and this 
could be represented by a hyperbolic formula tending to a constant value when the 

For rotations of sodium light in potassium bismuthyl tartrates, see Rosbnbbim, VooBtSANG, and 
Qbosbiunb, ' Zeitsohr. fttr anorg. Chem.,’ 1906, vol. 48, p. 209. 
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boric acid was in large excess, or less exactly by a linear formula representing a tangent 
to the hyperbola. This linear formula was found to apply also to the enhancement of 
rotatory power in a glassy mixture of amorphous tartaric and boric acids ; four such 
mixtures gave rotations (for the neutral tint) ranging from +31° to +18°, and these 
when extrapolated gave for pure glassy tartaric acid a negative rotation —2*9°, agreeing 
closely with the value — 3'28° observed experimentally (‘Ann. Chim. Phys.,’ 1860, 
vol. 28, p. 374). 

Preliminary experiments on an equimolecular mixture of tartaric and boric acids 
(16 grams of tartaric acid and 6*2 grams of boric acid in 100 c.c. of solution) showed 
that the dispersion did not fulfil the requirements of Biot’s law, but could be expressed 
by a simple formula with a normal dispersion constant [M] = 24* 836/(X*— 0*0271). 
A more exact series, Table XX.(a), including readings for 18 lines in the visual and five 
lines in the photographic region of the spectrum, showed, however, that the simple 
formula was again only an approximation ; but the negative term in the complex 
formula is very small (only about j'o of the positive term), and would probably disappear 
altogether if a sufficient quantity of boric acid were used to convert the tartaric acid 
wholly into boro-tartaric acid. Table XX. (fe), which shows the effect of mols. of 
boric acid on tartaric acid of half the strength used for Table XX. (a) affords further 
justification for this view ; the dispersion is here so nearly simple that the only hint 
of complexity is that given by a few negative errors in the red and in the extreme violet 
region of the spectrum. 

The study of boro-tartaric acid, like that of tartar emetic, illustrates in a very striking 
manner the way in which the complex rotatory dispersion of tartaric acid is sunplified 
when it is converted into “ fixed ” derivatives, even when these are more complex in 
their chemical structure. The actual structure of these derivatives has been the subject 
of much speculation, and must be regarded as still very uncertain ; but we hope lio be 
able to carry out a chemical study of this problem, which will form a suitable sequel 
to the physical investigations which are described in the present paper. 


12. Summary. 


1. The rotatory power of tartaric acid for a series of 9 wave-lengths has been 
determined in aqueous solutions of 1 1 different concentrations ranging from 6 to 56 per 
cent, by weight, and also for 21 and 26 wave-lengths respectively at 2 other concentrations. 

2. The optical rotatory power of tartaric acid, like that of its methyl and ethyl esters, 
is expressed to a close degree of approximation by the formula 


a 



X*-X/' 


3. The rotatory power of sodium tartrate agrees very closely with Biot’s law, 
a ■= jk/x*, but requires for its exact expression a two-term formula similar to that 
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used for tartaric acid. Fotassium and ammonium tartrates and Bochelle salt give 
similar dispersion curves, but deviate more widely from Biot’s law. 

4. A number of solutions which give negative rotations have been examined for a 
range of wave-lengths, and the corresponding dispersion-curves have been plotted. 

6. In presence of an excess of boric acid the rotatory dispersion of tartaric acid is 
no longer complex but simple, and can be expressed over a wide range of wave-lengths 
by the equation 

- 

Tartar emetic also gives a simple dispersion curve. 

6. When tartar emetic is dissolved in an excess of potassium hydroxide, or when a 
corresponding solution is prepared with bismuth in place of antimony, strongly Isevo- 
rotatory solutions are obtained, but these are again characterised by a simple rotatory 
dispersion. 

7. It is suggested that d-tartaric acid, like nitro-camphor, exists in solution in two 
labile isomeric forms, and that the anomalous dispersion of the acid and of many of its 
derivatives is due to the presence of two isomeric compounds of opposite rotatory power 
and unequal dispersion. Derivatives which give simple rotatory dispersion are assumed 
(like the salts of nitro-camphor) to be fixed in one of these forms. 
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6. In presence of an excess of boric acid the rotatory dispersion of tartaric acid is 
no longer complex but simple, and can be expressed over a wide range of wave-lengths 
by the equation 
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Tartar emetic also gives a simple dispersion curve. 

6. When tartar emetic is dissolved in an excess of potassium hydroxide, or when a 
corresponding solution is prepared with bismuth in place of antimony, strongly Itevo- 
rotatory solutions are obtained, but these are again characterised by a simple rotatory 
dispersion. 

7. It is suggested that d-tartaric acid, like nitro-camphor, exists in solution in two 
labile isomeric forms, and that the anomalous dispersion of the acid and of many of its 
derivatives is due to the presence of two isomeric compounds of opposite rotatory power 
and unequal dispersion. Derivatives which give simple rotatory dispersion are assumed 
(like the salts of nitro-camphor) to be fixed in one of these forms. 
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Table III. — Rotatory Dispeision of Tartaric Acid in Aqueous Solutions at 20** C. 


(a) 54*1 gr. tartaric acid in 100 gr. solution, 
or 09*9 gr. „ ,, iDl00c.c. 


(6) 41*34 gr. tartaric acid in 100 gr. 

solution, 

or 50* 15 gr. „ inlOOc.c. 


Density = 1 • 2920. Length of tube'= 6 dm. 

TM 1 = t7*188 _ 12*080 

>- 'J X*— 0*030 A*— 0*074’ 


Density = 1 *2132. 
Length of tube = 6 dm. 

*■ X*”- 0*030 X* -0*07 4' 



a obs. 

[M] oba. 

[M,]. 


X obs. 

[M] obs. 

[M,]. 


•m 

Li 6708 

+24-36 

8-71 

8-80 

-0*09 

+22*40 

r 

11-17 

11*20 

--0*03 

Cd6438 

26-55 

9-14 

9-22 

-0*08 

23-61 

11-71 

11*85 

-0*14 

Na5893 

27-78 

9-94 

9-97 

-0*03 

26-43 

13*18 

13-18 

± 

Cu6782 

28-52 

10*20 

10-07 

+0-13 

26*94 

13*43 

13*43 

± 

Hg6780 

28-12 

10-08 

10-08 

± 

26-94 

13-43 

13-43 


1 Ou 6700 

28-67 

10-26 

10-14 

+0-11 

27-32 

13-62 

13*60 

+0*02 

! Hg5461 

28-53 

10-20 

I 10-20 

± 

28*14 

14*03 

14 -W 

dr 

Cu 6219 

27-76 

9*93 

10*02 

-0-09 

28*56 

14*24 

14-27 

-0-03 

Ag6209 

27-41 

9*80 

10-00 

-0-20 

— ... 




... 

Ca6164 

27-61 

9-82 

9-90 

-0-08 

28-61 

14*26 

14-28 

-0-02 

; Cu6105 

27*18 1 

9*72 

9-80 

-0-08 

28-62 

14-26 

14*27 

-0*01 

, Cd 6086 

26*97 1 

9-64 

9*75 

-0-11 

28*78 

14*34 

14-27 

+0-07 

, Zn 4811 

23-64 t 

8*42 

8*60 

-0*18 ; 





! Cd 4800 

23*30 1 

8*33 

8*63 

-0-20 

27-41 

13-67 

13-74 

-0*07 

Zn 4722 

21*91 

7*84 

7-98 

-0*14 





. 

Zn 4680 

20*73 

7*41 

7-63 

-0*22 1 



i 

— 



Cd 4678 

20*69 

7*40 

7*61 

-0*21 1 

26-61 

13-22 

13-17 

+0*05 

Fe 4580 

— 

— 

— 

— 

25 

125 

12-5 

d; 

Fe4440 

— 

— 

— 

— 

22 

no 

11-1 

-0-1' 

! Hg4S58 

9*13 

3*26 

3*26 

± 

19*9 

9*92 

9-92 


Fe4228 

0 

0 

+0 2 

-0 2 





Fe4g7S 

— 

— 

— 

— 

17' 

8-5 

8-5 

JL 

Fe4m 

— 

— 

— 

— 

1 

7 0 

70 

d- 

Fe4146 

— 

— 

— 

— 

11 

5-5 

5-5 

d 

Fe4110 

--10 

-3-6 


-0^1 





Fe4096 

— 

— 

— 

— 

8 

4-0 

3*8 

+0*2 

Fe4046 ' 

— 

— 

— 

— 

5 

2-6 

2*0 

+0*5 

i Ft 4m 

— 

— 

— 

— 

3 

1-6 

1*1 

+0*4 

Fe400S i 

-20 

-7^1 

-8-0 

+0*9 

2 

1-0 

+0*4 

+0*6 

Fe4000 ! 

— 

\ 

— 

— 

+1 

+0-6 

-0*1 

+0*6 

Fe3967 

— 

— i 

— 

— 

~1 

-0-6 

-1*3 

+0*8 

Ft 3941 

— 


— 

— 

-4 

-20 

-2*6 

+0*6 j 


*2 S *2 
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Table IV. — ^Molecular Rotatory Power of Tartaric Acid in Aqueous Solutions (Observed 

and Calculated). 

e = proportion of water present. 

[M] — molecular rotation observed. 

[Ml] — molecular rotation calculated. 




Cd 

Ns 

Hg 

Hg , 

Hg 

Cd 

Cd 

Cd 

Hg 


A, 

6438 

6893 

5790 

6769 , 

6461 

5086 

4800 

4678 

4358 

0-45 

[M] 

9-005 

9*761 

9*849 

9*866 

9-919 

9-362 

8-022 

7-108 i 

2-772 


[M,] 

9-028 

9*730 

9*819 

9-834 

9-919 

9-414 

8-143 

7*204 

2*772 


[M]-[Mil 

-0-023 

+0-021 

+0*030 

+0-032 


~ 0*062 

-0-121 

-0-096 ; 


0-60 

[M] 

10-100 

11*049 

11-198 

11-230 

11-479 

11-218 

10*171 

9*362 , 

5-446 


[Ml] 

10-106 

11-041 

11-183 

11-210 

11-479 

11-261 

10*249 

9*445 

5-446 


[M]-[M,] 

-0-006 

+0-008 

+0-016 

j +0*020 

± 

-0-033 

-0-078 

-0*083 ' 

± 

0-55 

[M] 

11-132 

12-328 

12-497 

12-519 

12*967 

13-003 

12-225 

11*560 

8-132 


[M,] 

11-117 

12-281 

12-477 

12-514 

12-967 

13-028 

12-307 

11-655 

8-132 



+0-015 

+0*047 

+0-020 

1 0*005 

± 

-0*025 

-0*082 

-0-095 

± 

0*00 

[M] 

12-109 1 

13-614 

13-742 

13-776 

14-391 

14-676 

14-144 

13-584 

10-638 


[M,l 

12-107 

13-484 

13-726 

13-775 

14-391 

14-699 

14-223 

13-684 

10-638 


[M]-tM,] 

+0*002 

+0-030 

+0*016 

1+0-001 

± 

-0-023 

-0-079 

-0*100 

.h 

0*05 

[M] 

1.3-092 

14-699 

14-963 

15-021 

15-798 

16-314 

16-071 

16-640 

12-956 


[Ml] 

13-079 

14-667 

14-959 

16-016 

16-798 

16-360 

16-129 

16-712 

12-956 


[M]-[M,] 

+0-013 

+0*032 

+0*004 

1+0*006 

± 

-0*046 

-0-058 

-0-072 

± 

0-7() 

[M] 

14-003 

15*760 

16-129 

1 16-180 

17-126 ' 

i 17-890 

17-788 

17*490 

16-197 


[M,] 

14-004 

16*786 

16-124 

i 16-192 

17-126 

17-919 

1 17-912 

17*606 

15-197 


[M]-[M.] 

-0-001 

--0-038 

+0-005 

1-0-012 

± 

-0-029 

—0-124 

-0*116 

1 

± 

0-75 

[M] 

14-829 1 

i 16*811 

1 17*222 

j 17-302 

18-365 

19-356 

■ 19-547 

19-463 

17-856 


[M,] 

14-846 

1 16*817 

17*196 

17-274 

1 18-355 

19-876 

19-693 

19-400 

17-366 


[M]-[M,] 

-0-017 

-0*006 

1+0*026 

+0-028 

; ± 

-0-021 

-0-046 

+0-053 


0-80 

[M] 

16-685 

17-924 

18-295 

18-370 

19-692 

20-849 

21-243 

21-077 

19*635 


[M,] 

15-693 

! 17-854 

18-276 

18-361 

: 19-692 

20-845 

21-287 

I 21-208 

19*635 

j 

[M]-[M,] 

-0-008 

+0-070 

+-0-02O 

+0-009 

1 ± 

+0-004 

—0-044 

-0-131 


1 0-85 

[M] 

16-570 

i 18-963 

19*423 

19-469 

1 20-888 

22*283 

! 22*945 

23-039 

21-730 


[Ml] 

16-595 

19-045 

19*412 

19-607 

! 20-888 

22*369 

23*030 

23-060 

21-780 


[M]-[Mi] 

-0-026 

-0-082 

+0*011 

-0-038 

: * 

-0*086 

1-0*085 

-0-021 

± 

i 

0-90 

[M] 

17-467 

1 19-956 

20-530 

1 20-630 

i 22-109 

‘ 23-784 

24-670 

24-837 

1 23*928 


[M,] 

17-423 

' 19-966 

20-474 

20-677 

22-109 

' 23-824 

: 24-719 

24-869 

23*928 


: [M]-iM,] 

+0-044 

-0-010 

+0-056 

' -0-047 

> 

-0-040 

-0-049 

-0-032 

± 

0-95 

i [M] 

18-314 

21*105 

21*790 

21-790 

23-504 

1 26-861 

26-883 

27 226 

1 26-687 


[M,] 

18-333 

21*106 

21*666 

21-781 

23-504 

' 26-627 

26-742 

27-068 

! 26-687 


[M]-[M,] 

-0-019 

± 

+0*124 

+0-009 


j+0-034 

+0-141 

+0-168 



The highest number in each series of molecular rotations is shown in heavy type ; the wave-lengths 
at which the true maxima occur are shown in Table V. 
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Table V. — ^Rotatory Dispersion in Aqueous Solutions of Tartaric Acid at 20“ C. 

Constants and Anomalies. 


1M1 = 






p. 

x,« 

Xs*. 


Per cent. 


1 


55 

0-03 

; 0-074 

17-127 

54‘1 

0*03 

0-074 

17*188 

60 

0-03 

0-074 

17-486 

46 

0-03 

0-074 

17-686 

41-25 

0-03 

i 0-074 

17*960 

40 

i 0-03 

0-074 

18-063 

35 

0*03 

0-074 

18-367 

30 

0-03 

I 0-074 

18*709 

25 

0-03 

0-074 

18-936 

20 : 

1 0-03 

0-074 

19-160 

15 

0-03 

0 074 

19-485 

10 

0-03 

0-074 

19*657 

5 

0-03 

0-074 

19-592 



K 1 

(Inflexion). 

t 

(Maximum). 

(Revenal). 

12*093 

0 6571 

0-6527 

0 4239 

12-080 

0*6533 

0*5485 

0-4220 

12*043 

0*6376 

0-5373 

04m 

11-877 

1 0-6197 

0-6232 

0 4050 

11*869 

1 0*6092 

0-6150 

0-3997 

11-866 

; 0-6058 

0-6123 

03980 

11-812 

! 0*6929 

0*5022 

0-3916 

11*799 

' 0-5822 

0-4937 

0-3881 

11-714 

i 0-5722 

0-4869 

0-3812 

11-624 

0-5628 

0-4785 

0-3767 

11-606 , 

0-5543 

0-4720 

0-3726 

11-475 1 

0-5458 

0-4653 

0-3684 

11-108 ! 

1 

0-5341 

0-4562 

0-8628 


P concentration in grammes of tartaric acid per 100 gr. of solution. 

In the last three columns all values which lie outside the range of the observations are given in italics. 
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Table VI. — Rotatory Dispersion of Sodium Tartrate in Aqueous Solution at 20* C. 

(fl) First Series. —22 ‘5i gr. NaaHAOe.2HjO in 100 gr. aqueous solution, 
or26’72gr. „ inlOOc.c. 

Density = 1 • 141 1 . Length of tube = 6 dm. 


Simple Formtda. Complex Formvla. 

nvr 1 = 20-152 I M I = _ 18'Q25 

W X*-0-0020' X*-0-038 X*-0-06' 


A. 

a. 

[M] obs. 

[M]X* 

m- 


[M*]. 

[MJ-fM*]. 

Li 6708 

30-23 

46-05 

20-27 

46-07 

-0-02 

44-67 

+0-38 

Cd 6438 

32-88 

49-00 

20*31 

48-96 

-f-0-04 

48-61 


Na5893 

39-22 

58-46 

20-30 

58*52 

-0-07 

58-33 

+0-12 

Hg6790 

40-58 

60-48 

20-27* 

60-64 

-0*16 

60-60 

-0*02 

Cu 6782 

40-91 

60-97 

20-38 

60-80 

+0-17 

60-66 

+0*31 

Hg 6769 

40-67 

60-62 

20-17 

61-08 

-0-46 

61-24 

-0*62 

Cu 6700 

41-96 

62-52 

20-31 

62-68 

-0-06 

62-47 

+0-06 

Hg6461 

46-78 

68-23 

20-36 

68-23 

■f 

68-23 

± 

Cu 6219 

60-41 

76-13 

20-46 

74-78 

+0-36 

74-89 

+0-24 

Ag6209 

60-67 

76-37 

20-45 

76-07 

+0-30 

76-18 

+0-19 

Cu 6164 , 

61-77 

77-16 1 

20-60 

76-70 

+0-46 

76-84 

+0-32 

Cu 6106 

53-15 

79-218 ■ 

20-648 

78-19 

+1-026 ! 

1 78-36 

+0-86, 

Cd 5086 

63-44 

79-66 

20-60 

78-79 

+0-86 1 

! 78-96 

+0-69 

Cd 4800 

69-96 

89-866 

20-69 

88-68 

+0-78* 

88-84 

+0-52, 

Cd 4678 i 

63-41 

94-61 1 

20-68 

93-32 

+1-19 

93-68 

+0-93 

B;g4368 

72-29 

107-74 

20-46 

107-74 


107-74 


Ft 4271 

7S 

111 8 

i 20-39 

112-3 

-0-6 

112-0 

-0-2 

Fe 4210 

77 

114-8 

\ 20-34 

115-6 

\ -0-8 

116-2 

-0-4 

Fe 4164 

79 

117-7 

! 20-32 

118-8 

' -1-1 \ 

118-1 

-0-4 

Fe 4072 

82 

122-2 

1 20-28 

123-7 

-1-5 1 

122-6 

-0-4 

Fe 4033 

84 

125-2 

20-36 

126-1 

-0-9 1 

124-8 

+0-4 

Fe 4005 

85 

126-7 

20-32 

127-9 

-1-2 1 

1 

m-4 

+0-3 
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Tablk VL— Kotatory Dispersion of Sodium Tartrate in Aqueoiis Solution at 20* C. 

(continued). 


(fe) Second Seriee. — 84*82 gr. Na^H,* 
or 41 • 97 gt. 

Density 1*2228. 


8mj)le Formula. 



rm- 19-537 

X*- 0-00032* 

k. 

a. 

[M] obs. 

rM]A*. 

Cd 6438 

61-60 

47*04 

19-60 

■ Na 6893 

, 61-42 

66-10 

19-48 

Hg6780 

63-88 

68-36 

19-49 

He 6461 

71-80 

65-58 

19-66 

Cd 6086 

83*08 

75-88 

19-63 

Cd 4800 

93-10 

86-04 

19-69 

Cd 4678 

98-52 

89-99 

19-69 

Fe M25 

no 

100 5 

19-67 

Hg4368 

112*61 

103-04 

19-67 

Fe 4218 

120 

109 6 

19-50 

Ft 4031 

\ 130 

118 7 

19-29 

Fe 3874 

i 140 

127-9 

19-19 


!,0„.2H„0 in 100 gr. aqueous solution, 
„ in 100 o.c. 

Length of tube = 6 dm. 

Complex Formula. 

r\f 1 = 37T08 _ 1 8 ‘348 
'■ X*-0‘038 X*-0‘06’ 


[MJ. 




47-17 

-0-13 ' 

46-80 

+0-24 

66-31 

-0-21 

66*12 

--0-02 

68-66 

-0-20 

68-40 

-0-06 

65-68 

dr 

65-68 

d: 

76-62 

+0-26 

75-80 

+0-08 

84-91 

+0-13 

86-20 

-0-16 

89-41 

+0-68 

89-69 

+0-30 

99-9 

+0-6 

100-0 

+0-5 

103-04 


103-04 

± 

110-0 

--0-4 

109-6 

± 

120-5 

--1-8 

119-1 

^0-4 

130-5 

-^2-6 , 

127-4 

+0-5 
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Table VIL—Botatory Dispersion of Potassium Tartrate in Aqueous Solution 

at 20’ C. 

(a) First -38*60 gr. KgH, 0404 .|H 20 in 100 gr. aqueous solution, 

or 41 *647 gr. „ in 100 c.c. 

Density = 1*2306. Length of tube 6 dm. 


Simple Formula. Complex Formula. 

PM 1 = 23-225 rw 1 _ 41-75 _ 19-255 

' X*-0-0065' X*-0-0S8 X*-0-06' 


A. 

a. 

[M] obs. 

[M]A*. 

[Ml]. 

; [M]-[M,]. 

LM,]. 

[M]-[M.J. 

li 6708 

64-66 

61-92 

23-36 

62-37 

-0-46 

61-96 

-0-04 

Cd 6438 

69-49 

66-61 

23-42 

66-93 

-0-42 

66-68 

-0-07. 

Ns 6893 

71-66 

67-96 

23-60 

68-16 

-0-19 

67-96 

± 

Hg6790 

74-33 

70-60 

23-67 

70-66 

-0-06 

70-60 

+0-10 

Cu6782 

74-49 

70-76 

23-65 

70-86 

-0-10 

70-71 

+0-04 

Hg6769 

74-77 

71-02 

23-64 

71-17 

-0-16 

71-03 

-0-01 

Cu 6700 

76-76 

72-91 

23-69 

72-94 

-0-03 

72-83 

+0-08 

Hg5461 

83-81 

79-61 

23-74 

79-61 

• db 

79-61 

i: 

Cu 6219 

92-28 

87-65 

23-876 

87-36 

I +0-30 

87-47 

+0-18 

Cu 6164 

94-74 

89-91 

23-906 

89-62 

+0-29 

89-77 

+0-14 

i Cu6106 

96-60 

91-66 

23-89 

91-40 

+0-26 

91-67 

+0-09 

1 Cd6086 

97-26 

92-39 

23-90 

92-10 

+0-29 

92-28 

+0-11 

' Zn4811 

109-20 1 

103-72 

24-01 

103-24 

+0-48 

103-61 

+0-21 

; Cd4800 

109-65 1 

104-06 

23-97j 

103-73 

' +0-33 

104-00 

+0-06 

Zn 4722 

113-60 1 

107-81 

24-04 

107-29 

J +0-62 

107-66 

+0-26 

: Zn4680 

116-26 ' 

109-60 

23-98 

109-29 

+0-21 

109-66 

-0-06 

Cd4678 

116-42 

109-63 

23-99 

109-38 

+0-26 

109-66 

-0-02 

Hg4S58 

133-30 

126-61 

24-06 

126-61 

± 

126-61 


1 Fe4326 

136 

129 ’2 

24-12 

1 128-6 

+0-6 

128-5 

+0-7 

1 Fe4187 

146 

i 137 7 

24-15 

! 137-6 

+0-1 

137-1 

+e-ff 

! Fe4n0 

160 

142-5 

24-07 

1 143-0 

-0-5 

142-1 

+0-4 

Ft 4046 

166 \ 

147-2 

24-10 

147-7 

-0-5 

146-6 

+0-7 



ON OPTICAL KOTAT{)UY DlSl'KliSlON. : 

Table VII. — Kotatory Dispersion of Potassium Tartrate in Aqueous Si»lution 

at 20° V‘. (continued). 

(6) Second Series. — 32-68 gr. K2H,C!^0,i.|H,0 in 100 gi’. aqueous solution, 
or 40-255 gr. „ in 100 c.c. 


Density = 1-2318. 

Simple Formula. 

r,, _ 22-93 

™ 0-0068' 


Ijcngtli of tube -- 6 dm. 

Complex Formula 
VI 1 = 4I-]08 IH-8HG 

*' A®-o-o:t8 \*-o-og' 


K 

1 

a. 

[M] oba. 


|M,]. 

; IMJ-IM,J. 

LM,J. 

iMj-iM,: 

Cd 6438 

1 

57-34 

55-79 

23-12 

56-25 

-0-46 

55-91 

-0-12 

Na 6893 

69-07 ! 

! 67-20 

23-34 

67-60 

-0-30 

67-18 

*4 0-02 

Hg 6790 ; 

71-50 

69-57 

23-32 

, 69-82 

-0-25 

69-68 

~ 0- 1 1 

Cu 6782 

71-95 

70-01 

23-40 

70-01 


69-88 

+0-13 

Hg6769 

72-10 

70-15 

23-35 

70-34 

-0-19 

70-21 

— 0-(K! 

Cu 5700 

74-05 , 

72-05 

23-41 

72-08 , 

-0-03 

71-98 

4 0-07 

Hg5461 1 

80-88 ' 

78-69 

23-47 

78-69 ' 

.-i 

78-69 

1 

Cu 6219 

89-00 ; 

86-59 I 

23-59 

86-34 

+0-25 

86-46 

-f 0-13 

Cu 5154 

91-40 

88-93 

23-62 

88-68 

+0-35 

88-74 

4 0-19 

Cu 6106 

93-16 1 

90-63 

23-62 

90-34 

+0-29 

90-52 

4 0-11 

Cd 6086 

93-80 

91-26 

23-61 

91-04 

+0-22 

91-23 

4-0-03 

Zn 4811 

105-65 

102-79 

23-79 

' 102-06 1 

+0-73 

102-34 

+0-45 

Cd 4800 1 

106-67 

102-81 

23-69 

102-66 

+0-26 

102-82 

-0-01 

Zn 4722 

109-76 ! 

106-78 

23-81 

; 106-07 

+0-71 

106-34 

+0-44 

Cd 4678 1 

111-17 

108-68 

23-78 

! 108-14 1 

+0-54 

108-42 

4 0-26 

Hg4358 1 

128-70 i 

125-22 

23-78 

! 126-22 

± 

125-22 


Fe 4337 ' 

130 

126’ 5 

23’79 

126-5 


126 ’4 

+01 

Fe 4308 

132 

128’4 

23 ’84 

! 128-2 

+0’2 

1281 

+0-3 

Fe 4271 

134 

1 130’4 

23’78 

i 130-6 

-0’2 

130-4 

Jr 

Fe 4251 

136 

132’3 

23 ’91 

131-8 

+0’5 

131-6 

+0-7 


VOL. OCXXH. — A. 
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Table VIII. — Rotatory Dispersion of Rochelle Salt in Aqueous Solution at 20“ C. 


44 ‘63 gr. NaKH^C 40 #* 4 H ;.0 in 100 gr. aqueous solution, 
or 56*93 gr. „ in 100 c.c. 

Density = 1 *2533. Length of tube = 6 dm. 


Simple Formula. Complex Formula. 

2ri.’)0 1 ^ 38-.') 13 _ 18 '066 

X’‘-0-0()5l‘ ^ \*-0-088 A*-0-06‘ 



X. 

OL. 

[MJobs. 

[M]X*. i 

1 

[M,]. 


[MJ. 


Cd 6438 

61-27 

51 49 

21-34 

51*67 

--0*18 

51*33 

+0-16 

Na 5893 

73-46 

61-72 

21-43 

61*82 

—0*10 

61*64 

-fO-08 

Hg 5790 

76-31 

64-12 

21-49 

64*07 

+0*05 

63*93 

+0-19 

Cu 6782 

76-42 

04-21 

21-47 

64*25 

—0*04 

64*11 

+0-10 

Hg6769 

76-71 

64-45 

21-46 

64*55 

-0*10 

64*42 

+0-03 

Cu 5700 

78-76 1 

66-18 

21-50 1 

66*14 

+0*04 

66*04 

+0-14 

Hg6461 

85-88 i 

72-16 

21-62 ' 

72*16 

± 

72*16 

± 

Cu 6219 

94-52 

79-42 

21-63 ! 

79*14 

+0*28 

79*25 

+0-17 

Cu 6154 

97-19 

81-66 

21-69 ! 

81*18 

+0*48 

81*32 

+0-34 

Cu 6105 

99-02 1 

83-20 

21*68 

82*78 

+0*42 

82*95 

+0-26 

Cd 6086 

99-63 

83-72 

21-66 i 

83*42 

1 +0*30 

83*59 

+0-13 

Zn 4811 

111-47 

93-66 

21-68 i 

93*44 

! +0*22 

93*70 

-0-04 

Cd 4800 

112-36 

94-41 

21-75 

93*89 

i +0*52 

94*15 

+0-26 

Zu 4722 

116-07 

97-53 

21-74 

97*09 

+0*44 

97*34 

+0-19 

Zn 4680 

118-07 

99-21 

21-73 ! 

98*88 

+0*33 

99*15 

+0-06 

Cd 4678 

118-35 

99-44 

21-76 

98*96 

+0*48 

99*72 

-0-28 

Hg4358 

136-20 

114-45 

21-73 j 

114*45 

± 

114*45 

i 

Fe 4286 

140 

117-6 

21-61 \ 

118-4 

^0-8 

118-3 

-0-7 

Fe 4271 

142 

119-3 

21-76 \ 

119-3 

± 

119-1 

+0-2 

Fe 4135 

152 

127-7 

21-84 i 

127-5 

+0-2 

126-8 

+0-9 

Fe 4065 

155 

130-3 

1 21-42 1 

I 1 

132-8 

—2-5 

\ 

131-0 

-1-3 
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Table IX. — ^Rotatory Dispersion of Ammonium Tartrate in Aqueous Solution at 20° 0. 


32*10 gr. (NH,).JI^C,0„ in 100 gr. aqueous solution, 
or 37*076 gr. „ in 100 c.c. 

Density = 1 *1550. Length of tube = 0 dm. 


Simple Formula. 


Complex Formula. 


[M,] 


22-173 

X*- 0-0094’ 


[M,] 


38-()7(; 17-117 

0-038 \»-0-0()' 


K 

a. 

[M] obs. 1 

[M] X*. 

[M,]. 


[M,]. 


Cd 6438 

65*57 

64*24 : 

22*48 

54*74 

■^0-50 

54*44 

-0*20 

Na 5893 

79-10 

G5-43 

22*72 

65-63 

-0-20 

65-47 

-0*04 

Hg6790 

82-07 

67-88 1 

22*76 

68*05 

-0-J7 

67*93 

—0*05 

Cu 6782 

82-45 

68*20 

22-80 

68*24 

-0*(H 

68*12 

+0*08 

Hg6769 

82*49 

68-23 i 

22-71 

68-56 

-0-33 

68*45 

-0*22 

Cu 6700 

85-00 

70*31 

22*84 

70-28 

+0-03 

70-19 

•10-12 

Hg 5461 

92*81 

76-77 

22-89 

76-77 

± 

76-77 

± j 

Cu 6219 

101-99 

84-36 

22-98 

84-32 

+0*04 

84*42 

-006 

Cu 5154 

104-77 

86-66 

23-02 

86-53 

+0-13 

86-66 


Cu 5105 

106*75 

88-30 ‘ 

23-01 

88-27 

+0-03 

88-41 

- O-ll 

Cd 5086 

107*73 

89-10 1 

23*05 

88-95 

+0-15 

89*10 


Zn 4811 

120*88 

99*98 i 

23*14 ; 

99*85 

+0-13 

1(K)*09 

-0-11 

Cd 4800 

121*62 

100*61 i 

23*16 I 

100*33 

+0-18 

KX157 

—0-06 

Zn 4722 

125*76 ! 

101*01 1 

23*19 1 

103*82 

+0-19 

104*06 

-0-05 

Zn 4680 

128*20 I 

106*04 ! 

23*22 i 

105*78 

+0*26 

106*01 

+0-03 

Cd 4678 

128*28 

106*11 ! 

23*22 i 

105*87 

+0-24 

106*11 

3: 

Hg4358 

148*50 

122*83 1 

23*33 1 

122*83 

± 

122*83 

±* 

Fe 4271 

155 

128 ’2 i 

23-39 

m-2 

± 

128-0 

+0-2 

Fe 4199 

160 

132-3 j 

23-34 

132-8 

--0-5 

132-5 

-0-2 

Fe 4144 

165 

136-5 

23-44 

136-6 


136-0 

+0-5 

Fe 4085 

170 

140-6 1 

23-46 

140-8 


139-9 

+0-7 

Fe 4046 

172 5 

142-7 j 

23-36 

142-7 

± 

142-6 

+0-1 

Fe 4025 

175 

1 144-7 ' 

23-45 

145-3 


144-1 

+0-6 

Fe 3970 

180 

1 148-9 

23-47 

149-6 


148-0 

+0-9 

Fe 3919 

185 

1 153-0 

23-50 

153-8 


151-7 

+1-3 i 


2 T 2 
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Table X. — Molecular Rotatory Power of Tartrates. 



i 

Percentage of 





I 

water. 





Salt. 


p. 

d. 

C. 

j [MJn* 

j 

1 j 

Obs. Calc. 




1 

i i 

NasH4C.O„.2HoO ... 

I 

15-66 1 16-65 

22-05 

M379 

25-09 

44-75 ! 


16-70 — 

22 ‘54 

1-1411 

25-72 

46-78 ; 58-45 58-35 


t 




I (Thomsen) 


1 

23-02 

1-1443 

2G-34 

46-79 1 

' 

1 

34-04 

1 -2207 

41-55 

71-09 j 

i 

1 

1 

34-32 

1^2228 

41-97 

71-80 1 66-10 66-36 

i 

1 




1 (Thomsen) 

] 


34-99 

1-2278 

42-96 

73-50 

KaH^C.Oo.iHjO ... 

3-94 3-83 

32 

i-2263 

39-24 

78-76 

1 

lost 




1 

1 

j 

at 150° 




1 


3-54 — 

32-68 

1-2318 

i 40-255 

80-86 67-20 

1 

lost 1 





i 

at 120" 1 




i 

1 i 


33‘GO 

1-2395 

41-647 

83-81 C7-9G 



35-44 

1-2642 

44-46 

89-48 


1 1 

37-12 

1-2678 

47-06 

95-07 , 

NaKHAOo.iHoO ... 

25-63 ; 26-63 j 

44-^0 

1-2623 

65-73 

85-47 


i ! 

44-63 

1-2533 

55-93 

85-88 1 63-72 


i 

44-68 

1-2636 

66-01 

86-01 



46-01 

1-2557 

66-52 

86-69 , 

(NH4)«H4C.0„ 

— — ; 

27-60 

1-1333 

31-28 

77-87 



30-38 

1-1466 

34-83 

87-16 : 


1 

32-00 

1-1648 

36-95 

92-50 


1 

32-10 

1-1550 

37-075 

92-81 ; 65-43 

1 • 

; 

33-79 

1-1637 

39-32 

99*03 

KSb 0 H 4 C 40 «.JH| 0 ... 

1 

6-63 

1-0382 

6-74 

59-61 



5-32 

1-0368 

5-516 

1 

57-20 573-7 


P = grammes of salt in 100 gr. of Bolution. 
d ~ density. 

C = grammes of salt in 100 cx. of solution. 
Values obtained by interpolation are shown in italics. 
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Table XI. — Dispersion-constants and Dispersion-ratios. 


1 

Salt. 

Concen 

gr./l(X) gr. 

tration. 

gr./lOO c-.c. 

k. 

a;-*. 

1 Sodium tartrate 

r(a) 

22-54 

25-72 

20-152 

0-0029 

1 (dihydratel 1 

iih) 

34-32 ! 

41-97 j 

19*537 1 

0*(KK)32 

Potassium tartrate 

r(a) 

‘ 33*60 ! 

41-65 

23-225 

0*0065 

(hemi hydrate) ^ 


32-68 

40*26 1 

22*930 

0-(XM>8 

liochelie salt 4 


44*63 1 

55*93 1 

21-150 

0-0051 

(tetrahydrate) 






Ammonium tartrate 


32-10 

37-075 j 

22-173 

0-0094 

(anhydrous) 





i 


Table XI J. — Dispersion-constants and Dispersion-ratios. 



A2. 





Quartz (opt.-mag.) 

. . 0-0173 

1 

1-627 

Ethyl alcohol (mag.) 

. . 0-0170 

1-626 

Methyl alcohol (mag.) 

. . 0-0164 

1-624 

Other alcohols (mag.) 

. . 0-0182 

1-630 

Water (mag.) 

. . 0-0222 

! 1-645 

Nine methyl carbinols (opt.) . . . 

. . 0-0237 

i 1-651 




1-579 

1-571 

1-591 

1-591 

1-586 

1-GOO 


I 
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Table XIII. — Constants of Drupe’s Equation. 



1 

ki. 

hi. 



Sodium tartrate — 






(a) 26*72 grams in 100 c.c. . 

♦ « • 

.37-446 

18-025 

0-038 

0-060 

(h) 41*97 grams in 100 c.c. . 
Potassium tartrate — 


37-108 

18-348 

0*038 

0*060 

(a) 41*647 grams in 100 c.c. 

. • • 

41-760 

19-255 

0*038 

0*060 i 

(b) 40*255 grams in 100 c.c. 
Rochelle salt — 

. . . 

41-108 

! 18-886 

0*038 i 

j 

0*060 

55*93 grams in 100 c.c. . . 
Ammonium tartrate — 

. . . 

38-513 

18-066 

0-038 

0*060 

37*075 grams in 100 c.c. 

i 

38-676 

17-117 i 

0*038 

0*060 


Table XTV. — ^Rotatory Dispersion of Potassium and Sodium Tartrates at 20° C. in 

presence of an excess of Alkali. 


(a) 2*6 gr. of potassium tartrate ! 
-f-36-43 gr. of potassium oxide (KaO) ; 
in 90-32 gr. of aqueous solution, or 
4-329 gr. potassium tartrate in 100 c.c. i 

Length of tube = 6 dm. 

• Density = 1 • 604. 

(Z») 1 3 • 3 gr . of sodium tartrate 4-20-41 gr. 
of sodium oxide (Na^O) in 92-891 gr. 
of aqueous solution, or 

20-178 gr. sodium tartrate in 100 c.c. 

Length of tube = 6 dm. 

Density = 1 - 4093. 

K 

CL, 

[M]. 

! 

CL, 

[M]. 

Cd 6438 

-0-29 

— 2-62 i 

- 7-54 

-14-32 

Na 5893 

-0-30 

- 2-71 



Hg6780 

-0*30 

— 2-71 

-10-09 

-19-17 

Hg 5461 

-0*41 

- 3*71 

-11-87 

-22-66 

Cd 6086 

-0-61 

- 6-62 

-14-61 

-27-76 

Cd 4800 

—0-80 

- 7-24 

-17-43 

-33-11 

Cd 4678 

-0-99 

- 8-96 

-18-87 

-35-86 

Hg 4358 

-1*34 

-12-12 i 

i 

-24-29 

-46-14 
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•Table XV.— Rotatory Dispersion of Potassium and Sodium Tartrates at 20" C. in 

presence of Alkali. 








(h) 4-6 cr. (0-02 mol.) Na.,H4C40«.2H80 

(a) 4*7 gr. (0-02 mol.) in 100 c.c. 



in 100 c.c. 



Length of tube = 6 dm. 



Length of tube 

= 6 dm. 




Simple Fomvda. 



Simple Formula. 




[M,] = 

17-298 



[M.] = 


• 

A. 

a. 

[M] obs. 

[Ml] calc. JMJ -IM,]. 

1 

[M] X*. 

a. 

LMJ obs. 

[M|] calc. 


[M]X*. 

Cd 6438 

+6 -13 

42'7 

43*1 

-0-4 

17-72 

+5*23 

43*6 

44-8 

-1*2 

18*08 

Hg 5780 

6-47 

63'9 

53*9 


18*01 

6*66 

55*5 

55*5 

d 

18*54 

Cu 5782 

6-46 

53-8 

53*8 

d- 

18 -(K) 

6*65 

55*4 

55*5 

-0*1 

18*52 

Cu 67(X) 

6-55 

54*6 

55*4 

-^0*8 

17*74 

6*76 1 

56*3 

57*1 

-0*8 

18*29 

Hg 5461 

7-37 

61*4 . 

60-7 

40-7 

18*31 

7*49 

62-4 

62*2 

+0*2 

18*61 

Cu 6219 

8‘12 

67*7 

66'7 

-I 1-0 

18*43 

8*25 

68-7 

68*2 

+0*5 

18*70 

Cu 6154 

8-23 

68-6 

68 -5 

40-1 

18*21 

8*40 

70-0 

69*9 

4-0-1 

18*59 

Cu 5105 

8‘34 

69*5 

69-9 

-0*4 

18*11 

8*51 

70-9 

71*2 

-0*3 

18*48 

Cd 5086 

8-50 

70*8 

70-4 

4-0 4 

18*32 

8*61 

71*7 

71*7 


18*56 

Zn 4811 

9 ‘60 

1 80*0 

79*2 

4-0-8 

18*52 

9*65 

80-4 

80*2 

+0*2 

18*61 

Cd 4800 

9‘53 

79*4 

79*6 

-0*2 

18*29 

9*66 

80-5 

80*6 

-0*1 

18*55 

Zn 4722 

9 ‘84 

82*0 

82*4 

--0*4 

18*29 

10*05 

83-7 

83*2 

+ 0*5 

18*68 

Cd 4678 

10*08 

84*0 

84*0 

■1 

1 18*38 

10*08 

84*0 

84*8 

-0*8 

18*38 

Hg 4368 

11*08 

1 97*3 

97*8 

-0*5 

1 18*48 

11*85 

98*7 

97*7 

+1*0 

18*75 

Fe 4242 


! 


— 

1 

' ! 

“ ... 

108 

103 

+5 

19‘5 

• 



304 


MESSRS. THOMAS MARTIN LOWRY AND PERCY CORLETT AUSTIN 


Table XVI. — Rotatory Dispersion of Tartar Emetic in Aqueous Solution at 20° C. 


5-32 gr. KSb 0 H 4 C 40 «.^Ha 0 in 100 gr. of solution, 
or6'516gr. „ in 100 c.c. 


Density = 1 • 0368. 


Length of tube = 6 dm. 


Simple Formula. 



1 4278 
\*-0 • 04936 ' 


A. 

a. 

[M] obs. 

[MJ calc. 


[M] 

tM]x 

(A2-0- 04936). 

Li 670ft 

35-70 

368-1 

356-4 

+1-7 • 

161-1 

143-5 

Cd 6438 

38-87 

389-9 

39M 

-1-2 

161-6 

142-4 

Zn 6364 

40-00 

401-3 

400-6 

+0-7 

162-6 

142-7 

Na 5893 

47-95 

481-0 

479-3 

+1-7 

167-0 

143-3 

Hg 5790 

49-70 

498-6 

499-4 

-0-8 

167-1 

142-5 

Cu 5782 

49-82 

499-8 

501-1 

~1‘3 

167-1 

142-4 

Hg 6769 

60-07 

502-3 

603-7 

-1-4 

167-2 

142-4 

Cu 6700 

51-60 

617-6 • 

518-2 

-0-6 

168-2 

142-6 

Hg 6461 

67-19 

673-7 

673-7 

d: 

171-1 

142-8 

Cu 5219 

63-78 

639-8 

640-2 

-0-4 

174-3 

142-7 

Cu 6164 

66-70 

669-1 

660-2 

-1-1 

175-1 

142-6 

Cu 6105 

67-25 1 

674-6 

676-9 

-1-3 

175-8 

142-5 

Cd 6086 

68-00 

682-2 

682-2 

± 

176-6 

142-8 

Zn 4811 

78-16 

784-0 

784-1 

-0-1 

181-5 

142-8 

■Cd 4800 

78-67 

789-2 

788-7 

+0-5 

181-8 

142-9 

Zn 4722 

82-00 

1 822-6 

822-4 

+0-2 

183-4 

142-8 

Cd 4678 

83-98 

i 842-6 

842-6 


184-4 

142-8 

Hg 4358 

101-26 

1 1016-8 

1016-8 


192-9 

142-8 

Fe 4228 

no 

1 1103 

1103 


197-3 

142-8 

Fe 4160 

115 

\ 1154 

1154 

± 

199-6 

142-7 

Fe 4113* 

120 

! 1204 

1192 

+12 

203-6 

144-2 

Fe 4035 

125 

1254 

1258 

-4 

204-2 

142-3 

Fe 3984 

130 

1304 

1306 

-2 

207-0 

142-6 


* This reading appears to be incorrect, bnt has been retained in the table. 
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Table XVII. — ^Rotatory Dispersion of Tartar Emetic in presence of excess of Alkali at 

20° C. 

5-53 gr. mol.) KSb 0 H 4 C 40 «.iH 20 +ll *2 gr. mol.) KOH in 100 c.c. of solution. 


Length of tube = 6 dm. 


Simple formula. 


[M.] = 


-89-48 

X*-006275‘ 


A. 

a. 

1 

! [M] obs. 

i 

[MJ calc. 



Li 6708 

-22-90 

i 

! -229-0 

-231-1 

+2-1 

-103-0 

Cd 6438 

-26-38 

-253-8 

-264-4 

+0*6 

-106-2 

Na 6893 

-31-37 

! -313-7 

-314*5 

+0-8 

-108-9 

Hg6790 

-32-88 

-328*8 

-328*4 

-0*4 

-110-2 

Cu 6782 

-32-91 

i -329-1 

-329*5 

+0-4 

-110*0 

Hg 6769 

-33-13 

-331-3 

-331*3 


-110-3 

Cu 6700 

-34-11 

-341-1 

-341-3 

+0*2 

-110-8 

Hg 6461 

-38-04 

; - 380-4 

-380*0 

-0*4 

-113-4 

Cu 6218 

-42-72 

' -427-2 

-426*8 

-0*4 

-116-4 

Cu 5163 

-44-12 

-441-2 

-441*2 

± 

-117-2 

Cu 6106 

-46-32 

i -463-2 

-452*2 

-1*0 

-118-1 

Cd 6086 

-46-78 

-467-8 

-466*7 

-1*1 

-118-4 

Zn 4811 

-63-11 

- 631-1 

-530*4 

-0*7 

-122-9 

Cd 4800 

-63-43 

-634-3 

-533*7 

-0*6 

-123-1 

Zn 4722 

-66-82 

-568-2 

-568*6 

+0*3 

-124-6 

Cd 4678 

-57-43 

-674-3 

-573*2 

-1*1 

-126-7 

Hg 4368 

-70-20 

-702-0 

-703*6 

+1-6 

-13.3-2. i 



_ . 

1 






VOL. oexxii.— A. 


2 V 



306 


MESSRS. THOMAS MARTIN LOWRY AND PERCY CORLETT AUSTIN 


Table XVIII, — Rotatory Dispersion of Potassium and Hydrogen Aisenyl Tartrates at 

20® C. 


Length of tube = 6 dm. 


(o) 2-6 

gr. (^- mol.) tartaric acid + 1 

‘65 gr. 

1 

1 

1 


(ft^o naol.) As.fi.,, + 14 

gr. (J mol.) KOH in 

j (b) 16 gr. mol.) tartaric 

100 c.c. 





acid in 100 c.c. Solution 


Simple F&rmida. 



saturated with arsenious 


TM 1 _ 20‘148 ^ 



acid by boiling. 


L-IJ - 

-0-017 





A. 

a. 

[M], 

[M]X». 

[M,]. 

[M]-[M,]. 

a. 

[M] approx. 

Cd 6438 

+6-10 

61-0 

21-14 

60-7 

+0-3 

+20-81 

34-68 

Na 5893 

— 

— 

— 

— 

— 

24-93 

41 '66 

Hg 5790 

+6*28 

62-8 

21-06 

63-3 

-0-6 

26-72 

42-87 

Hg 5769 

6-38 

63-8 

21-23 

63-8 

± 

26-87 

43-12 

Hg 5461 

7-22 

72-2 

21-63 

71-7 

+0-6 

28‘70 

47-83 

Cd 5086 

8-38 

83-8 

21-68 

83-4 

+0-4 

32-60 

64-33 

Cd 4800 

9-56 

96-6 

22-00 

94-4 

+1-1 

36-21 

60-36 

Cd 4678 

9*90 

99-0 

21-66 - 

99-8 

-0-8 

37-81 

63-02 

Fe 4378 

11’ 75 

117’5 

2210 

115 ’3 

+2-2 



..i.. 

Hg 4358 

11-49 

114-9 

21-82 

116-6 

-1-6 

42-37 

70-62 

Fe 4259 

1225 

122’6 

22 22 

122-5 

± 

— 

— 


_ 





1 _ _ i 
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Table XIX. — ^Rotatory Dispersion of Potassium Bismuthyl Tartrate in presence of 

excess of Alkali at 20° C. 

2*5 gr. {-^0 mol.) tartaric acid +2*16 gr. (j-^^ mol.) of Bi(OH)a +14 gr. (J mol.) KOH 

in 100 c.c. of solution. 


Length of tube = 6 dm. 


Simple Formula. 

-37-414 
X*-0 064.’) 



A. 

a. 

[M] obs. 

[Mj] calc. 

[MJ-IM,]. 

[Mj<X*-0-0646). 

Cd 6438 

-1064 

-106-4 

-106-9 

+0-6 

-37*24 

Zn 6364 

-10-93 

-109-3 

-109-9 

+0*6 

-37*22 

Na 5893 

-13*22 

-132-2 

-132-2 


-37*38 

Hg 6790 

-13-78 

-137-8 

-138-2 

+0-4 

-37-31 

Cu 5782 

-13-90 

-139-0 

-138-7 

-0*3 

-37-60 

Hg 6769 

-13-98 

-139-8 

-139-4 

-0*4 

-37-61 

Cu 6700 

-14-39 

-143-9 

-143-7 

-0*2 

-37-47 

Hg 6461 

-15-99 

-159-9 

-160-1 

+0-2 

-37*37 

Cu 6219 

-18-04 

-180-4 

-180-2 

-0-2 

-37*60 

Cu 5164 

-18-60 

-186-0 i 

-186*1 

+0-1 

-37-41 1 

Cu 6105 

-19-01 

-190-1 1 

! -190*8 

+0-7 

-37-28 1 

Cd 5086 

-19-26 

-192-6 ‘ 

-192-6 

± 

-37-40 1 

Zn 4811 ! 

-22-23 

-222-3 

-224*0 

+1-7 

-37-12 

Cd 4800 

-22-66 j 

-226-6 

' -226*5 

± 

-37-36 

Zn 4722 

-23-28 1 

-232-8 

-236-1 

+3-3 

-36-89 

Cd 4678 

-24-34 

-243-4 

-242*5 

-0-9 

i -37-6) 

Hg 4358 

-29-89 : 

-298-9 

-298*4 

-0-6 

-37-49 

Fe 4326 

-30 

-300 

-305 

+5 

-36 79 j 

Fe 4271 

-31 , 

, —310 

-317 

+7 

-36 56 1 

Fe 4261 

-32 : 

-320 

-322 

+2 

-37‘19 \ 

Fe 4249 

-33 

-330 

-322 

-8 

-38-28 
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Table XX. — ^Rotatory Dispersion of Boro-tartaric Acid in Aqueous Solutions at 20® C. 


(a) 16 

gr. (0*10 mol. 

tartaric acid 

(b) 7-5 

gr. (0*06 mol.) tartaric acid 

1 +6-2gr. (0- 

10 mol. 

) boric 

acid in 


-{-4 *66 gr. (0* 

076 mol.) boric 

acid in 

! 100 c 

1 

.c. solution. 




100 c. 

c. solution. 




Complex Formula. 




Simple Formula. 


nw .1 - 257 

1*249 




PM 1 — 

24*08 



-0-03 

X*- 0*065 




X‘‘-0*02458 ' 


A. 

OL, 

[M] obs. 

[Mil. 



A. 

OL. 

[M] obs. 

[M,]. 

[M]-[M2]. 

Li 8708 

-1-34 -66 

67-8 

67-9 

-0-1 

Li 

6708 

+16*76 

66-9 

56*6 

-0-7 

Cd 6438 

37-79 

63-0 

63-3 

-0-3 

Cd 

6438 

18-40 

61-3 

61-8 

-0-6 

Na 5893 

46-00 

76-7 

76-6 

+0-1 

Na 

6893 

22*43 

74-8 

74-6 

+0-2 

Hg6790 

47-83 

79-7 

79-6 

+0-1 

Hg 

6790 

23-24 

77-6 

77-6 

± 

Cu 5782 

47-90 

79-8 

79-8 


Cu 

6782 

23*39 

78*0 

77-7 

+0-3 1 

Hg 5769 

48-06 

80-1 

80-2 

-0*1 

Hg 

6769 

23-42 

78*1 

78-1 


Cu 5700 

49-50 

82-6 

82-3 

+0-2 

Cu 

6700 

24-13 

80-4 

80-2 

+0-2 ; 

Hg5461 

64-38 

90*6 

90-5 

+0-1 

Hg 

6461 

26-42 

88-1 

88-0 

+0-1 

Cu 5218 

60-04 

100-1 

100-0 

+0-1 

Cu 

6218 

29-28 

97-6 

97-2 

+0-4 

Cu 5153 

61-86 

103-1 

102-8 

+0-3 

Cu 

6105 

30-66 

102-2 

102-0 

+0-2 

Cu 5105 

63-06 

106-1 

105-1 

it 

Cd 

6086 

30-92 

103-1 

102*9 

+0-2 1 

Cd 5086 

63-62 

106-9 

106-0 

-0-1 

Zn 

4811 

35*09 

117-0 

116-4 

+0-6 

Zn 4811 

72-11 

120-2 

120-1 

+0*1 

Cd 

4800 

36-17 

117-2 

117-0 

+0-2 

Cd 4800 

72-30 

120-6 

120-7 

-0-2 

Zn 

4722 

36-60 

121-7 

121-4 

+0-3 

Zn 4722 

76-30 

126-6 

126-3 

+0*2 

Cd 

4678 

37-24 

124-1 

124-0 

+0-1 

Zn 4680 

76-60 

127-6 

127-8 

-0-3 

Hg 

4358 

43-62 

145*4 

145-6 

-0-2 1 

Cd 4678 

76-86 

128-1 

128-0 

+0-1 

Fe 

4353 

44 

147 

146 


Hg ^368 

90-10 

150-2 

160-7 

-0-6 

Fe 

4288 

45 

150 

151 

-1 1 

Fe 4242 

96 

160 

161 

-1 

Fe 

4261 

46 

153 

153 


Fe 4J82 

99 

165 

166 

-1 

Fe 

4210 

47 

156 

158 

-2 

1 Fe 4123 

102 

170 

172 

-2 

Fe 

4178 

48 

160 

161 

-1 

! Fe 4m2 

106 

175 

177 

-2 

Fe 

4100 

50 ■ 

167 

168 

-1 

\ Fe 4046 

j 

107 

178 

180 ' 

-2 



i 

j 



1 

i 

1 
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Definitions. 

Centre of Location . — That abscissa of a frequency curve for which the sampling errors 
of optimum location are uncorrelated with those of optimum scaling. (9.) 

Consistency. — A. statistic satisfies the criterion of consistency, if, when it is calculated 
from the whole population, it is equal to the required parameter. (4.) 

Distribution . — ^Problems of distribution are those in which it is required to calculate 
the distribution of one, or the simultaneous distribution of a number, of functions of 
quantities distributed in a known manner. (3.) 

Efficiency . — The efficiency of a statistic is the ratio (usually expressed as a percentage) 
which its intrinsic accuracy bears to that of tiie most efficient statistic possible. It 
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expresses the proportion of the total available relevant information of which that 
statistic, makes use. (4 and 10.) 

Efficiency (Criterion ). — The criterion of efficiency is satisfied by those statistics which,' 
when derived from large samples, tend to a normal distribution vdth the least possible 
standard deviation. (4.) 

EstiniMion. — Problems of estimation are those in which it is required to estimate the 
value of one or more of the population parameters from a random sample of the 
population. (3.) 

Intrinsic Acmracy . — The intrinsic accuracy of an error curve is the weight in large 
samples, divided by the number in the sample, of that statistic of location which satisfies 
the criterion of sufficiency. (9.) 

Isostatistical Regions . — If each sample be represented in a generalized space of which 
the observations are the co-ordinates, then any region throughout which any set of 
statistics have identical values is termed an isostatistical region. 

Likelihood . — The likelihood that any parameter (or set of parameters) should have 
any assigned value (or set of values) is proportional to the probability that if this were 
so, the totality of observations should be that observed. 

Location . — The location of a frequency distribution of known form and scale is the 
process of estimation of its position with respect to each of the several variates. (8.) 

Optimum . — The optimum value of any parameter (or set of parameters) is that value 
(or set of values) of whuffi the likelihood is greatest. (6.) 

Scaling . — The scaling of a frequency distribution of known form is the process of 
estimation of the magnitudes of the deviations of each of the several variates. (8.) 

Specification . — ^Problems of specification are those in which it is required to specify 
the mathematical form of the distribution of the hypothetical population from which 
a sample is to be regarded as drawn. (3.) 

Suffiiciency . — A statistic satisfies the criterion of sufficiency when no other statistic 
which can be calculated from the same sample provides any additional information as 
to the value of the parameter to be estimated. (4.) 

Validity . — The region of validity of a statistic is the region comprised within its 
contour of zero efficiency. (10.) 

1. The Neglect of Thboeetical Statistics. 

Several reasons have contributed to the prolonged neglect into which the study of 
statistics, in its theoretical aspects, has fallen. In spite of the immense amount of 
fruitful labour which has been expended in its practical applications, the basic principles 
of this organ of science are still in a state of obscurity, and it cannot be denied that, 
during the recent rapid development of practical methods, fundamental problems have 
been ignored and fundamental paradoxes left unresolved. Tins anomalous state of 
statistical science is strikingly exemplified by a recent paper (1) entitled “ The Funda- 
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mental Problem of Practical Statistics," in which one of the most eminent of modern 
statisticians presents what purports to be a general proof of Bayes' postulate, a proof 
which, in the opinion of a second statistician of equal eminence, “ seems to rest upon a 
very peculiar — not to say hardly supposable — ^relation." (2.) 

Leaving aside the specific question here cited, to which we shall recur, the obscurity 
which envelops the theoretical bases of statistical methods may perhaps be ascribed 
to two considerations. In the first place, it appears to be widely thought, or rather 
felt, that in a subject in which all results are liable to greater or snudler errors, precise 
definition of ideas or concepts is, if not impossible, at least not a practical necessity. 
In the second place, it has happened that in statistics a purely verbal confusion has 
hindered the distinct formulation of statistical problems ; for it is customary to apply 
the same name, mean, standard deviation, correlation coefficient, etc., both to the true 
value which we should like to know, but can only estimate, and to the particular value 
at which we happen to arrive by our methods of estimation ; so also in applying the 
berm probable error, writers sometimes would appear to suggest that the former quantity, 
and not merely the latter, is subject to error. 

It is this last confusion, in the writer’s opinion, more than any otlier, which has led 
to the survival to the present day of the fundamental paradox of inverse probability, 
which like an impenetrable jungle arrests progress towards precision of statistk^al 
concepts. The criticisms of Boole, Venn, and Chrystal have done something towards 
banishing the method, at least from the elementary text-books of Algebra ; but though 
we may agree wholly with Chrystal that inverse probability is a mistake (perhaps the 
only mistake to which the mathematical world has so deeply committed itself), there 
yet remains the feeling that such a mistake would not have captivated the minds of 
Laplace and Poisson if there had been nothing in it but error. 

2. The Purpo.se of Statistical Methoos. 

In order to arrive at a distinct formulation of statistical problems, it is necessary to 
define the task which the statistician sets himself; briefly, and in its most concrete 
form, the object of statistical methods is the reduction of data. A quantity of data, 
which usually by its mere bulk is incapable of entering the mind, is to be replaced by 
relatively few quantities which shall adequately represent the whole, or whit;h, in other 
words, shall contain as much as possible, ideally the whole, of the relevant information 
contained in the original data. 

This object is accomplished by constructing a hypothetical infinite population, of 
which the actual data are regarded as constituting a random sample. The law of distri- 
bution of this hypothetical population is specified by relatively few parameters, which 
are sufficient to describe it exhaustively in respect of all qualities under discussion. 
Any information given by the sample, which is of use in estimating the values of these 
parameters, is relevant information. Since the number of independent facts supplied in 

2X2 



312 


MR. R. A. FISHER ON THE MATHEMATICAL 


the data is usually far greater than the number of facts sought, much of the information 
supplied by any actual sample is irrelevant. It is the object of the statistical processes 
employed in the reduction of data to exclude this irrelevant information, and to isolate 
the whole of the relevant information contained in the data. 

When we speak of the probability of a certain object fulfilling a certain condition, we 
imagine all such objects to be divided into two classes, according as they do or do not 
fulfil the condition. This is the only characteristic in them of which we take cognisance. 
For this reason probability is the most elementary of statistical concepts. It is a para- 
meter which specifies a simple dichotomy in an infinite hypothetical population, and it 
represents neither more nor less than the frequency ratio w'hicli we imagine such a 
population to exhibit. For example, when we say that the probability of throwing a 
five with a die is one-sixth, we must not be taken to mean that of any six throws with 
that die one and one only will necessarily be a five ; or that of any six million 
throws, exactly one million will be fives ; but that of a hypothetical population of an 
infinite number of throws, with the die in its original condition, exactly one-sixth will 
be fives. Our statement will not then contain any false assumption about the actual 
die, as that it will not wear out with (tontinued use, or any notion of approximation, as 
in estimating the probability from a finite sample, although this notion may be logically 
developed once the meaning of probability is apprehended. 

The concept of a diacordinuous freqmncy distribution is merely an extension of that of 
a simple dichotomy, for though the .number of classes into which the population is 
divided may be infinite, yet the frequency in each class bears a finite ratio to that of the 
whole population. In frequency curves, however, a second infinity is introduced. No 
finite sample has a frequency curve : a finite sample may be represented by a histogram, 
or by a frequency polygon, which to the eye more and more resembles a curve, as the 
size of the sample is increased. To reach a true curve, not only would an infinite number 
of individuals have to be placed in each class, but the number of classes (arrays) into 
which the population is divided must be made infinite. Consequently, it should be 
clear that the concept of a frequency curve includes that of a hypothetical infinite 
population, distributed according to a mathematical law, represented by the curve. 
This law is specified by assigning to each element of the abscissa the corresponding 
element of probability. Thus, in the case of the normal distribution, the probability 
of an observation falling in the range dx, is 


1 


<r\"'27r 


< t—m)- 

dr. 


in which expression x is the value of the variate, while m, the mean, and <r, the standard 
deviation, are the two parameters by which the hypothetical population is specified. 
If a sample of n be taken from such a population, the data comprise n independent facts. 
The statistical process of the reduction of these data is designed to extract from them 
all relevant informeition respecting the values of m and tr, and to reject all other 
information as irrelevant. 
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It. should be noted that there is no falsehood in interpreting any set of independent 
measurements as a random sample from an infinite population ; for any such set of 
[lumbers are a random sample from the totality of numbers produced by the same 
matrix of causal conditions : the hypothetical population which we are studying is an 
aspect of the totality of the effects of these conditions, of whatever nature they may be. 
The postulate of randomness thus resolves itself into the question, “ Of what population 
is this a random sample ? ” which must frequently be asked by every practical statistician. 

It will be seen from the above examples that the prcxiess of the rediudion of data is, 
even in the simplest cases, performed by interpreting the available (tbservations ns a 
sample from a hypothetical infinite po})ulation ; this is a fortiori the case when we have 
more than one variate, as when we are seeking the values of coefficients of correlation. 
There is one point, however, which may be briefly mentioned here in advance, as it 
Jias been the cause of some confiusion. In the example of the frequency curve mentioned 
above, we took it for granted that the values of both the mean and the standard deviation 
of the population were relevant to the inquiry. This is often the erase, but it sometimes 
happens that only one of these quantities, for example the standard deviation, is required 
for discussion. In the same way an infinite normal population of two correlated variates 
will usually require five parameters for its speerification, the two means, the twf) standard 
deviations, and the correlation ; of these often only the correlation is required, or if not 
alone of interest, it is discussed without reference to the other four quantities. In such 
cases an alteration has been made in what is, and what is not, relevant, and it is not 
surprising that certain small corrections should appear, or not, according as the other 
parameters of the hypothetical surface are or are not deemed relevant. Even more 
clearly is this discrepancy shown when, as in the treatment of such fourfold tables as 
exhibit the recovery from smallpox of vaccinated and unvaccinated patients, the method 
of one school of statisticians treats the proportion of vaccinated as relevant, while 
others dismiss it as irrelevant to the inquiry. (3.) 

3. The Pboblems of Statistics. 

The problems which arise in reduction of data may be conveniently divided into three 
types 

(1) Problems of Specification. These arise in the choice of the mathematical form of 
the population. 

(2) Problems of Estimation, These involve the choice of methods of calculating from 
a sample statistical derivates, or as we shall call them statistics, which are designed 
to estimate the values of the parameters of the hypothetical population. 

(3) Problems of Distribution. These include discussions of the distribution of 
statistics derived from samples, or in general any functions of quantities whose 
distribution is known. 

It will be clear that when we know (1) what parameters are required to specify the 
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population from which the sample is drawn, (2) how best to calculate from the sample 
estimates of these parameters, and (3) the exact form of the distribution, in different 
samples, of our derived statistics, then the theoretical aspect of the treatment of any' 
particular bocly of data has been completely elucidated. 

As rejjards problems of specification, these are entirely a matter for the practical 
statistician, for those cases where the qualitative nature of the hypothetical population 
is known do not involve any problems of this type. In other cases we may know by 
experience what forms are likely to be suitable, and the adequacy of our choice may 
be tested a posteriori. Wc must confine ourselves to those forms which we know how 
to handle, or for which any tables which may be necessary have been constructed. 
More or less elaborate forms will be suitable according to the volume of the data. 
Evidently these are considerations the nature of which may change greatly during the 
work of a single generation. We may instance the development by Pearson of a very 
extensive system of skew curves, the elaboration of a method of calculating their para- 
meters, and the preparation of the necessary tables, a body of work which has enormously 
extended the power of modem statistical practice, and which has been, by pertinacity 
and inspiration alike, practically the work of a single man. Nor is the introduction of 
the Pearsonian system of frequency curves the only contribution which their author has 
made to the solution of problems of specification : of even greater importance is the 
introduction of an objective criterion of goodness of fit. For empirical as the specifica- 
tion of the hypothetical population may be, this empiricism is cleared of its dangers if 
we can apply a rigorous and objective test of the adequacy with which the proposed 
population represents the whole of the available facts. Once a statistic, suitable for 
applying such a test, has been chosen, the exact form of its distribution in random 
samples must be investigated, in order that we may evaluate the probability that a 
woroe fit should be obtained from a random sample of a population of the type con- 
sidered. The possibility of developing complete and self-contained tests of goodness of 
fit deserves very careful consideration, since therein lies our justification for the free 
use which is made of empirical frequency formulse. Problems of distribution of great 
mathematical difficulty have to be faced in this direction. 

Although problems of estimation and of distribution may be studied separately, they 
are intimately related in the development of statistical methods. Logically problems of 
distribution should have prior consideration, for the study of the random distribution of 
different suggested statistics, derived from samples of a given size, must guide us in the 
choice of which statistic it is most profitable to calculate. The fact is, however, that 
very little progress has been made in the study of the distribution of statistics derived 
from samples. In 1900 PEARSbN (16) gave the exact form of the distribution of the 
Pearsonian test of goodness of fit, and in 1915 the same author published (18) a similar 
result of more general scope, valid when the observations are regarded as subject to 
linear constraints. By an easy adaptation (17) the tables of probability derived from 
this formula may be made available for the more numerous cases in which linear con- 
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straiiitfi are imposed upou tlio liypothetkal population by the means whieh we empby 
in its reconstruction. The distribution of the me^n of samples of n from a normal 
population has long been known, but in 1908 “ Student ” (4) broke new' ground by 
calculating the distribution of the ratio which the deviation of the mean from its popula- 
tion value bears to the standard deviation calculated from the stimple. At the same 
time he gave the exact form of the distribution in samples of the standard deviation. 
In 1915 Fisher (5) published the curve of distribution of the correlation coefficient for 
the standard method of calculation, and in 1921 (6) he published the corresponding 
series of curves for intraclass correlations. The brevity of this list is emphasised by the 
absence of investigation of other important statistics, such as the regression (^efficients, 
multiple correlations, and the correlation ratio. A formula for the probable error of any 
statistic is. of course, a practical necessity, if that statistic is to be of service : and in 
the majority of cases such formulae have been found, chiefly by the labours of Pearson 
and his school, by a first approximation, which descTibes the distribution with sufficient 
accuracy if the sample is sufficiently large. Problems of distribution, other than the 
distribution of statistics, used to be not uncommon as examination problems in proba- 
bility, and the physical importance of problems of this type may be exemplified by the 
chemical laws of mass action, by the statistical mechani(!8 of Gibbs, developed by 
Jeans in its application to the theory of gases, by the electron theory of Lorentz, and 
by Planck’s development of the theory of quanta, although in all these appli- 
cations the methods employed have been, from the statisl ical point of view, relatively 
simple. 

The discussions of theoretical statistics may be regarded as alternating between 
problems of estimation and problems of distribution. In the first place a method of 
calculating one of the population parameters is devised from common-sense (unsidera- 
tions : we next require to know its probable error, and therefore an approximate solution 
of the distribution, in samples, of the statistic calculated. It may then become apparent 
that other statistics may be used as estimates of the same parameter. When the 
probable errors of these statistics are compared, it is usually found that, in large samples, 
one particular method of calculation gives a result less subject to random errors than 
those given by other methods of calculation. Attacking the problem more thoroughly, 
and calculating the surface of distribution of any two statistics, we may find that the 
whole of the relevant information contained in one is contained in the other : or, in 
other words, that when once we know the other, knowledge of the first gives us no 
further information as to the value of the parameter. Finally it may be possible to 
prove, as in the case of the Mean Square Error, derived from a sample of normal popula- 
tion (7), that a particular statistic sumnoarises the whole of the information relevant 
to the corresponding parameter, which the sample contains. In such a case the problem 
of estimation is completely solved. 
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4. Criteria of Estimation. 

The common-sense criterion employed in problems of estimation may be stated thus : — ' 
That when applied to the whole population the derived statistic should be equal to the 
parameter. This may be called the Criterim of C(ynsisi,ency. It is often the only test 
applied : thus, in estimating the standard deviation of a normally distributed population, 
from an ungrouped sample, either of the two statistics — 


and 



(Mean <*iTor) 



(Mean square, error) 


will lead t(j the correct value, a, when calculated from the whole population. They both 
thus satisfy the criterion of consistency, and this has led many computers to use the 
first formula, although the result of the second has 1 4 per cent, greater weight (7), and 
the labour of incren,sing the number of observations by 14 per cent, can seldom be less 
than that of applying the more ac(;urate formula. 

Consideration of the above example will suggest a second criterion, namely : — That in 
large sam])les, when the distributions of the statistics tend to normality, that statistic 
is to be ('hosen which has the least probable error. 

This nwy be called the Criterion of Efficiency. It is evident that if for large samples 
one statistic has a probable error double that of a second, while both are proportional 
to •n~^, then the first method applied to a sample of 4n values will be no more accurate 
than the second applied to a sample of any n values. If the second method makes use 
of the whole of the information available, the first makes use of only one-quarter of it, 
and its efficiency may therefore be said to be 25 per cent. Tt) calculate the efficiency of 
any given method, we must therefore know the probable error of the statistic calculated 
by that method, and that of the most efficient statistic which could be used. The 
squaj'e of the ratio of these two quantities then measures the efficiency. 

The criterion of efficiency is still to some extent incomplete, for different 
methods of calculation may tend to agreement for large samples, and yet differ for 
all finite samples. The complete criterion suggested by our work on the mean 
square error (7) is : — 

That the statistic chosen should summarise the whole of the relevant information 
supplied by the sample. 

This may be called the Criterion of Sufficiency. 

In mathematical language we may interpret this statement by skying that if 0 be 
the parameter to be estimated, (9i a statistic which contains the whole of the information 
as to the value of II, which the sample supplies, and any other statistic, then the 
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surface of distribution of pairs of values of di and for a given value of 6, is such that 
for a given value of the distribution of does not involve 6. In other words, when 
6i is known, knowledge of the value of throws no further light upon the value of $. 

It may be shown that a statistic which fulfils the criterion of sufficiency will also 
fulfil the criterion of efficiency, when the latter is applicable. For, if this be so, the 
distribution of the statistics will in large samples be normal, the standard deviations 
being proportional to n-*. Let this distribution be 


d/ = 


1 

iJiriT./r.. \/ 1 —1'* 


I 

1- r* ^ 


it»r' 


» , «.-Vl 

»iffi w? ' (hi, do. 


then the distribution of 0, is 




Vi 


\/2ir 




d$i. 


so that for a given value of ff, the distribution of 0. is 


df = 


Vv V 2Tr V ] 




_ 

e 




ddj ; 


and if this does not involve d, we must have 


vvi = 0 -, ; 

showing that o-i is necessarily less than tn, and that the efficiency of 6.^ is measured by 
r^, when r is its correlation in large samples with $>. 

Besides this case we shall see that the criterion of sufficiency is also applicable to finite 
samples, and to those cases when the weight of a statistic is not proportional to the 
number of the sample from which it is calculated. 


6. Examples op the Use of the Criterion of Consistency. 

In certain cases the criterion of consistency is sufficient for the solution of problems 
of estimation. An example of this occurs when a fourfold table is interpreted as repre- 
senting the double dichotomy of a normal surface. In this case the dichotomic ratios 
of the two vanates, together with the correlation, completely specify the four fractions 
into which the population is divided. If these are equated to the four fractions into 
which the sample is divided, the correlation is determined uniquely. 

In otiier cases where a small correction has to be made, the amount of the correction 
is not of suffident impmtance to justify any great refinement in estimation, and it is 
sufficient to calculate the discrepancy which appears when the uncorrected method is 
applied to the whole population. Of this nature is Sheppard’s correction for grouping, 
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and it will illustrate this use of the criterion of consistency if we derive forinulse for 
this correction without approximation. 

Let ^ be the value of the variate at the mid point of any group, a the interval of ' 
grouping, and x i.he true value of the variate at any point, then the moment of an 
infinite grouped sample is 

X f */(^) dx, 

in which of f{x) dx is the frequency, in any element dx, of the ungrouped population, and 

f=(p+^)a. 

j) being any integer. 

Evidently the moment is periodic in 0, we will therefore equate it to 

Ao+ Ai sin 0+ A^j sin 20... 

+ Bi cos 0+B3 cos 20... . 

Then 

A„=— .5* I de\ i''f{x)dx 

1 ^ rf +ia 

As = — X sins0d0 ^f{x)dx, 

1 fair ^ ff+io 

Bs = — X cos «0 d 6 dx. 

But 

e = 'il ^-2irp, 

(Jv 

therefore 

do = —dfi, . . - 

II *’ 


• "Stt 
Sm Sd = Hill — 

a 


2'7r 

COB sd = COS — 

a ^ 


a J ■ 1 “ a I f ^ 


hence 
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Inserting the values 1, 2, 3 and 4 for we obtain for the aperio<lio terms of the four 
moments of the grouped population 


,A„= xf{x)dx, 

•< — OD 

aAo = j ^ 

‘*" = j + lr))'^W'^- 


80, 

If we ignore the periodic terms, these equations lead to the ordinary Sheppard 
jeorrections for the second and fourth moment. The nature of the approximation involved 
is brought out by the periodic terms. In the absence of high contact at the ends of the 
curve, the contribution of these will, of course, include the terms given in a recent paper 
by Pearson (8) ; but even with high contact it is of interest to see for what degree of 
coarseness of grouping the periodic terms become sensible. 

Now 

1 * pjir 

As = - X sin de ff {x) dx, 

Cl J — * il J (^ia 

^ rt 1 

Cl J —iK> j x~ ift 'C 


But 

therefore 


a Jr-i« a ts 

■ A. = (-)•*■ 

WS J ^9 


a 


cos VS^ 


cos f{^) dx ; 

Cl 


similarly the other terms of the different moments may be calculated. 
For a normal curve referred to the true mean 


in'which 


ss: 

.A. = (-)•*• fe--, 

jBg = 0, 

Q, = 2're. 

The error of the mean is therefore 

/ -21 _l£ _•< 

2e(e *^8in6— *^Bin2d+ie sin 30— ... ). 


2 Y 2 
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To illustrate a coarse grouping, take the group interval equal to the standard deviation : 
then 

(T 

and the error is 

— — «"*** sin 6 

It 


with sufficient accuracy. The standard error of the mean being we may calculate 

v n 

the size of the sample for which the error due to the periodic terms becomes equal to 
one-tenth of the standard error, by putting 


whence 

For the second moment 
and, if we put 

there results 


Io7 


^ -JUT* 


n TT 


= 


_ J[_ _ 


= 13,790 billion. 


100 


v'2<r* 




10 \//( 

n = =175 billion. 


The error, while still very minute, is thus more important for the second than for 
the first moment. 

For the third moment 


putting 


A. = (-)• 




o <r 








■ y/ 

10\/n 


12irtr*e~*^, 


n 


While for the fourth moment 


1 

960ir* 


— 147 billion. 


so that, if we 


B. = (-) 

put. 



•s/96ff* 

lOv/n 


327rVe-‘**. 



w “ = 1 '84 billion. 

3200t* 
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In a similar manner the exact form of Sheppard’s correction may be found for other 
curves ; for the normal curve we may say that the periodic terms are exceedingly minute 
•BO long as a is less than v, though they increase very rapidly if a is increased beyond 
this point. They are of increasing importance as higher moments are used, not only, 
absolutdy, but relatively to the increasing probable errors of the higher moments. 
The principle upon which the correction is based is merely to find the error when the 
moments are calculated from an infinite grouped sample ; the corrected moment therefore 
fulfils the criterion of consistency, and so long as the correction is small no greater 
refinement is required. 

Perhaps the most extended use of the criterion of consistency has been developed by 
Pbabson in the “ Method of Moments.” In this method, which is without question of 
great practical utility, difierent forms of frequency curves are fitted by calculating as 
jRany moments of the sample as there are parameters to be evaluated. The parameters 
chosen are those of an infini te population of the specified type having the same moments 
as those calculated from the sample. 

The system of curves developed by Pearson has four variable parameters, and may 
be fitted by means of the first four moments. For this purpose it is necessary to confine 
attention to curves of which the first four moments are finite ; further, if the accuracy 
of the fourth moment should increase with the size of the sample, that is, if its probable 
error should not be infinitely great, the first eight moments must be finite. This 
restriction requires that the class of distribution in which this condition is not fulfilled 
should be set aside as ” heterotypic,” and that the fourth moment should become 
practically valueless as this class is approached. It shoiild be made clear, however, 
that there is nothing anomalous about these so-called ” heterotypic ” distributions 
except the fact that the method of moments cannot be applied to them. More- 
over, for that class of distribution to which the method can be applied, it has. not 
been shown, except in the case of the normal curve, that the best values will be 
obtained by the method of moments. The method will, in these cases, certainly be 
serviceable in pelding an approximation, but to discover whether this approximation 
is a good or a bad one, and to improve it, if necessary, a more adequate criterion is 
required. 

A single example will be sufficient to illustrate the practical difficulty alluded to 
above. If a point P lie at known (unit) distance from a straight line AB, and lines be 
drawn at random through P, then the distribution of the points of intersection with 
AB will be distributed so that the frequency in any range dx is 



dx 


in which x is the distance of the infinitesimal range cZx from a fixed pdnt 0 on the line, 
and m is the distance, from tins point, of the foot of the peipendicnlar PM. The distii- 
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bution will be a symmetrical one (Type VIT,) having its centre al. x — ni (fig. 1). It is 
therefore a perfectly definite problem to estimate the value of m (to find the best value of 
m) from a random sample of values of x. We have stated the problem in its simplest 
possible form : only one parameter is required, the middle point of the distribution. 



Fig. 1. Symmetrical error curve.s of equal intrinsic accuracy. 


A 


rf/=- 


1 dx 

TT 1 + 05 ^* 


B 


dj ^ 


1 - 2 ? 
— P e 4 
2 Vfl- 


By the method of moments, this shopld be given by the first moment, that is by the 
mean of the observations ; such would seem to be at least a good estimate. It is, 
however, entirely valueless. The distribution of the mean of such samples is in fact the 
same, identically, as that of a single observation. In taking the mean of 100 values of 
X, we are no nearer obtaining the value of m than if we had chosen any value of x out 
of the 100. The problem, however, is not in the least an impracticable one : cleariy 
from a large sample we ought to be able to estimate the centre of the distribution with 
some precision ; the mean, however, is an entirely useless statistic for the purpose. 
By taking the median of a large sample, a fair approximation is obtained, for the standard 


error of the median of a large sample of % is — 

2v n 


which, alone, is enough to show that 


by adopting adequate statistical methods it must be possible to estimate the value for 
m, with increasing accuracy, as the size of the sample is increased. 

This example serves also to illustrate the practical difficulty which observers often 
find, that a few extreme observations appear to dominate the value of the mwan In 
these cases the rejection of extreme values is often advocated, and it may often happen 
that gross errors are thus rejected. As a statistical measure, however, the rejection of 
observations is too crude to be defended : and unless there are other reasons for rejec- 
tion than mere divergence from the majority, it would be more philosophical to accept 
these extreme values, not as gross errors, but as indications that the distribution of 
errors is not normal. As we shall show, the only Pearsonian curve for which the 
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is the best statistic for locating the curve, is the normal or gaossian curve of errors. If 
the curve is not of this form the mean is not necessarily, as we have seen, of any value 
^whatever. The determination of the true curves of variation for different types of work 
is therefore of great practical importance, and this can only be done by different workers 
recording their data in full without rejections, however they may please to treat the 
data BO recorded. Assuredly an observer need be exposed to no criticism, if after 
recording data which are not probably normal in distribution, he prefers to adopt some 
value other than the arithmetic mean. 


6. Formal Solution of Problems of Estimation. 


The form in which the criterion of sufiSciency has been presented is not of direct 
assistance in the solution of problems of estimation. For it is necessary first to know 
the statistic concerned and its surface of distribution, with an infinite number of other 
■statistics, before its sufficiency can be tested. For the solution of problems of 
estimation we require a method which for each particular problem will lead us 
automatically to the statistic by which the criterion of sufficiency is satisfied. Such a 
nfethod is, I believe, provided by the Method of Maximum Likelihood, although I am 
not satisfied as to the mathematical rigour of any proof which I can put forward to 
that effect. Readers of the ensuing pages are invited to form their own opinion as 
to the possibility of the method of the maximum likelihood leading in any case to an 
insufficient statistic. For my own part 1 should gladly have withheld publication until 
a rigorously complete proof could have been formulated ; but the number and variety 
of the new results which the method discloses press for publication, and at the same 
time I am not insensible of the advantage which accrues to Applied Mathematics from 
the co-operation of the Pure Mathematician, and this co-operation is not infrequently 
called forth by the very imperfections of writers on Applied Mathematics. 

If in any distribution involving unknown parameters $.j, 0^ the chance of 

an observation falling in the range dx be represented by 


f{x, Bu ... )dx. 


then the chance that in a sample of n, n, fall in the range dx,, n., in the range dx.,, and 
so on, will be 


n ! 

II K!) 


11 lyV,, B„ B,,...)<lx^\'\ 


The method of maximum likelihood consists simply in choosing that set of values 
for the parameters which makes this quantity a maximum, and since in this expression 
fjie paiameters are only invdved in the function/, we have to make 

S(log/) 
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a maximum for variations of &c. In this form the method is applicable to 

the fitting of populations involving any number of variates, and equally to discontinuous 
as to continuous distributions. • 

In order to make clear the distinction between this method and that of Bates, we 
will apply it to the same type of problem as that which Bates discussed, in the hope 
of making clear exactly of what kind is the information which a sample is capable of 
supplying. This question naturally first arose, not with respect to populations distri- 
buted in frequency curves and surfaces, but with respect to a population regarded as 
divided into two classes only, in fact in problems of ‘probability. A certain proportion, 
p, of an infinite population is supposed to be of a certain kind, e.g., " successes,” the 
remainder are then “ failures.” A sample of n is taken and found to contain x successes 
and y failures. The chance of obtaining such a sample is evidently 


nt 

x\y\ 




Applying the method of maximum likelihood, wc have 

(log/) = X log P-^y log (l-P) 

whence, difierentiating with respect to p, in order to make this quantity a maximum. 


X 

P 



or p 


X 


n 


The question then arises as to the accuracy of this determination. This question was 
first discussed by Bates (10), in a form which we may state thus. After observing 
this sample, when we know p, what is the probability that p lies in any range dp ? In 
other words, what is the frequency distribution of the values of p in populations which 
are selected by the restriction that a sample of n taken from each of them 3 delds x 
successes. Without further data, as Bates perceived, this problem is insoluble. To 
render it capable of mathematical treatment. Bates introduced the datum, that among 
the populations upon which the experiment was tried, those in which p lay in the range 
dp were equally frequent for all equal ranges dp. The probability that the value of p 
lay in any range dp was therefore assumed to be simply dp, before the sample was 
taken. After the sdection effected by obs^wing the sample, the probability is clearly 
proportional to 

jf [l—pY dp. 

After giving this sdution, based upon the particular datum stated, Bates adds a 
tchailium the purport of which would seem to be that in the absence of all knowledge 
save that supplied by the sample, it is reasonable to assume this particular a priori 
distribution of p. The rmtU, the datum, and the populate implied by the tchdium, have 
all been somewhat loosely spoken of as Bates’ Theorem. 
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The postulate would, if true, be of great importance in bringing an immense variety 
of questions within the donoain of probability. It is, however, evidently extremely arbi- 
trary. Apart from evdving a vitally important piece of knowledge, that of the exact 
form of the distribution of values of p, out of an assumption of complete ignorance, it is 
not even a unique solution. For we might never have happened to direct our attention 
to the particular quantity p : we might equally have measured probability upon an 
entirely difierent scale. If, for instance, 

sin S = 'Ip— \ , 

the quantity, 0, measures the degree of probability, just as well as p, and is even, for 
some purposes, the more suitable variable. The chance of obtaining a sample of x 

successes and y failures is now 

«» 

applying the method of maximum likelihood, 

S(log/) = a;log(l-(-8Uif)) -l-plog(l— sin^)— wlog 2, 


and differentiating with respect to 


a;cos^ — 0 

1 -t-sln 1— sin^’ 


whence sin 0 == , 

2n 


an exactly equivalent solution to that obtained using the variable p. But what a priori 
assumption are we to make as to the distribution of 0 ? Are we to assume that 0 is 
equally likdy to lie in all equal ranges df) ? In this case the a priori probability* will 
be c{0/t, and that after making the observations will be proportional to 

(l -Ksin 0)* (l —sin 0)*' d0. 

But if we interpret this in terms of p, we obtain 

p” ( 1 -py = p’~* ( 1 -py~* <^P> 

a result inconsistent with that obtained previously. In fact, the distribution previously 
assumed for p was equivalent to assuming the special distribution for 0, 

d/=^d». 

the arbitrariness of which is fully apparoit when we use any variable other than p. 

In a less obtrusive form the same species of arbitrary assumption underlies the method 
VOL. ooxxn . — A. 2 z 
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known as that of inverse probability. Thus, if the same observed result A might be 
the consequence of one or other of two hypothetical conditions X and Y, it is assumed 
that the probabilities of X and Y are in the same ratio as the probabilities of A occurring 
on the two assumptions, X is true, Y is true. This amounts to assuming that before 
A was observed, it was known that our universe had been selected at random for an 
infinite population in which X was true in one half, and Y true in the other half. 
Clearly such an assumption is entirely arbitrary, nor has any method been put forward 
by which such assumptions can be made even with consistent uniqueness. There 
is nothing to prevent an irrelevant distinction being drawn among the h}^othetical 
conditions represented by X, so that we have to consider two hypothetical possibilities 
X, and Xj, on both of which A will occur with equal frequency. Such a distinction 
should make no difference whatever to our conclusions ; but on the principle of inverse 
probability it does so, for if previously the relative probabilities were reckoned to be 
in the ratio x to y, they must now be reckoned 2x to y. Nor has any criterion been 
suggested by which it is possible to separate such irrelevant distinctions from those 
which are relevant. 

There would be no need to emphasise the baseless character of the assumptions made 
under the titles of inverse probability and Bayes’ Theorem in view of the decisive 
criticism to which they have been exposed at the hands of Boole, Venn, and Chrystal, 
were it not for the fact that the older writers, such as Laplace and Poisson, who Accepted 
these assumptions, also laid the foundations of the modern theory of statistics, and have 
introduced into their discussions of this subject ideas of a similar character. I must 
indeed plead guilty in my original statement of the Method of the Maximum Likeli- 
hood (9) to having based my argument upon the principle of inverse probability ; in the 
same paper, it is true, I emphasised the fact that such inverse probabilities were relative 
only. That is to say, that while we might speak of one value of p as having an inverse 
probability three times that of another value of p, we might on no account introduce 
the differential element dp, so as to be able to say that it was three times as probable 
that p should lie in one rather than the other of two equal elements. Upon considera- 
tion, therefore, I perceive that the word probability is wrongly used in such a connection : 
probability is a ratio of frequencies, and about the frequencies of such values we can 
know nothing whatever. We must return to the actual fact that one value of p, of 
the frequency of which we know nothing, would yidd the observed result three times 
as frequently as would another value of p. If we need a word to characterise this 
relative property of different values of p, I suggest that we may speak without confusion 
of the likelihood of one value of p being thrice the likdihood of another, bearing always 
in mind that likdihood is not here used loosdy as a synonym of probability, but simply 
to express the relative frequencies with which such values of the hypothetical quantity 
p would in fact yidd the observed sample. 

The solution of the problems of calculating from a sample the parameters of t^ 
h 3 rpothetical population, which we have put forward in the method of maapmum likdi- 
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hood, consists, then, simply of choosing such values of these parameters as have the 
maximum likelihood. Formally, therefore, it resembles the calculation of the mode of 
an inverse frequency distribution. This resemblance is quite superficial ; if the scale 
of measurement of the hypothetical quantity be altered, the mode must change its 
position, and can be brought to have any value, by an appropriate change of scale ; but 
the c^imum, as the position of maximum likelihood may be called, is entirely unchanged 
by any such transformation. Likelihood also differs from probability* ** in that it is not 
a differential element, and is incapable of being integrated : it is assigned to a particular 
point of the range of variation, not to a particular element of it. There is therefore an 
absolute measure of probability in. that the unit is chosen so as to make all the elementary 
probabilities add up to unity. There is no such absolute measure of likelihood. It 
may be convenient to assign the value unity to the maidmum value, and to measure 
^ther likelihoods by comparison, but there will then be an infinite number of values 
whose likelihood is greater than one-half. The sum of the likelihoods of admissible 
values will always be infinite. 

Our interpretation of Bayes’ problem, then, is that the likelihood of any value of p 
is proportional to 

and is therefore a maximum when 



which is the best value obtainable from the sample ; we shall term this the optimum 
value of p. Other values of p for which the likelihood is not much less cannot, however, 
be deemed unlikely values for the true value of p. We do not, and cannot, know, from 
the information supplied by a sample, anything about the probability that p shoidd lie 
between any named values. 

The reliance to be placed on such a result must depend upon the frequency distribution 
of X, in different samples from the same population. This is a perfectly objective 
statistical problem, of the kind we have called problems of distribution ; it is, however, 
capable of an approximate solution, directly from the mathematical form of the 
likelihood. 

When for large samples the distribution of any statistic, tends to normality, we 

* It should be remarked that likelihood, as above defined, is not only fundamentally distinct from 

mathematical probability, but also from the logical “ probability ” by which Mr. Kevnkb (21) has recently 
attempted to develop a method of treatment of uncertain inference, applicable to those cases where we 
lack the statistical information necessary for the application of mathematical probability. Although, in 
an important class of cases, the likelihood may be held to measure the degree of our rational belief in a 
conclusion, in the same sense as Mr. Ksynbs’ “ probability,” yet since the latter quantity is constrained, 
somewhat arbitrarily, to obey the addition theorem of mathematical probability, the likelihood is a 
quantity which falls definitely outside its scojie. 


2 Z 2 
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may write down the chance for a given value of the parameter $, that di buuiuu uc m 
the range dfi, in the form 

^ = d6i. 

frv 2ir 

The mean value of wiU be the true value 6, and the standard deviation is a-, the 
sample being assumed sufficiently large for us to disregard the dependence of o- upon 6. 
The likelihood of any value, 6, is proportional to 

e . 

this quantity having its maximum value, unity, when 


for 


0 1 . 6^—6 


Differentiating now a second time 




Now $ stands for the total frequency of all samples for which the chosen statistic 
has the value 6i, consequently «!»'= S'(^), the summation being taken over all such 
examples, where ^ stands for the probability of occurrence of a certain specified sample. 
For which we know that 

log = CJ+S (log/), 

the summation being taken over the individual members of the sample. 

If now we expand log/ in the form 

iog/(e) = hg/(6,) +e^ ^ iog/(e,) + ^ iog/(Bi) + ... , 

or 

log/= log/i+a^-^i+l^-^iV... , 

we have 

log ^ = (J-i-ff—Si S (tt) S (6) + . . . ; 


now for optimum statistics 


S (a) = 0, . 


and for sufficiently large samples S (6) differs from nS only by a quantity of order v^(r » ; 
moreover, $-di being of order n~^, the only terms in log ^ which are not reduced 
without limit, as n is increased, are 

log0 = C+iw^0— 01*; 
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oenoe 

^cc e*"®*^*. 

Now this factor is constant for all 8an3.ples which have the same value of Bi, hence 
the variation of ^ with respect to 3 is represented by the same factor, and conse- 
quently 

log = C'+^ri b d—$i~ I 

whence 

1 ^ T 

where 

b = ^log/(0,), 

9j being the optimum value of $. 

The formulp 

7 = 

supplies the most direct way known to me of finding the probable errors of statistics. 
It may be seen that the above proof applies only to statistics obtained by the method 
of maximum likelihood.*^ 

For example, to find the standard deviation of 



* A similar method of obtaining the standard deviations and correlations of statistics derived from 
large samples was developed by Peabsok and Filon in 1898 (16). It is unfortunate that in this memoir 
no sufficient distinotion is drawn between the poptUaiion and the sample, in consequence of which the 
formulae obtained indicate that the likelihood is always a maximum (for continuous distributions) when 
the mean of each variate in the sample is equated to the corresponding mean in the population (16, 232, 

'' Ar ^ 0 ”). If this were so the mean would always be a sufficient statistic for location ; but as we have 
already seen, and will see later in more detail, this is far from being the case. The same argument, indeed, 
is applied to all statistics, as to which nothing but their consistency can be truly affirmed. 

The probable errors obtained in this way are those appropriate to the method of maximum likelihood, 
but not in other cases to statistics obtained by the method of moments, by which method the examples 
given were fitted. In the * Tables for Statisticians and Biometricians * (1914), the probable errors of the 
constants of the Fearsonian curves are those proper to the method of moments ; no mention is there made 
of this change of practioe, nor is the publication of 1898 referred to. 

It would appear that shortly before 1898 the process which leads to the correct value, of the probable 
erroKS of opHmum statistics, was hit upon and found to agree with the probable errors of statistics found 
by the method of moments for normal curves and surfaces ; without further enquiry it would appear to 
have been assumed that this process was valid in all cases, its directness and simplicity being peculiarly 
attractive. The mistake was at that time, perhaps, a natural one ; but that it should have been discovered 
and corrected without revealing the inefficiency of the method of moments is a very remarkable circumstance. 

In 1908 the oorzect formulie for the probaUe errors of statistics found by the method of moments are 
given in ' Biometnka ’ (19) ; references are there fpvm to Shcppabb (20), whose method is emj^byed, as 
well M to PiaanoK and FiZiON (Ifi), although both the method and the results differ from those of the latter. 
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in samples from an infinite population of which the true value is p, 

log / = log y log ( 1 -p), 

Now the mean value of x in pn, and of y is (l— jp)n, hence the mean value of 

\p ] —p) 

therefore 

^ n ' 


the well-known formula for the standard error of p. 


7. Satisfaction op the OitiTBRidN op Sufiioibnov. 

That the criterion of sufficiency is generally satisfied by the solution obtained by 
the method of maximum likelihood appears from the following considerations. 

If the individual values of any sample of data are regarded as co-ordinates in 
hyperspace, then any sample may be represented by a single point, and the frequency 
distribution of an infinite number of random samples is represented by a density 
distribution in hyperspace. If any set of statistics be chosen to be calculated from 
the samples, certain regions will provide identical sets of statistics ; these may be called 
isostatistical regions. For any particular space element, corresponding to an actual 
sample, there will be a particular set of parameters for which the frequency in that 
element is a maximum ; this will be the optimum set of parameters for that element. 
If now the set of statistics chosen are those which give the optimum values of the 
parameters, then all the elements of any part of the same isostatistical region wiU 
contain the greatest possible frequency for the same set of values of the parameters, 
and therefore any region which lies wholly within an isostatistical region will contain 
its maximum frequency for that set of values. 

Now let 6 be the value of any parameter, § the statistic calculated by the method of 
maximum likelihood, and any other statistic designed to estimate the value of $, 
then for a sample of given size, we may take 

/(e, §, 

to represent the frequency with which 4 and 3i lie in the assigned ranges d§ ami 4$%, 
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The region evidently lies wholly in the isostatistical region d%. Hence the 

equation 

4 log/(«. «.«.) = « 

is satisfied, irrespective of by the value d = This condition is satisfied if 

/(f>, = e,)-, 

for then 

and the equation for the optimum degenerates into 

^ log i, (B, e) = 0. 


which does not involve Si. 

But the factorisation of / into factors involving {S, &) and (<^, Si) respectively is merely 
a mathematical expression of the condition of sufficiency ; and it appears that any 
statistic which fulfils the condition of sufficiency must he a solution obtained by the 
method of the optimum. 

It may be expected, therefore, that we shall be led to a sufficient solution of problems 
of estimation in general by the following procedure. Write down the formula for the 
probability of an observation falling in the range dx in the form 

f{S, x) dx. 


where S is an unknown parameter. Then if 


L = S(log/), 


the sununation being extended over the observed sample, L differs by a constant only 
from the logarithm of the likelihood of any value of S. The most likely value, is 
found by the equation 


Be 


= 0 , 


and the standard deviation of 6, by a second differentiation, from the formula 

a*L J 

this latter formula being applicable only where ($ is normally distributed, as is often 
the case with considerable accuracy in large samples. The value a-t so found is in 
tbese cases the least possible value for the standard deviation of a statistic designed to 
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estimate the same parameter ; it may therefore be applied to calccdate the efficiency of 
any other such statistic. 

When several parameters are determined simultaneously, we must equate the second 
differentials of L, with respect to the parameters, to the coefficients of the quadratic 
terms in the index of the normal expression which represents the distribution of the 
corresponding statistics. Thus with two parameters, 

a*L _ I I 1 1 

a*L _ 1 r 

af), a^a 1— 

or, in efiect, cri' is found by dividing the Hessian determinant of L, with respect to the 
parameters, into the corresponding minor. 

The application of these methods to such a series of parameters as occur in the speci- 
fication of frequency curves may best be made clear by an example. 


8. The Efficiency of the Method of Moments in Fitting Curves of the 

Peabsonian Type 111. 


Curves of Pearson’s Type III. offer a good example for the calculation of the efficiency 
of the Method of Moments. The chance of an observation falling in the range dx is 


' a.p\ \ a j 


dx.' 


By the method of moments the curve is located by means of the statistic ^i, its dimen- 
siona are ascertained from the second moment and the remaining parameter p is 
determined from /?,. Considering first the problem of location, if o and p were known 
and we had only to determine m, we should take, according to the method of moments. 


Ml = »n,*+o(p-|-l). 


where represents the estimate of the parameter m, obtained by using the method of 
moments. The variance of m,. is, therefore, 



' n n 


If, on the other hand, we aim at greater accuracy, and nu^e the likelihood of the 
sample a maximum for variations of m, we have 

L ss -ft log a-w log {p I) +pS ^log 

* The exprauion, a !, ia used here end throughout as equivalent to the Oaninan n («), or to F (s-fl), 
whether a ia an integer or not. 
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and the equation to determine m is 


_ = -/>S( 3-!+ ■ 0: 

(7)1 .t—mi (7 


the accuracy of the value so obtained is found frojii the second differential. 


of which the mean value is 


wheuce 


o- (/>-!)• 
(/' i))— I ) 


We now see that the eftieieney of location l)V the nietliod of nioinents is 

/> r 1 * /> f- I 

Efficiencies of over 80 per cent, for location are therefore obtained if p exceeds 0 ; for 
p — 1 the efficiency of location vanishes, as in other ciases wher(( the curve makes an 
angle with the axis at the end of its range. 

Turning now to the problem of sctaling, we have, by the method of moments, 

ft, = ,7^ ('p-\ I ), 

whence, knowing p, a is obtained. Since 


we must have 




^ 47f 8n 


2 (/>-f 1 ) 77 


on the other hand, from the value of L, we find the equation 


])+ 4s(,/'-m) - n, . 
( (f a a 


to be solved for m and a as a simultaneous equation with (1) ; whence 


Bm da a'‘‘ 
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of which the mean value in 


The variance of a, 
dividing 

by the determinant 

which reduces to 

whenc-e 


determined from this pair of simultaneous equations, is found by 


1 

1 

1 

it 

(171 

n^{p-\) 


)i 

o='(p-l) 

0 / 

II 

iP + 

“a" 

a? 


2 . 

p—1 a* 

2 __ r/" 


and the efficiency of scaling by the method of moments is 

£± 1 = i_JL. 

P+4 p+4 

Efficiency of over 80 per cent, for scaling are, therefore, obtained when p exceeds 11. 
'Phe efficiency of scaling does not, however, vanish for any possible value of p, though 
it tends to zero, as p approaches its limiting value, — 1 . 

Lastly, p is found by the method of moments by putting 


Now 

^ (4/34-24-82+36 + 9/8, 

and for curves of Type 111, 

fi-i = 3 + ^/3i, 

A,= 2/8,/82 + 4/8, = /8,(3^,+ l()), 

^4 = I (A. + 2 / 82 ) = i (3/8.='+ 13/8, + 6 ), 

= ?'*-(6A + 4)(ft + 4), 

7t 


§L . 6 (?> + 2) (/> + G) ^ 

» /> + 1 


hence 
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whence it follows, since n is large, that 


■^-E±L 


-(p+l)(p+2) (p+d). 


From the value of L, 


^ =r A log (;>!) +S (lug 

</.p \ <( 


which equation solved for m, o and jo as a simultaneous equation with (1) and (2), will 
yield the set of values for the parameters which has the maximum likelilioud. 'I’o find 
the variance of the value of p, so obtained, observe that 


of which the mean value is 


\.r — //r 


'M.'l 

c L _ a 
va ?p <(' 


0^L ^ 


^Jog {p\). 


The variance of p, derived from this set of simultaneous equations, is therefore found 
by dividing the minor of -r—;, namely 


by the determinant 


1 * 4 > 

/>— 1 n 


hence 


p-^ p 

\ p->r\ I 

- I •^h)g(p!) 
p dp 


!L — !_ < 2 log (p I) — “ + i 

a* />— 1 I dp ® ' p p*\ 




2 I"!! (pO - = ■ 

3 A 2 


When p is large. 
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so that, approximately, 




for lar/io values of /), the efficiency of the method of moments Ls, therefore, approximately 


p i I 'p + 2 /> + (! 

Kfficiencies of over 80 per cent, itccur when p ex(;eeds 38 -1 (/S, — 0-102) ; evidently 
the method of moments is effective for determining the form of the curve only when it 
is relatively close to the normal form. For small values of p. the above approximation 
for the efficjiency is not adequate. The true values can easily be obtained from the 
recently published tables of the Trigamma* function (1 1). The following values arg 
obtained for the integral values of jj from 0 to 5. 


V 

Fffi<nencv 


0-0274 0-0871 0-1. '>32 0-21.')!) 0-272’ 


An interesting point which may be resolved at this stage of the enquiry is to find 
the variance of m, when a and p ar<' not known, derived from the above set of simul- 
taneous equations ; that is to say, to calculate the accuracy witli which the limiting 
point of the curve is determined ; such determinations are often stated as the result 
of fitting curves of limited range, but their probable errors ai’e seldom, if ever, evaluated. 
To obtain the greatest possible accuracy with which such a point can be determined 

('‘L 

we must divide the minor of -r-A . , namely, 




whence 


I 1., 1 / o - ,1 I 


^^,/>-l|p-l-]^,,log (/>!)-] 


2 log (/>!) — — -f- A 

dpi ’ p p- 


The position of the limiting point will, when p is at all large, evidently be determined 
with much less accuracy than is the position, as a whole, of a curve of known form and 
size. Let n' be a multiplier such that the position of the extremity of a curve calculated 


O 

It is sometimes convenient to write f (x) for ~ log (ir!). 
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from nn' observations will be determined with the same accuracy as the position, us a 
whole, of a curve of known form and size, can be determined from a sample of n observii 
tions when n is large. Then 




but, when p is larce, 
and 

therefore 


1 ' 

-J"K( />!)-- + — 
P P 


(Ip 






'2jt '' ^ 'Sp ^ 3 /)' 


2 ~ log (p !) — — + 1 — ... ) : 

dp^ ^ p p* ;tp' ' hp^ I 

= h^’‘-p ♦ t- 


For large values of p the probable error of the determination of the <‘Md-point may be 
found approximately by multiplying the probable error of location by 


As p grows smaller, n' diminishes until it reaches luiity, when p ~ I, Foi- values of 
'p less than 1 it would appear that the end-point had a smaller probable error than the 
probable error of location, but, as a matter of fact, for these values location is determined 
by the end-point, and as we see from the vanishing of era,, whether or not p and a 
are known, whenp = 1, the weight of the determination from this point onwards increases 
more rapidly than n, as the sample increases. (See Section 10.) 

The above method illustrates hc»w it is possible to calculate th{^ variuncre of any 
function of the population parameters as estimated from large sampIcK ; by comparing 
this variance with that of the .same function estimated by the method of momoit.s, we 
may find the efficiency of that method for any proposed function. 'Phe above examina- 
tion, in which the determinations of the locus, the scale, and the form of the curve are 
treated separately, will serve as a general criterion of the application of the method of 
moments to curves of Type III. Special combinations of the parameters will, how'ever, 
be of interest in special cases. It may be noted here that by virtue of equation (2) the 
function of wi -j- a (/) f 1) is the same, whether determined by moments or by the method 
of the optimum : 

{p^+ 1) = m + d (p4- 1 ). 


The efficiency of the method of moments in determining this function is therefore 100 
per cent. That this function is the abscissa of the mean does not imply 100 per cent, 
efficiency of location, for the centre of location of these curves is not the mean (see p. 340)- 
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9. Location and Scaling op Prbqubnoy Curves in General. 

The general problem of the location and scaling of curves may now be treated more 
generally. This is the problem which presents itself with respect to error eurves of 
assumed form, when to find the best value of the quantity measured we must locate the 
curve as accurately as possible, and to find the probable error of the result of this process 
wc must, as accurately as possible, estimate its scale. 

The form of the curve may be specified by a function (/,. such that 


when ^ = 


In this expression </> specifies the form of the curve, which is unaltered by variations 
of a and m. 

When a sample of n observations has been taken, the likelihood of any combinatica 
of values of a and m is 

= < ) — // log a + S (</)), 

whence 

f)m Wf dm) a 


=_i: 

?tH a ' 


— = - -S 

(ft K a 


Differentiating a second time, 


therefore 


Ba a 


<1 


:,S (,/>"): 


This expression enables us to compare the accuracy of error curves of different form, 
when the location is performed in each case by the method which yields the minimum 


Example . — The curve 


= i A 

V 1 + f 


referred to in Section 5 has an infinite standard deviation, but it is not on that account 
an error curve of zero accuracy, for 


^ = -log (1 + ^“'), ^,' = -^^3 
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Now 

hence 

The quantity, 



_ki£L 

■d+f”) 


Y\ i « 



and 



// 



1 






which ifl the factor by which v in multiplied in calculating the weight of the estimate 
made from tf measurements, maybe called the intrinsic nceuracf/ of an error oiitvc. In 
the above example we see tliat errors distributed so that 


7 .. o (Ar 
iff = 


TT 


have the same intrinsic accui’acy as errors distributed ac'cording to the normal curve 


provided 


df ^ «=: e dni\ 

(T \ 2ir 


rr^ ~ 2a\ 


Fig. 1 illustrates two such curves of equal intrinsic* accuracy. 
Returning now to the general problem \x\ which 


we have 

and 


L = C—ii log 0 4 S ((/>h 

4^ = 1 8 = 4, s 

iViift id ^ 


0 = ,? s (2ft>'+fV') + ,^ = 5 s ief"- 1 ). 


The latter expression will directly give the accuracy with which a is determined only if 




cm ca 


and wc can always arrange that this shall be so by subtracting from ^ the quantity 

El. 


Thus in a Type III. curve where, referred to the end of the range, 
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instead of 


we itnist write 


y. = ^ log i-i 
<l> = P loff i+p-i-i+/>-^ 


hence 


0 


o/ \ $+p-i ^+p-\ 


of which the mean value is 




lienee 


For one particular point of origin, therefore, the variations of the abscissa are 
uiicorrelated with those of a ; this point may be termed the centre of location. 

Example .---To determine the centre of location of the curve of Type IV., 

(1 +^*) 

Here 

,j, = — tan-' log 1 4 

(fi r + 2 \ , 

</," = r+2 1 4- ' 4- (if— r-f ‘J) 14'^"' : 


from these we find 


— r4- 1 r4-2r4-4 


>•4-4 +1* 


so that 




The centre of location, therefore, at the distance from the mode. 
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Example: — Determine the intrinsic accuracy of an error curve of Type 1\'. and the 
efficiency of the method of moments in location and scaling. 

, Since 

“77 ’/’+ 1 V + 'l I' + 4 


a « r+4 + 1 ' 

fl-A = - . ■■ ■■ , ; 

II. r+1r+2r + 4 

and the intrinsic accuracy of the curve is 




I + 1 7* + Ij 7’ -f- 4 _ 
“* — a > 

a r + 4 +v' 


a- 4 i'~ 

II ■ I ’ 


therefore the efficiency of the method of moments in location is 

r- I (/• + 4^+i-^) 
r + 1 /• + 2 7' + 4 ('/•"’ + 1 '“) 

When 1 / = 0, we liave for curves of Type VII. an efficiency of location 


/•+ 1 r + 2 

The efficiency of location of these curves vanishes at r — I , at which value the standard 
deviation becomes infinite. Although values down to —1 give admissible frequency 
curves, the conventional limit at which curves are reckoned as heterotypic is at r = 7. 
For this value the efficiency is 

49 + 

132 ■ 49 + 1/" ’ 


which varies from 91*67 per cent, for the symmetrical Type VII. curve, to 37*12 per 
cent, when i/ -> oo and the curve to Type V. 

Turning to the question of scaling, we find 


whence 


and 


1 = - , 
r + 4 + 1 /" 

^ r+4 

* s= — ^ ■ 

“ n‘2r+\’ 

3 n 
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the intrinsk; accuracy of scaling is therefore independent of v. Now for these curves 


so that 

and 


_ 3 /-I 8r» \ 

— ■ I ? +6 

r—2r—3^ 

_ r^r— 2 -f (r*+ lOr— 12) 
4 2r-2 r-8 (r^ + i'*) 

■i — >•— 2 + >^ (^•^ + 1 Or— 1 2) 


?/ 


2 r -2 r -3 (r'-f 

Tlic efficiency of the mctliod of moments for scaling is thus 

rr 2~3 r +4 iA') 

I r" 7 ^ +!/'(/•=' + 10 ;-- 12 ): ‘ 

when I — 0, wc liave for curves of Type VIT. an efficiency of scaling 


( 4 ) 


The efficiency of the method of moments in scaling tlicse curves vanishes at r — 3, 
where p.j becomes infinite ; for r = 7, the efficiency of scaling is 

^ 49 + .'* 

2 ' 1715 + 107./“’ 

varying in value from 78*57 per cent, for the symmetrical Type Vll. curve, to 25*70 
per cent, when v oo and the curve to Type V. 


10. The Efficiency of the Method of Moments in fitting the Pearsonian 

Curves. 


The Pearsonian group of skew curves are obtained as solutions of the equation 

1 ^ _ —jx—ni) . 

y dx a + fex + c.r® 

algebraically these fall into two main classes, 


and 



( 5 ) 


according as the roots of the quadratic expression in (5) are real or imaginary. 
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The first of these forms may be rewritten 



r being n^ative, showing its affinity with the second class. 

In order that these expressions may represent frequency curves, it is nwessary that 
the integral over the whole range of the curve should be finite ; this resti ictiou acts in 
two ways : — 

(1) When the curve terminates af. a finite value of x, say x -- a., the })o\\'er to which 

— a: is raised must be greater than — 1. 

(2) When the curve extends to infinity, the ordinate, when x is large, must diminish 

more rapidly than ^ ; 

*4*1 Fig. 2 is shown a c’onspectus of all possible frequency curves of ihe Pearsonian type ; 


A 




Fig. 2. Conaiiectu* of Pearsonian system of frequency curves. 

•A I! * 
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the lines AC and AC' represent the limits along which the area between the curve and 
a vertical ordinate tends to infinity, and on which m„ or mj,, takes the value — 1 ; the 
line CC represents the limit at which unbounded curves enclose an infinite area with' 
the horizontal axis ; at this limit r ~ — 1 . 

'I’he symmetrical curves of Type II. 


r+a 

,I J QC 1 ' 

a 


extend from the point N, representing the normal curve, at which r is infinite, through 
the point P at which r — — 4, and the curve is a parabola, to the point B (r = —2), 
where the curve takes the form of a rectangle ; from this point the curves are U-shaped, 
and at A, when the arms of U are hyperbolic, we have the limiting curve of this type, 
which is the discontinuous distribution of equal or umqual dichotomy {r = 0). 

'Phe unsymmetri(;al curves of Type 1. are divided by Pearson into three classes 
a(^cording as the terminal ordinate is infinite at neither end, at one end (.T curves), or 
at both ends (U curves) ; the dividing lines are C'BD and CBD', along which one of 
t he terminal ordinates are finite (m,, or m._,, — 0) ; at the point B, as we have seen, both 
terminal ordinates are finite. 

Tlie same line of division divides the curves of Type III., 

' df oc x’‘e~^ dx, 

at the point K (p = 0), representing a simple exponential curve ; the J curves of Type III. 
extend to V (p — —1), at which point the integral ceases to converge. In curves of 
Type III., r is infinite ; v is also infinite, but one of the quantities w, and is finite, 
or zero (= p) ; as p tends to infinity we approach the nonnal curve 

' df oc dX' 

Type VI., like Type III., consists of curves bounded only at one end; here r is 
positive, and both m, and m, aie finite or zero. For the J curves of Type VI. both 
w, and m., are negative, but for the J’emainder of these curves they are of opposite sign, 
the negative index being the greater by at least unity in order that the representative 
point may fall above V,C' (r = —1). 

T)rpe V. is here represented by a parabola separating the regions of Types IV. and VI. ; 
the typical equation of this type of curve is 


df oc X 


y 


_ i 

c ’'dx. 


As r tends to infinity the curve tends to the normal form ; the integral does not 
become divergent until ■ = 1, or r = — 1. On curves of Type Y., then, r is finite 

or zero, but v is infinite. 
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In Type IV. 

we have written v, not as previously for the difference between and for these 
quantities are now complex, and their difference is a pure imaginary, but for the differ- 
ence divided by \/ — 1 ; ,> is then real and finite throughout 'I’ype TV., and it vanishes 
along the line NS, representing the symmetrical curves of Type VH. 


from r = 00 to r — — 1 . 

The }*earsonian system of frequency curves has hitherto been represented by the 
TBngram ( 1 3, p. (>6), in which the co-ordinates are /S, and This is an unsymmetrical 
diagram wliich, since is necessarily positive, places the symmetrical curves on a 
boundary, whereas they are the central types from which the unsymmetrical curves 
diverge on either hand ; further, neither of the limiting conditions of these curves can 
be shown on the ^ diagram ; the limit of the U curves is left obs<!ure,* and the other 
limits are either jirojected to infinity, or, what is still more troublesome, the line at 
infinity cuts across the diagram, as occurs along the line r 3, for there (-i. becomes 
infinite. This diagram thus excludes all curves of Types Vll., IV., V.. and VJ ., for which 
/•<3. 

In the ft diagram the condition r = constant yields a system of conc-uri’ent straight 
lines. The basis of the repi’esentation in fig. 2 lies in making these lim^s j)arallel and 

horizontal, so that the ordinate is a function of r only. We hav(* chosen r - y - . 

!/ 

and have repi-esented the limiting types by the simplest geometrical forms, straight lines 
and j)arabolas, by taking 

?/(:r^+y) 

It might ha\'e been thouglit that use could have been made of the criterion, 


=■ 4(4|8,-3)8,)(2/3,-8A-6) 4.’ 

by which Pearson distinguishes these curves ; but this criterion is only valid in the 
region treated by Pearson. For when r = 0 , /tj = 1, and we should have to place 
a variety of curves of Types VII., IV., V., and VI., all in Type V. in order to adhere to 
the criterion. 

This diagram gives, I believe, the simplest possible compcctm of the whole of the 
Peaisonian system of curves ; the inclusion of the curves beyond r — 3 becomes neces- 

* The true limit ie the line /?2 1, along which the curvee degenerate into eimple dichotomies. 
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sary as soon as we take a view unrestricted by the method of moments ; of the so-called 
heterotypic curves between r — 3 and r = 7 it should be noticed that they not 
only fall into the ordinary Pearsonian types, but have finite values for the moment 
coefficients /V, and ; they differ from those in which r exceeds 7, merely in the fact 
that the value of ca^mlated from the fourth moment of a sample, has an infinite probable 
error. It is therefore evident that this is not the right method to treat the sample, but 
this does not constitute, as it has been called, “ the failure of Type IV.,” but merely 
the failure of the method of moments to make a valid estimate of the form of these 
curves. As we shall see in more detail, the method of moments, when its efficiency is 
tested, fails equally in other parts of the diagram. 

In expression (3) we have found that the efficiency of the method of moments for 
location of a curve of Type IV. is 

E = r^r— 1 

r+] r + 2r + A {r^ + v) 

whence if we substitute for r and v in terms of the co-ordinates C)f our diagram, we obtain 
a general formula for the cffi(;iency of the method of moments in locating Pearsonian 
curves, which is applicable within the boundary of the zero contour (fig. 3). This may 



Pearsonian curves showing contours of efficiency. 


be called the region of validity of the first moment ; it is bounded at the base by the 
line r = 1 . so that the first moment is valid far beyond the heterotypic limit ; its other 
boundary, however, represents those curves which msdre a finite angle with the axis at 
the end of their range {m„ or m,,, = 1 ) ; all J curves (m„ or m^, < 0) are thus excluded. 
This boundaryhas a double point at P, which thus forms the apex of the region of validity. 
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In %. 3 are shown the contours alonjfwhicth the efficiency is 20, 40, 60, and 80 per cent. 
For hiffh efficiencies these contours tend to the system of ellipses, 

8/ +6/ = 1-E. 

In a similar manner, we have obtaineil in expression (4) the efficiency of the 
second moment in fitting Pearsonian curves. The region of validity in this case is 
shown in fig. 4 ; this region is bounded by the lines r — 3, v -- —4, and by the limits 



Pearsonian curves, sli owing contours of efficiency. 

(m„ or mj, = — 1) on which vanishes. This statistic is therefore valid for certain 
J curves, though the maximum efficiency among the .1 curves is about 30 per cent. 
As before, the contours are centred about the normal curve (N) and for liigh efficiencies 
tend to the system of concentric circles, 

12r'+l2//“= l-E, 

showing that the region of high efficiency is somewhat more restricted for the second 
moment, as compared to the first. 

The lower boundary to the efficiencies of these statistics is due merely to their probable 
errors becoming infinite, a weakness of the method of moments which has been partially 
recognised by the exclusion of the so-called heterotypic curves (r < 7). The stringency 
of f^e upper boundary is much more unexpected : the probable errors of the moments do 
not here become infinite ; only the ratio of the probable errors of the moments to the 
probable error of the corresponding optimum statistics is great and tends to infinity as 
the size of the sample is increased. 

That this failure as regards location occurs when the curve makes a finite angle with 
the axis may be seen by considering the occurrence of observations near the terminus 
of the curve. 

Let 


df = kx' dx 
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in the neighbourhood of the terminus, then the cljance of an observation falling within 
a distance x of the terminus is 

0L+\ 

and the chance of n observations all failing to fall in this region is 

( 1 -/)* 

or, when h is great, and / correspondingly small, 


Equating this to any finite probability, e ", we have 

/•V" * = - - 
n 


or, in other words, if we use the e.xtreinc observation as a means of locating the terminus, 
the error, x, is proportional to 

i_ 


when a < 1, this quantity diminishes more rapidly than irK and consequently for large 
samples it is much more accurate to locate the curve by the extreme observation than 
by the mean. 

Since it might be doubted whether such a simple method could really be more accurate 
than the process of finding the actual mean, we will take as example the location of 
the curve (B) in the form of a rectangle. 


, dx 


in- ~ < X < ni + - I 


and 

df = 0, 

outside these limits. 

This is one of the simplest types of distribution, and we may readily obtain examples 
of it from mathematical tables. The mean of the distribution is m, and the standard 

deviation — ^ , the error m, of the mean obtained from n observations, when n is 

V12 

reasonably large, is therefore distributed according to the formula 



dx. 


The diflerence of the extreme observation from the end of the range is distributed 
according to the formula 


U -- T 

a 
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if ^ is the difierenoe at one end of the range and v the difference at the other end, the 
joint distribution (since, when n is considerable, tliese two quantities may be regarded 
as independent) is 








Now if we take the mean of the extreme observations of the sample, our error is 
for which we write x ; writing also y for f f- »;i we have the joint distribution of x and y, 

-- - ij 

— g e dx dp. 

ii/ 

For a given value of x the values of y range from 2) a:] to », whence, integrating with 
respect to y, we find the distribution of » to be 


df = 


n 

- e 
a 


-«SUI 


dx, 


the double exponential curve shown in fig. 5. 



Fig. 5. Double exponential frequency curve, ehowing distribution of 25 deviations. 


The two error curves are thus of a radically different form, and strictly no value for 
the efficiency can be calculated ; if, however, we consider the ratio of the two standard 
deviations, then 

_ J®! J. _ 1? 

■ 12n ~ // 

when n is large, a quantity which diminishes indefinitely as the sample is increased. 
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For example, we have taken from Vega (14) sets of digits from the table of Natural 
Logarithms to 48 places of decimals. The last block of four digits was taken from the 
logarithms of 100 consecutive numbers from 101 to 200, giving a sample of 100 numbers* 
distributed evenly over a limited range. It is sufficient to take the three first digits 
to the nearest integer ; then each number has an equal chance of all values between 0 
and 1000. The true mean of the population is 600, and the standard deviation 289. 
The standard error of the mean of a sample of 100 is therefore 28*9. 

Twenty-five such samples were taken, using the last five blocks of digits, for the 
logarithms of numbers from 101 to 600, and the mean determined merely from the highest 
and lowest number occurring, the following values were obtained : — 


Digits. 

Isi hundred. 

2nd hundred. 

3rd hundred. 

4th hundred. 

5th hundred. 

Lowest. 

Highest. 

m — m. 

Lowest. 

Highest. 

wi— m. 

Lowest. 

Highest. 

m— m. 

£ 1 s 

1 .SP 1 

a .s 

Lowest. 

Highest. 

m - m. 

46-48 

24 !»78 + 1-0 

39 980 4- 9*5 

rngm 



41-44 

.3,6 -.6 993 -1 14-0 

3 960 - 18-5 




37-40 

9 988 - 1*5 

11 999 f 5*0 

31 984 +'7-5 

4 978 - 9-0 

2 986 -6.0 


7 995 4 1-0 

13 997 -1- 5-0 

4 998 +1-0 

0 994 - 3-0 

3 981 -8*0 

29*32 

1 988 5 ‘5 

3 988 - 4 ‘5 

4 992 -2-0 

1 996 - 1-5 

21 977 -1*0 


It will be seen that these errors rarely exceed one-half of the standard error of the 
mean of the sample. The actual mean square error of these 25 values is 6*86, while the 
calculated value, \/ 50, is 7 * 07. It will therefore be seen that, with samples of only 100, 
there is no exaggeration in placing the efficiency of the method of moments as low as 
6 per cent, in comparison with the more accurate method, which in this case happens 
to be far less laborious. 

Such a value for the efficiency of the mean in this case is, however, purely conven- 
tional, since the curve of distribution is outside the region of its valid application, and 
the two curves of sampling do not tend to assume the same form. It is, however, 
convenient to have an estimate of the effectiveness of statistics for small samples, and 
in such cases we should prefer to treat the curve of distribution of the statistic as an 
error curve, and to judge the effectiveness of the statistic by the intaimic accuracy of 
the curve as defined in Section 9. Thus the intrinsic accuracy of the curve of distri- 
bution of the mean of all the observations is 
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while that of the mean of the extreme values is 


4//* 


so yielding a ratio 3 /n. It is probable that this quantity may prove a suitable substitute 
for the efficiency of a statistic for curves beyond its region of validity. 

To determine the efficiency of the moment coefficients /'•{, and in determining the 
form of a Pearsonian curve, we must in general apph*^ the method of Section 8 to the 
calculation of the simultaneous distribution of the four parameters of those curves when 
estimated by the method of maximum likelihood. Expressing the curve by the formula 
appropriate to Type IV., we are led to the determinant 


r+1 'r + 'i '/• + 4 


1 r + 2 (' 


■r+1 r+2 


r+J «' 


('/• + 4 + !<*) (r + 4" + K*) a {r + 2‘ + v‘) 


r + 1 ?■ + 2 1 / r + 1 (2r + 4 + i/^) 


«*(?• + 4 + 1 '*) 

r+1 r+2 
a(r + 2‘' + «/*) 

r+1 j/ 


a=*(r + 4 +.’*) 
^'+ 1 

a {r + 2^ + 1 '“*) 
r + 2 + »'“ 


o(r + 2 + 1 '*) a (r + 2 +i/“) 


as the Hessian of — L, when 


■r+1 (/ 


1 1? 

ri> 


JL 

f)i' Sr 


log F 


F = r c*^ sitr de. 

Jo 


a(r + 2' + ^=') 
r+2 + «'“ 


'<(r+2* + »'“) tt(r+2+i'“') 




^ log F 

f’p r/* 


cr 


log F 


The ratios of the minors of this determinant to the value of the determinant give 
the standard deviations and correlations of the optimum values of the four parameters 
obtained from a number of large samples. 

In discussing the efficiency of the method of moments in respect of the form of the 
curve, it is doubtful if it be possible to isolate in a unique and natural manner, as we 
have done in respect of location and scaling, a series of parameters which shall successively 
represent different aspects of the process of curve htting. Thus we might find the 
efficiencies with which r and v are determined by the method of moments, or those of 
the parametric functions corresponding to and or we might use m\ and m.j as 
'independent parameters of form ; but in all these cases we should be employing an 
arbitrary pair of measures to indicate the relative magnitude of corresponding contour 
ellipses of the two frequency surfaces. 

For the symmetrical series of curves, the Types II. and VII., the two systems of 

3 C 2 
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ellipses are coaxial, the deviatioEis of r and v being unconelated ; in the case of Type VII. 
we put =5 0, in the determinant given above, which then becomes 


! 1 r+2 

I •/• + 4 


0 

27+1 

r+4 


y+ 1 
r+2 

0 


0 

1 

r+2 


r+ 1 
r+2 

0 



and falls in the two factors 


"r+l Je /»'-“l\ e /^\1 1 Ifr+l 

im I V 2 /I LIT 


r+l r+2 p /■/ 


r+l 


2r + 4 \2/ r+i 


so that 


and 


ntr/ = 


2 r+2 


r+2' P — 2r+l r+4 


= 


4 r+l r+2 


r+l r + 2' 




The corresponding expressions for the method of moments are 


and 


HtT 


n 




8 ^’®r— 2'*(r®+r+10) 
8' ^,._3r-5 


IKT. “ 


2 rr-l'r-Sji-^-r+U) 

3 r-5r-7 


Since for moderately large values of r, we have, approximately, 


.•+2- M i: ) -2 r + 1 r+ 4 = ^ (l - J. ,:L 2 ') • 


and 
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we have, ai^roxunately, for the efficiency of 


(*> 


{r+2*+lr-¥2 ... )r-l r-3 r-5 
{»•*+»•+ 10) r*r-2* 


or, when r is great, 
and for the efficiency of 


1 - 


28-8 . 
...i' ' 


(r+2‘ ... )r+l‘'-r— 5 r—7 . 

( 7 **— r+ 18) rr-T* r— 8 


QR^when r is great, 


l- 


53-8 

, 1.2 


The following table gives the values of the transcendental quantities required, and 
the efficiency of the method of moments in estimating the value of *> and r from samples 
drawn from Type VII. distribution. 


f. 

“ 2r 4“ 1 r + 4. 

Efficiency 

of 

»•+!*»• + 2 ' 

- 2r+ 1 r + 4. 

Efficiency 
of r^. 

5 

6-31271 

0 


* 

6 

6-31736 

0-2672 



7 

5*32060 

0-4338 

6-9473 

0 

8 

6-32296 

0-6669 

5-9674 

0-1687 

9 

5-32472 

0-6449 

6-9649 

0-3130 

10 

6-32607 

0-7097 

5-9706 

0-4403 

11 

5-32713 

0-7686 

6-9760 

0-6207 

12 

5-32797 

0-7963 

6-9787 

0-6936 

13 

5-32866 

0-8269 

5-9810 

0-6619 

14 

6-32919 

0-8497 

6-9839 

0-6990 

16 



6-9863 

0*7376 1 

16 



6-9870 

0-7694 i 

17 



6-9883 

0-7969 1 

18 

i 


5-9896 

0-8182 

1 


It will be seen that we do not attain to 80 per cent, efficiency in estimating the form 
of the curve until r is about 17*2, which corresponds to /S* = 8'42. Even for sym- 
metricid curves highw values of fig imply that the method of moments makes use of 
less tium four-fifths of the information supplied by the sample. 


Mil. R. A. FISHER ON THE MATHEMATICAL 


On the other side of the normal point, among the Type 11. curves, very similar formults 
apply. The fundamental Hessian is 


1 r-2 


2r~^ 

r-i 






where r is written for the positive quantity. — r, whence 


= 


2 r-2 

F -2 7 ^ 


Ucr^" = 


Now since 


it follows that 






r— 2* F \ 2 ) — 2 r— Ir— 4 = ?•— 2" F ("“^j —2r r—3, 


which is the same function of r— 4 as 


is of /•. 

In a similar manner 


r + 2''F (y-2r-fl r + 4 


r+l%-2“{F r-4 


= ,._1*,._2“|f 'i~-F !:^|_2r-2r+l , 


which is the same function of r-3 as 


?'+iV+2*|f ( 2)] --2r+l r+4 


is of r. 
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In ail these functions and those of the following table, r must be substituted as a 
positive quantity, although it must not be forgotten that r changes sign as we pass from 
Type VII. to Type II., and we have hitherto adhered to the convention that r is to 
be taken positive for Type VII. and negative for Type II. 


r. 

r-4. 

Kliicipiicy 
of 1 '^. 

*■ - 1' r- 2‘ 

’'I'l— «■ 

*■ 2r^ 1 r - 4. 

KflioipiKV 
(if r„. 

2 

4 

0 

4 

0 

3 

4-93480 

0-0576 

5-1595 

0-0431 

i 

5-16947 

0-2056 

5-5648 

0-1445 

5 

5-23966 

()*359() 

5-7410 

0-2613 

6 

6-27678 i 

0-4865 

5-8305 

0-3708 i 

7 

5-29472 

0*5857 

5-8815 

0-4653 i 

8 

5-30676 

0*6615 

5-9126 

0-5441 

9 

5-31271 

0*7198 

5-9351 

0-6090 

10 

6-31736 

0-7650 

5*9473 

0-6624 

11 

6-32060 

()-8(X)5 

5-9574 

O-7063 

12 

6-32296 

0-8287 

5-9649 

0-7427 

13 

6-32472 

0-8516 

5-97(K; 

0-7731 

14 

6-32607 

0-8702 

5-9750 

0-7986 

16 



5-9787 

0-8202 


In both cases the region of validity is bounded by the rectangle, at the point B 
(fig. 2, p. 343). Efficiency of 80 per cent, is reached when r is about 14-1 (/fita = 2 ‘65). 
Thus for symmetrical curves of the Pearsonian type we may say that the method of 
moments has an efficiency of 80 per cent, or more, when lies between 2 ’66 and 3*42. 
The limits within which the values of the parameters obtained by moments cannot be 
greatly improved are thus much narrower than has been imagined. 


11. The Reason poe the Efficiency op the Method op Moments in a Small 
Region surrounding the Normal Curve. 

We have seen that the method of moments applied in fitting Pearsonian curves has 
an efficiency exceeding 80 per cent, only in the restricted region for which lies between 
the limits 2*65 and 3*42, and as we have seen in Section 8, for which does not exceed 
0*1. The contours of equal efficiency are nearly circular or elliptical within these 
limits, if the curves are represented as in fig. 2, p. 343, and are ultimately centred round 
the normal point, at which point the efficiencies of all parameters tend to 100 per cent. 
It was, of course, to be expected that the first two moments would have 100 per cent, 
efficiencies at this point, for they happen to be the optimum statistics for fitting 
the normal curve. That the moment coefficients and also tend to 100 per cent, 
efficiency in this region suggests that in the immediate neighbourhood of the normal 
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curve the departures from normality specified by the Pearsonian formula agree with 
those of that system of curves for which the method of moments gives the solution of 
maximum likelihood. 

The system of curves for which the method of moments is the best method of fitting 
may easily be deduced, for if the frequency in the range dx be 

y {x, B:i, 64) dx, 

then 

l-^hep 

must involve x only as polynomials up to the fourth degree ; consequently 


the convergence of the probability integral requiring that the coefficient of x* should be 
negative, and the five quantities a, p,, pa, pa, p^ being connected by a single relation, 
representing the fact that the total probability is unity. 

Typically these curves are bimodal, and except in the neighbourhood of the normal 
point are of a very different character from the Pearsonian curves. Near this point, 
however, they may be shown to agree with the Pearsonian type ; for let 

represent a curve of the quartic exponent, sufficiently near to the normal curve for the 
squares of and k., to be neglected, then 



X 

\ cr (T ! 


neglecting powers of A;, and k.^. Since the only terms in the denominator constitute a 
quadratic in x, the curve satisfies the fundamental equation of the Pearsonian type df 
curves. In the neighbourhood of the normal point, therefore, the Pearsonian curves 
are equivalent to curves of the quartic exponent ; it is to this that the efficiency of 
and /U4, in the neighbourhood of the normal curve, is to be ascribed. 

12. Discontinuous Distributions. 

The applications hitherto made of the optimum statistics have been problems in 
which the data are ungrouped, or at least in which the grouping intervals are so small 
as not to disturb the values of the derived statistics. By grouping, these continuous 
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distributions are reduced to discontinuous distributions, and in an exact discussion must 
be treated as such. 

If p, be the probability of an observation falling in the cell (s), p, being a. ftinction of 
the required parameters ; and in a sample of N. if w, are found to fall into 

that cell, then 

^ 

If now we write n, ^ p.N, we may conveniently put 


L 



where L differs by a constant only from the logarithm of the likelihood, with sign 
lev jrsed, and therefore the method of the optimum will consist in finding the minimum 
value of L. The equations so found are of the form 




a[n. dn.) _ 


(6) 


It is of interest to compare these formulae with those obtained by making the Pearsonian 
X* a minimum. 

For 


and therefore 


1+x' = 


S 



so that on differentiating by do, the condition that x® should be a minimum for variations 
of e is 


\n/ 30;^ 


(7) 


Equation (7) has actually been used (12) to “ improve ” the values obtained by the 
method of moments, even in cases of nomaal distribution, and the Poisson series, where 
the method of moments gives a strictly sufficient solution. The discrepancy between 
these two methods arises from the fact that x* is itself an approximation, applicable 
only when u. and n, are large, and the difference between them of a lower order of 
magnitude. In such cases 


L = S(n,l 0 g|) = s(™+.log2^) = 


and since 


S (x) = 0, 
y V 
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we have, when x is in all oases small compared to m, 

as a first approximation. In those cases, therefore, when is a valid measure of the 
departure of the sample from expectation, it is equal to 2L ; in other cases the approxi- 
mation fails and L itself must be used. - 

The failure of equation (7) in the general problem of finding the best values for the 
parameters may also be seen by considering cases of fine grouping, in which the majority 
of observations are separated into units. For the formula in equation (6) is equivalent to 


S 


.n, / 


where the summation is taken over all the observations, while the formula of 
equation (7), since it involves w/, changes its value discontinuously, when one 
observation is gradually increased, at the point where it happens to coincide with a 
second observation. 

Logically it would seem to be a neces^ty that that population which is chosen in 
fitting a hypothetical population to data should also appear the best when tested for 
its goodness of fit. The method Of the optimum secures this agreement, and at the 
same time provides an extension of the process of testing goodness of fit, to those cases 
for which the x* test is invalid. 

The practical value of x® lies in the fact that when the conditions are satisfied in 
order that it shall closely approximate to 2L, it is possible to give a general formula 
for itj distribution, so that it is possible to calculate the probability, P, that in a random 
sample from the population considered, a worse fit should be obtained ; in such oases 
X* is distributed in a curve of the Pearsonian Type III., 


or 


df oc 




df oc L~ 


e-^dU 


where n' is one more than the number of degrees of freedom in Which the sample may 
differ from expectation (17). 

In other cases we are at present faced with the difficulty that the distribution L 
requires a special investigation. This distribution will in general be discontinuous (as 
is that of x®)> but it is not impossible that mathematical research will reveal the existence 
of effective graduations for the most important groups of cases to which x* cannot 
be applied. 
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We shall conclude urith a few illuHtrations of important types of discontinuous 
distribution. 


1 . The Poitaon Set'ies. 





involves only the single parameter, and is (»f great imi)ortaiice in modem statistics. 
For the optimum value of m, 

S 

whence 


The most likely value of m is therefore found by taking the first moment of the series. 
Differentiating a second time, 


so that 


as is well known. 


-;4=s( 


■ 4 ) 

m ■ 




n 



2. Grouped Norinal Data. 


In the case of the normal curve of distribution it is evident that the second moment 
is a sufficient statistic for estimating the standard deviation : in investigating a sufficient 
solution for grouped normal data, we are therefore in reality finding the optimum 
correction for grouping ; the Sheppard correction having been proved only to satisfy 
the criterion of consistency. 

For grouped normal data we have 


I 1 - t=i!L , 

p, = — 7^ I e du:, 


<r V 27r 


and the optimum values of m and o- are obtained from the equations, 

dm \p, dm/ 

p; = s(!!>^) = 0; 

dtr \p, dtr/ 

3 T) 2 
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or, if we write, 

we have the two conditions, 
and 


1 _ r—tit 

ft 


\ 2ir 




As a simple example we shall take the case chosen by K. Smith in her investigation of 
the variation of x“ in the neighbourhood of the moment solution (12). 

Three hundred errors in right ascension are grouped in nine classes, positive and 
negative errors being thrown together as shown in the following table : — 


0"‘l arc 
Frequency 


0~1 

114 


1-2 

84 


2-3 

53 


3-4 

24 


4-5 

14 


5-6 

6 


6-7 

3 


7-8 

1 


8-9 

1 


The second moment, without correction, yields the value 

rr., 2-282542. 


Using Sheppard’s correction, we have 

=.- 2-264214, 

while the value obtained by making x* a minimum is 

a,: = 2-355860. 

If thb latter value were accepted we should have to conclude that Sheppard’s correc- 
tion, even when it is small, and applied to normal data, might be altogether of the 
wrong magnitude, and even in the wrong direction. In order to obtadn the optimum 

value of (T, we tabulate the values of ^ in the region under consideration ; this may 

fio- 

be done without great labour if values of o- be chosen suitable for the direct application 
of the table of the probability integral (13, Table II.). We then have the following 
values : — 


\_ 1 

ous 

0-44 

()-45 

0-46 

! 

, 

+ 1.^135 

1 

-f2*149 

i 1 

1 1 

-ir098 

-24-605 

A*— 

a(r i 


-0-261 

- 0-260 
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By interpolation, 


I =()4416‘J4 

(T 

^ = 2‘26437. 


We may therefore summarise these results as follows : - 


Uncorrected estimate of a- 2 • 28264 

Sheppard’s correction - ()-01833 

Correction for maximuin likelihood - (L01817 

“ Correction ” for minimum X* hO* 07332 


Far from shaking our faith, therefore, in the adequacy of Sheppard’s correction, 
wh&i small, for normal data, this example provides a striking instance of its effective- 
ness, while the approximate nature of the x* test renders it unsuitable for improving a 
method which is already very accurate. 

It will be useful before leaving the subject of grouped normal data to calculate the 
actual loss of efficiency caused by grouping, and the additional loss due to the small 
discrepancy between moments with Sheppard’s correction and the optimum solution. 

To calculate the loss of efficiency involved in the process of grouping normal data, let 


V 


1 

a 



when Oo- is the group interval, then 


'i’ + 322,56(r^ - - 




/ ..4 .. 4 . 1 ' . .. 4 . 


24 


1920 


322,560 


whence 


log .. = log / + |j(f - 1 ) - ' - 


and 


£ log = - i + 


of which the mean value is 
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neglecting the periodic terms ; and consequently 


a" 

288()”7‘ 


Now for the mean of ungrouped data 


a <r 
n 


BO that the loss of efficiency due to grouping is nearly ^ . 

The further loss caused by using the mean of the grouped data is very small, for 




neglecting the periodic terms ; the loss of efficiency by using n therefore is only 


a” 


2880 


Similarly for the efficiency for scaling, 

3' 1 1 3^7 1 K 


a* 

360 


( 9 ^^ 4 - 21 ^’'- 5 ) 


a 


of which the mean value is 

2 [■ d' d* a'' HSct*' 1 

0-7 >>'^ 40 270 129,600 ■■■ J’ 

Ik 

neglecting the periodic terms ; and consequently 


<r^ a* a" 


For ungrouped data 


■j _ Jz 

2n\ 6 360 10,800 


2 _ <r 

2ii 


BO that the loss of efficiency in scaling due to grouping is nearly ^ . This may be made 

as low as 1 per cent, by keeping a less than J. 

The further loss of efficiency produced by using the grouped second moment with 
Shbppabd’s correction is again very small, for 

TiZJi ~ ^ 4. «1 

n w \ 6 860 


negleoting the periodic terms. 
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Whence it appears that the further loss of efficiency is only 

' a* 

1 0,800 ■ 

We may conclude, therefore, that the high agreement between the optiiniiin value of 
(T and that obtained by Shkppard's correction in the above example is characteristic 
of grouped normal data. The method of moments with Sheppard’s correction is highly 
efficient in treating such material, the gain in efficiency obtainable by increasing the 
likelihood to its maximum value is trifling, and far less than can usually be gained by 
using finer groups. The loss of efficiency involved in grouping may be kept belovv 
i per cent, by making the group interval le.s.s than one-quartej’ of the standard deviation. 

Although for the normal curve the loss of efficdency due to moderate grou})ing is very 
smtfll, such is not the case with curves making a finite angle with the axis, or having at 
an extreme a finite or infinitely great ordinate. In such cases even moderate grouping 
may result in throwing away the greater part of the information which the .sample 
provides. 


3. Distribution of (Nervations in a Dilution Series. 

An important type of discontinuous distribution occurs in the application of the 
dilution method to the estimation of the number of micro-organisms in a sample of 
water or of soil. The method here presented was originally developed in connection 
with Mr. Cutler’s extensive counts of soil protozoa carried out in the protozoological 
laboratory at Rothamsted, and although the method is of very wide application, this 
particular investigation affords an admirable example of the slatistical principles 
involved. • 

In principle the method consists in making a series of dilutions of the soil sample, 
and determining the presence or absence of each type of protozoa in a cubic centimetre 
of the dilution, after incubation in a nutrient medium. 

The series in use proceeds by powers of 2, so that the frequency of protozoa in each 
dilution is one-half that in the last. 

The frequency at any stage of the proiiess may then be represented by 



when X indicates the number of dilutions. 

Under conditions of random sampling, the chance of any plate receiving 0, 1 , 2, 3 
protozoa of a given species is given by the Poisson series 
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and in consequence the proportion of sterile plates is 


and of fertile plates 


p = e~”', 
q = \ — e"”. 


In general we may consider a dilution series with dilution factor a so that 


log p = - 


ji 




and assume that s plates are poured from each dilution. 

The object of the method being to estimate the number n from a record of the sterile 
and fertile plates, we have 

L = S, (logp) +S2(log q) 


when Si stands for summation over the sterile plates, and S* for summation over those 
which are fertile. 

Now 


r log n 


_JSL- 

d log n 


= P log p, 


so that the optimum value of w is obtained from the equation, 


Differentiating a second time, 

= s, (log p) -S.{^(log p. . . , 

now the mean numlier of* sterile plates is ps, and of fertile plates gs, so that the mean 

value of ■ ^ is 

f) (log //Y 


7 ^^ — = sS ] JO log p—p log p (log J0+ 1 +-^1 

<’■ log* I q 

the summation, S, being extended over all the dilutions. 

It thus appears that each plate observed adds to the weight of the determination 
of log n a quantity 

w = ^(log p)“. 
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We give below a table of the values of p, and of w, for the dilution series log p = 2"* 
from X— — 4 to X = 11, 


X. 


w. 

1 

S (tt») (per cent.), j 

I 

! -4 

0- 00000014167 

0*00(K)36 

i 

0-tK)2 I 


0*0003354626 

0-021477 

0-906 ' 

-2 

0*01831564 

0-298518 

13-485 

-1 

0*1353353 

0-626071 

39-866 1 

0 

0-3678794 

0-581977 

64*388 

1 

0*6065306 

0*385365 

80*625 : 

2 

0*7788009 

0*220051 

89*897 • 

i 3 

0-8824969 

0*117350 

94-842 1 

4 

0*9394110 

0*060565 

i 97-394 

5 

0*9692333 

0*030764 

98-690 

6 

0*9844965 1 

0*016503 

99-343 j 

7 

0*9922179 

0*007782 

99-671 ! 

t 8 

0*9961014 

0*003899 

99-836 

9 

0*9980488 

0*(K)1951 

99-918 

10 

0*9990239 

0*000976 

99-969 

11 

0*9995119 

0*000488 

99-979 

Remainder 

j Total . . 

i 


0*000488 

2-373261 



For the same dilution constant the total S (w) is nearly independent of the particular 

TT* 

series chosen. Its average value being , or in this case 2*373138. The fourth 

® ® 6 log a 

column shows the total weight attained at any stage, expressed as a percentage of that 
obtained from an infinite series of dilutions. It will be seen that a set of eight dilutions 
comprise all but about 2 per cent, of the weight. With a loss of efficiency of only 2 to 
2J per cent., therefore, the number of dilutions which give information as to a particular 
species may be confined to eight. To this number must be added a number depending 
on the range which it is desired to explore. Thus to explore a range from 100 to 100,000 
per gramme (about 10 octaves) we should require 10 more dilutions, making 18 in all, 
while to explore a range of a millionfold, or about 20 octaves, 28 dilutions would be 
needed. 

In practice it would be exceedingly laborious to calculate the optimum value of n for 
each series observed (of which 38 are made daily). On the advice of the statistical 
department, therefore, Mr. Cutler adopted the plan of counting the total number of 
sterile plates, and taking the value of n which on the average would give that number. 

When a sufficient number of dilutions are made, log n is diminished by ^ log a for each 

additional sterile plate, and even near the ends of the series the appropriate values of 
n may easily be tabulated. Since this method of estimation is of wide application, 
and appears at first si^t to be a very rough one, it is important to calculate its efficiency. 
VOL. ooxxii. — A. 3 E 



MR. R. A. FISHER ON THE MATHEMATICAL 


;i6G 

For any dilution the variance in the number of sterile plates is 


spq. 


and as the several dilutions represent independent samples, the total variance is 

sS {pg), 


houce 


Now S {pq) has an average value , therefore taking a — 2, 


and 


(log af = *480453, 
S {pq) = 1 


being very nearly constant and within a small fraction of unity ; whence the efl&ciency 
of the method of counting the sterile plates is 

— - = 8771 per cent., 

V log 2 

a remarkably high efl&ciency, considering the simplicity of the method, the efl&ciency 
being independent of the dilution ratio. 


13. Summary. 

Dulling the rapid development of practical statistics in the past few decades, the 
theoretical foundations of the subject have been involved in great obscurity. Adequate 
distinction has seldom been drawn between the sample recorded and the hypothetical 
population from which it is regarded as drawn. This obscurity is centred in the so-^^alled 
“ inverse ” methods. 

On the bases that the purpose of the statistical reduction of data is to obtain statistics 
which shall contain as much as possible, ideally the whole, of the relevant information 
contained in the sample, and that the function of Theoretical Statistics is to show how 
such adequate statistics may be calculated, and how much and of what kind is the 
information contained in them, an attempt is made to formulate distinctly the typed 
of problems which arise in statistical practice. 

Of these, problems of Spetihcation are found to be dominated by considerations which 
may change rapidly during the progress of Statistical Science. In problems of Distri- 
bution, relatively little progress has hitherto been made, these problems st^ aflhnding 
a field for valuable enquiry by highly trained mathematicians. The principal propose 
of this paper is to put forward a general solution of problems of Estimation. 
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Of the criteria used iii problems of Estimation only the criterion of Consistency has 
hitherto been widely applied ; in Section 5 are given examples of the adequate and 
inadequate application of this criterion. The criterion of Efficiency is shown to be a 
special but important case of the criterion of Sufficiency, which latter requires that the 
whole of the relevant information supplied by a sample shall be contained in the statistics 
calculated. 

In order to make clear the nature of the general method of satisfying the criterion 
of Sufficiency, which is here put forward, it has been thought necessary to reconsider 
Bayes’ problem in the light of the more recent criticisms to which the idea of “ inverse 
probability ” has been exposed. The conclusion is drawn that two radically distinct 
concepts, both of importance in influencing our judgment, have been confused under 
the single name of jyrohahility. It is proposed to use the term likelihood to designate 
the^tate of our information with respect to the parameters of h 5 ’pothetical populations, 
and it is shown that the quantitative measure of likeliliood does not obey the mathe- 
matical laws of probability. 

A proof is given in Section 7 that the criterion of Sufficiency is satisfied by that set 
of values for the parameters of which the likelihood is a maximum, and that the same 
function may be used to calculate the efficiency of any other statistics, or. in other 
words, the percentage of the total available information which is made use of by such 
statistics. 

This quantitative treatment of the information supplied by a sample is illustrated by 
an investigation of the efficiency of the method of moments in fitting the Pearsonian 
curves of Type III. 

Section 9 treats of the location and scaling of Error Curves in general, and contains 
definitions and illustrations of the intrinsic accuracy, and of the centre of location of such 
curves. 

In Section 10 the efficiency of the method of moments in fitting the general Pearsonian 
curves is tested and discussed. High efficiency is only found in the neighbourhood of 
the normal point. The two causes of failure of the method of moments in locating these 
curves are discussed and illustrated. The special cause is discovered for the high 
efficiency of the third and fourth moments in the neighbourhood of the normal point. 

It is to be understood that the low efficiency of the moments of a sample in estimating 
the form of these curves does not at all diminish the value of the notation of moments as 
a means of the comparative specification of the form of such curves as have finite moment 
coefficients. 

Section 12 illustrates the application of the method of maximum likelihood to dis- 
continuous distributions. The Poisson series is shown to be sufficiently fitted by the 
mean. In the case of grouped normal data, the Sheppard correction of the crude 
moments is shown to have a very high efficiency, as compared to recent attempts to 
improve such fits by making x* e minimum ; the reason being that x* is an expression 
only approximate to a true value derivable from likelihood. As a final illustration of 
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the scope of the new process, the theory of the estimation of micro-organisms by the 
dilution method is investigated. 

Finally it is a pleasure to thank Miss W. A. Mackenzie, for her valuable assistance 
in the preparation of the diagrams. 
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(1) Introductory. 

Modern theoretical investigations have met with signal success in providing an explana- 
tion for the production of the primary spectrum of Hydrogen, generally known as the 
Balmer series, but the many-lined or secondary spectrum has hitherto proved to be a 
much more formidable problem. There can be little doubt that a completely satis- 
factory explanation of its genesis will mark an important step in our knowledge of 
the origin of qiectra. The detection of regularities amongst such a vast number of lines 
is in itself an exceedingly difficult task, and one for which it is essential that the data 
lelatiDg to wave-lengths should be accurate and complete. 

AMto iigh some of the early investigators were of the opinion that the secondary 
spectrum was to be referred to impurities in the discharge tube, it is now generally 
VOL. CCXXII. — A 603. 3 P [PublUhed April 27, 1922. 
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agreed that both the Balmer series and the secondary spectrum are to be attributed to 
Hydrogen. The relative intensities of the two Spectra vary in a surprising manner. 
Such traces of Hydrogen as are necessary to exhibit the earlier members of the Balmer 
series are indeed diflScult to eliminate from luminous sources, but the secondary spectrum 
only appears in sources in which considerable quantities of Hydrogen are present, and 
its intensity relative to that of the Balmer series is greatly enhanced by the complete 
removal of all impurities. 

It has long been known that in the spectrum of water vapour the lines of the secondary 
spectrum are very weak, and many investigations have shown that the intensity of the 
secondary spectrum is greatly reduced by the presence of small traces of mercury 
vapour and other impurities. The relative intensities of the two spectra are affected by 
variations in the electrical excitation, but for a high relative intensity of the secondary 
spectrum purity of the gas is essential. The appearance of the discharge in vacjium, 
tubes containing Hydrogen of the highest degree of purity is indeed strikingly different 
from that observed in hydrogen tubes prepared without special precautions, the former 
being of an almost white colour whilst the latter show the familiar red glow, which is 
due to the predominance of the red line, Ha, of the Balmer series.* In a recent 
investigation, Wood (‘ Roy. Soc. Proc.,’ A, 97, p. 455, 1920 ; ‘ Phil. Mag.,’ 6 , 251, 
p. 729, 1921) has described a number of interesting phenomena which he has observed 
in long vacuum tubes containing Hydrogen which were excited by a high potential 
transformer. Many of these observations cannot at present be explained fully, but 
the influence of traces of impurities is shown to be an important factor. 

It is well known that the secondary spectrum appears under less energetic conditions 
of excitation than the Balmer series, the latter alone being found in vacuum tubes 
excited by powerful condensed discharges, and important investigations by Fulcher 
(‘ Astrophys, Journ.,’ 34, p. 388, 1911 ; 37, p. 60, 1913) have shown that when Hydrogen 
is excited by the impact of cathode rays the relative intensity of the secondary spectrum 
increases as the velocity of the cathode rays is reduced. Fulcher also found similar 
variations in intensity amongst the lines of the secondary spectrum itself, and identified 
a number of lines as characteristic of low potential discharges. It was found that these 
low potential lines exhibited regularities somewhat resembling those associated with band 
spectra. These regularities and their relation to other phenomena will be discussed in 
a later section. Any method by which the lines of so complex a spectrum can b^ 
separated into different physically related groups, cannot fail to yield results whi<di 
will prove of assistance in theoretical investigations. 

It has been pointed out in a previous communication (Merton, ‘ Roy. Soc. Proc.,’ A, 
96, p. 382, 1920) that the relative intensities of the secondary lines are affected by the 
pressure in the discharge tube, the Fulcher bands being enhanced at low pressures, but 

* These remarks do not apply without amplification to the case of tubes excited by discharges of eKoeed* 
ing^y low current density. In the presence of water vapour the intensity of the Balmer lines, relative to 
the secondary spectrum, increases very rapidly with the current density. 
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that a much more striking change can be brought about by the admixture of Helium. 
It was found that in the presence of Helium some of the lines were greatly enhanced 
, and that a number of new lines appeared ; another class of lines were apparently 
unaffected, whilst a third class showed a marked reduction in intensity.* 

There are two other methods by which the lines have been classified. Dufour 
(‘Ann. Chim. et Phys.’ (9), 361, 1906; ‘ Journ. de Phys.’ (4), 8, p. 258, 1909) has 
investigated the Zeeman effect for the secondary spectrum, and has found that a large 
number of the lines are not affected in the magnetic field. This (;lassifice>tion of the 
lines has been shown by Fulcher (/oc. cU.) to be related to the results which he obtained 
by varying the velocities of the exciting cathode rays, and to the regularities which he 
found in the spectrum. The Stark effect, the resolution of the lines into components 
in an electric field, has been studied by Takamine and Yoshida (‘ Mem. Coll, of Sci. 
^J^yoto,’ 2, p. 321, 1917), by Nitta {ibid., 2, p. 349, 1917) and by Tak.vmine and Kokubu 
{Und., 3, p. 271, 1919), who have found that the effect is exhibited by 54 lines in the 
spectrum. Such investigations and those of Dupour (<oc. cit), relating to the Zeeman 
effect, are necessarily restricted to the stronger lines of the spectrum, and their value 
as a means of classification is greatly increased when they can be correlated to changes 
in the spectrum of a kind which permit of observation for all the lines. 

The wave-lengths of the lines in the secondary spectrum have been measured by 
Hasselbkrq (‘ Mem. Acad.,’ St. Petersburg (7), 30, No. 7, 1882 ; ibid. (7), 31, No. 14, 
1883 ; ‘ Phil. Mag.’ (5), 17, p. 329, 1882), Ames (‘ Phil. Mag.,’ 30, p. 33, 1890), Frost 
(‘ Astrophys. Journ.,’ 16, p. 100, 1902), Watson (‘ Roy. Soc. Proc.,’ A, 82, p. 189, 1909), 
PoRLEzzA (‘ Atti Accad. Lincei,’ 20 (2), p. 178, 1911), Porlezza and Norzi {ibid,, 20 (1 ), 
p. 822, 1911), and Croze (‘Ann. de Phys.’ (9), 1, 48, 1914), but the results obtained by 
these investigators differ widely in their estimates of the relative intensities of the lines, 
which is greatly dependent on the particular conditions under which the spectrum is 
produced, and it would appear also that the tables are by no means complete, more 
especially in the yellow green regions of the spectrum, for which it has only recently 
been possible to obtain photographic plates of a sufficiently high degree of sensibility 
for recording lines of low intensity with a moderately high dispersion. 

There has been much difference of opinion as to whether the secondary f^ectrum is 
to be attributed to the Hydrogen atom or to the molecule. To the theoretical physicist 
this is a question of vital importance, for there appears to be little prospect of explaining 
the origin of the spectrum as due to the Hydrogen atom on the views which are at present 
accepted with regard to its structure. Evidence on this question has been sought in 
investigations of the Doppler effect in positive rays by Stark (‘ Astrophys. Journ.,’ 25, 
pp. 23 and 170, 1907), Wilsar (‘Ann. der Phys.,’ 37, p. 1251, 1912) and Fulohkr 
(‘ Astrophys. Journ.,’ 85, p. 101, 1912), and more recently by Thomson (‘ Phil. Mag.’ 

* Bxpeiiments oa the effect of Argon on the secondary spectrum are now in progress. It would appear 
that if the presence of Argon gives rise to any changes dmilar to those produced by the presence of Helinm, 
tiiev are at anV rate very much less conspicuous. 
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(6), 40, p. 240, 1920 ; ihid. (6), 41, p. 566, 1921), and Veoabd {%biA. (6), 41, p. 668, 1921), 
but it would appear doubtful whether any conclusive evidence as to the origin of the 
spectrum can be obtained by these methods. 

In their investigations of the widths of spectrum lines Buisson and Fabey (‘ Journ. 
de Phys.’ (2), p. 442, 1912) were led to conclude that the secondary spectrum was to 
be referred to the Hydrogen atom. This conclusion was based on a measurement of 
the limiting order at which interference fringes could be observed for a line in the 
secondary spectrum, the relation between the limiting order of interference N and the 
mass M of the radiating particle (in terms of the Hydrogen atom as unity) being given 
by the expression N — k^Q/LjB), where ^ is a constant and 6 the absolute temperature 
(cf. Rayleigh, ‘ Phil. Mag.’ (6), vol. 29, p. 274, 1915 ; Schonrock, ‘ Ann. der Phys,,’ 
20, p. 995, 1906). 

For the constant k Buisson and Fabry, following Schonrock, adopted the value 
1*22 X 10*, and the value of N which they found experimentally was in approximate 
agreement with the view that the spectrum was to be referred to the atom. This result 
has recently been criticised by Saha (‘ Phil. Mag.’ (6), 40, p. 159, 1920) on the ground 
that Buisson and Fabry obtained a much smaller value for N in the case of the line 
Ha, the first member of the Balmer series, and that if the value of k in the formula given 
above were calculated from the observed limit of interference for the line Ha, the 
secondary line would yield a value of M more nearly appropriate to the molecule Hj,. 
The ground of this criticism does ndt appear to us to be justified, for it is well known that 
the line Ha is complex and could not therefore be expected to yield results in accord- 
ance with the theory for a single line, and moreover Saha appears to have overlooked 
the fact that the value of k adopted by Buisson and Fabry was tested experimentally 
with lines of the rare gases, and was found to give results in close agreement with the 
knoiyn atomic weights of these gases. 

It must, however, be pointed out that any cause of broadening of the lines other than 
that due to motion in the line of sight will yield too low a value for the mass of the 
radiating particles ; and it follows that measurements of this kind can only set an 
inferior limit to the mass, unless the possibility of broadening of the lines by any other 
cause can be excluded. 

In the present investigation we have remeasured the wave-lengths of the lines of the 
secondary spectrum in International Angstrom units, and have been able to add a con- 
siderable number of lines to those hitherto recorded. We have also investigated the 
efiect of variations in the conditions of electrical excitation, and of the pressure in the 
discharge-tube, on the relative intensities of the lines, and have compared the results 
obtained with other methods of classification ; previous investigations (Merton, loc. ctt.) 
of the changes in the spectrum which are produced by the admixture of Helium have 
been extended to the more re&angible regions. The widths of several lines in the 
secondary spectrum have been measured by a new method with which it is bdieved 
that a high degree of precision has been attained, and under conditions of excitation 
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which have made it possible to establish the conclusion that the secondary spectrum is 
to be referred to the Hydrogen molecule. 

(2) EitpenmenUd. 

As the source of the spectrum vacuum tubes of the H type have been used, and have 
been designed on lines indicated by the investigations of Wood (foe. cit.) so as to give the 
secondary spectrum as strongly as possible. The \rsual capillary tube of a few inches 
in length was replaced by tubes of from 20 to 50 cm. in length and of about 5 to 8 mm. 
internal diameter. The electrodes consisted of spirals of aluminium ribbon, and the 
tubes were provided with palladium tubes, which were sealed through the intermediary 
of short platinum tubes into side tubes in the usual manner. Pure Hydrogen could be 
iulmitted by heating these palladium tubes in a flame or in a current of Hydrogen, or 
alternatively the Hydrogen in the tubes could be removed by heating the palladium in 
an atmosphere from which Hydrogen was absent. In some cases the tubes were cleaned 
before exhaustion by washing them out with a very dilute solution of hydrofluoric acid, 
followed by distilled water ; this procedure was found to be very effective. The tubes 
were exhausted by means of an oil pump, and the evacuation was completed by means 
of a bulb containing charcoal, which was cooled with liquid air. For some of the tubes 
a Gaede mercury pump was used and in all cases the tubes were washed out during the 
process of exhaustion by the frequent admission of Hydrogen through the palladium 
tubes. In the case of tubes containing Helium, this gas was prepared by heating 
powdered Thorianite in a fused silica tube, and was purified before entering the vacuum 
tubes by passage through a U-tube containing charcoal cooled with liquid air. 

The tubes were excited by the current from a large induction coil provided with a 
mercury jet interrupter, and in some experiments a 16,000 volt J kilowatt step-up 
transformer was used. It should be mentioned that although the utmost care was taken 
to remove the carbon compounds and other impurities with which vacuum tubes are 
liable to be contaminated, before the tubes were sealed off, the highest degree of purity, 
as shown by the intensity of the secondary spectrum relative to that of the Balmer 
series, was never attained until a discharge had been passed for several horns and the 
aluminium mirrors, which were deposited on the tubes around the electrodes, had 
removed the last traces of impurities which had been present in such small quantities 
when the tubes were sealed off that they could not be detected by any characteristic 
bands or lines in the spectrum. 

(3) Wave-length Measurements. 

The eaziieBt tables of wave-length of the secondary spectrum are due to Hassblbbko 
(too, oit.), and although his measurements were made visually, and are not accurate 
saioui^- for modem requirements, they are more complete than later photographic 
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records in the green regions of the spectrum, in which the sensibility of the eye is a 
maximum and that of most panchromatic plates a minimum. Frost {hoc. cit.) and 
Ames {loc. cit.) have published short lists of some of the stronger lines, but the most 
comprehensive and accurate table is due to Watson {he. dt.), who has recorded most 
of the lines in the red and yellow, and in the ultra-violet, but has not included a con- 
siderable number of lines in the green regions of the spectrum. Watson found no 
lines of wave-length greater than the Balmer line Ha. Porlezza {loc. cit.) and Porlezza 
and Norzi (he. dt.) have published tables which supplement those of Watson, and 
Croze {he. dt.) has measured lines in the infra-red down to A8000A. 

The measurements included in the present investigation extend from Ha to the limits 
imposed in the ultra-violet by the thin glass wall of the discharge-tube, the shortest 
wave-length recorded being A3375 A, but the continuous spectrum of Hydrogen could 
be traced on the plates to wave-lengths shorter than A3000 A, and as there were, no 
indications of lines superposed on the background in this region, we did not resort to 
the use of vacuum-tubes provided with quartz windows. It is intended ultimately to 
extend the measurements into the infra-red. We have used an Anderson concave 
grating ruled with 20,000 lines to the inch, and having a radius of curvature of 120 cm., 
which gave a dispersion of very nearly 1 0 A per millimetre. The mounting was of the 
type described by Eagle (‘ Astrophys. Journ.,’ 31, p. 120, 1910), which involves three 
adjustments in focussing, of which two determine the angles made respectively by the 
grating and by the photographic pMte with the incident light, whilst the third is used 
to vary the distance between the grating and the plate. The necessary adjustments for 
different regions of the spectrum were found from experimentally prepared tables. 
Plates of especially thin glass were used and were bent to the appropriate curvature in 
the plate-holder. 

The regions from A6660 to A5400 were photographed on Wratten and Wainwright 
Panchromatic plates, from A6400 to A4860 on Marion’s Iso-Record plates which are 
specially sensitive to this region, and from A4860 to the ultra-violet on Ilford Ordinary 
plates. The vacuum tubes were used end-on, the light from the capillary being focussed 
upon the slit of the spectrograph by means of a quartz lens of about 30 cm. focal length. 
The exposures required to bring up the faintest lines which were measured were five 
hours with the Panchromatic plates and three and a half hours with the Iso-Record and 
Ilford plates. The International Secondary standards were used as a comparison 
spectrum, the source of light being a Pfund (‘ Astrophys. Joum.,’ 27, p. 296, 1908) arc 
burning with a current of about 3 amps, at 100 volts. The comparison spectrum was 
limited by a movable stop in the spectrograph to a narrow strip runnii^ across the 
middle of the Hydrogen spectrum. It was found impossible to ensure the absence of 
very small shifts between the Hydrogen and the comparison spectra, which were photo- 
graphed consecutivdy on the same plate, and to eliminate errors, due to these shifts, 
from the measurements the following procedure was adopted. A tube containing 
Helium and Hydrogen was substituted for tike tube containing pure Hydrogen and a 
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•erios of pUtes taken throughout the spectrum, the series Hues of both elements and 
also most of the secondary Hydrogen spectrum being recorded. The wave-lengths of 
the hrst six members of the Balmer series, and of the Parhelium lines included in the 
range required, were measured on these plates, together with those of about 100 secondary 
Hydrogen lines. 

The deviations of the series line determinations from the values given by Curtis 
(‘ Roy. Soc. Proc.,’ A, 46, p. 147, 1920) for Hydrogen and by Merrill (‘ Astrophys. 
Journ.,’ 46, p. 357, 1917) for Helium enabled the shifts in the comparison spectrum 
to be eliminated, and the corrected values obtained for the selected secondary Hydrogen 
lines were then used as standards in measuring the remaining lines of the spectrum 
from plates taken with pure Hydrogen tulws. The plates were measured on a Hilger 
travelling micrometer, with a screw-pitch of 1 mm. and reading by a vernier on the 
dru^ to O'OOl mm. Three plates were measured for each region, each plate, following 
the usual procedure, being measured in both directions to eliminate personal errors in 
setting. Each series of readings so obtained was repeated before altering the position 
of the plate on the stage of the micrometer. The two values rarely differed by more 
than O'OOS mm., and their mean was adopted in subsequent reduction. In all, 
twelve settings were made on each line, except in the case of some of the faintest lines 
which were not visible on all the plates ; these exceptions have been noted in the 
tables given. 

The reduction of micrometer readings to wave-lengths was simplified by the fact that 
the dispersion was almost exactly 10 A per millimetre. In the region A6560 -A4860 
the readings were reduced to approximate wave-lengths by the addition of a constant, 
and the final adjustment was made from an error curve drawn either by means of the 
iron standards or the Hydrogen standards prepared from them. In the blue and ultra- 
violet regions a preliminary linear correction was applied so as to reduce the slope of 
the error curve. The arithmetic mean of the six values calculated in this way was 
adopted as the final value. The wave-lengths and wave-numbers in vacuo have also 
been tabulated, the corrections for this purpose being taken from the tables of Meoobrs 
and Peters (‘ Bureau of Standards Publications,’ p. 698, 1918). 

For all but a few of the weakest lines and a few diffuse lines the probable error of 
the mean wave-length adopted was less than 0*02 A, and for most lines it was consider- 
ably smaller than this. It is believed that the values given can be relied on to two 
hundredths of an Angstrom unit. The weakest lines were much more sharply defined 
in the visible regions than in the ultra-violet, where they were superposed on the con- 
tmuous background, and it is possible that this may slightly affect the accuracy of some 
ci these wave-lengths. Our measurements agree in general very closely with those 
of Watson {he. oU.), when the latter are transposed into International Units, but 
Posuizea’b (he. dt.) measurements differ from ours, in extreme cases by almost an 
Aagslirfiin unit. 

Several hundred new lines have been recorded, these lines occurring for the most 



376 


DR. T. R. MERTON AND MR. S, BARRATT 


part in the red and yellow, and particularly in the green regions, in which it would 
have been impossible to record so many faint lines without the use of the Iso-Reoord 
plates. It is believed that lines due to impurities have been excluded, all the photo- 
graphs used for measurement havmg been taken with tubes which had been run for 
some hours, and in which the discharge appeared to be white throughout the capillary. 

(4) The Continuous Spectrum. 

In addition to the Balmer series and the secondary spectrum, vacuum tubes con- 
taining Hydrogen always emit a continuous spectrum. The intensity and extent of 
this continuous background depends greatly on the pressure of the Hydrogen in the 
discharge tube. If the pressure is reduced to the stage at which the glass begins to 
show a green fluorescence, the continuous spectrum almost disappears and the secondary 
lines are sharp against a clear background, even in the ultra-violet. At about 50 fhmi 
pressure the continuous spectrutn extends into the green, and at still higher pressures 
it covers the whole spectrum. The introduction of capacity into the discharge circuit 
has no very marked effect on the continuous spectrum, but appears to weaken it to 
some extent, an effect which can also be produced by an admixture of Helium. Accord- 
ing to Lyman (‘ Spectroscopy of the Extreme Ultra-violet ’), the continuous spectrum 
fills the gap between the end of the secondary spectrum and the Hydrogen lines in the 
Schumann region, but the intensity distribution in this spectrum has not been studied. 

(5) The Classificoition of the Lines. 

In the tables of wave-lengths, under the heading “ Intensity ” will be found the 
estimated intensities of the lines, on the usual scale of 0 to 10, when the discharge tube 
Gont(|.ining Hydrogen at a pressure of a few millimetres was excited by an uncondensed 
discharge. Under these conditions the discharge is at its brightest, being intrinsically 
weaker both at higher and at lower pressures. In the column succeeding those in which 
the intensities are given, the effects of changes of pressure and other conditions on the 
relative intensities of the lines are shown. In all such cases the intensity changes have 
been estimated by examining a standard plate in juxtaposition with a plate taken under 
the conditions in question and exposed for a time appropriate to the intrinsic brightness 
of the source. A -{- denotes that the line is enhanced and -{-+ that it is greatly en- 
hanced, — and = denoting in the same way that the line is somewhat or greatly 
weakened as the case may be. The observations referred to under ‘'High Pressure ” 
were made with tubes containing Hydrogen at pressures greater than 50 mm. of mer- 
cury, and under these conditions the discharge was much less luminous and of a bluish- 
white colour, the spectrum lines being superposed on a rather strong continuous back- 
ground. The changes which were fotmd in the relative intensities of the lines are shown 
in the tables under the column “ High Pressure,” and in the succeeding column are 
given the changes observed at low pressures. By “Low Pressure” we refer to a 
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pressuie at which the walls of the vacuum tube show a vivid green fluorescence and 
the intrinsic intensity of the light is greatly reduced. 

It has long been known that when powerful condensed discharges are passed through 
vacuum tubes containing Hydrogen, the secondary spectrum disappears and the lines of 
the Balmer series alone remain, but we have observed that with a condenser and a 
rather small spark-gap in the circuit a group of lines extending from A 6000 to A5600 
are very prominent ; these lines are intrinsically weakened by the inclusion of the 
condenser and spark-gap in the circuit, but they are strong in comparison with the 
remaining lines of the secondary spectrum. If the length of the spark-gap is adjusted 
carefully, the effect is very striking if the spectrum is examined with a small direct vision 
instrument of low dispersion. These changes in intensity are given in the column headed 
“ Condensed Discharge.” 

, Under “ Helium Effect ” are shown the changes of relative intensity which take place 
when Helium, at pressures up to 40 mm. and more, is admitted to the discharge tube 
with the Hydrogen. The phenomena which occur have already been described by one 
of us (T.R.M.) (loc. cU.)j but in the present investigation we have extended this classi- 
fication of the lines into the more refrangible portions of the spectrum by adopting a 
suitable standard of intensity in the comparison-plates. 

We have confirmed the previous observation, in the presence of Helium, of a number 
of lines which do not appear under ordinary conditions, and the wave-lengths of these 
lines in the tables are given in brackets. 

In the next column are given the results obtained by Dufouk (loc. oil.) in his investi- 
gations of the Zeeman effect ; all the lines examined by Dufoue have been marked 
O or Z in the tables, according to whether they show or do not show the Zeeman 
effect. 

The lines which have been arranged by Fulchee into bands have been noted ii\ the 
succeeding colimm, and in the last column the results obtained by Tak amine and 
Yoshida (loc. cit), Nitta (loc. cit.) and Takamine and Kokubu (loc. cU.) in their 
investigations of the Stark effect are given. 

These different methods of classification are related to one another, but there are 
numerous exceptions to any broad generalization. In the red and yellow regions all 
the lines which were found by Dufoue to show the Zeeman effect are ‘‘ High Pressure ” 
lines, and most of them are strengthened in the condensed discharge ; many of these 
lines also are enhanced by the presence of Helium, but there are exceptions to this 
rule. 

The Fulcher band lines are essentially “ Low Pressure ” lines, and are weakened in 
the condensed discharge. 

The exceptions to this rule are as follows : — 

A01d7’O5 high pressure line. 

A6098'83 somewhat enhanced in condensed discharge. 

il6960*22 high pressure line, enhanced by condensed discharge. 

VOL. ccxxii. — A. 3 G 
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A5562’52 enhanced by condensed discharge. 


A6643-41 

A5317*90 high pressure line. 


99 


“ Low Pressure ” lines are weakened by the condensed discharge, which enhances the 
“ High Pressure ” lines, and the lines which are enhanced by the condensed discharge are 
also enhanced to a smaller extent by admixture of Helium ; but there are exceptions, 
and the changes in intensity amongst the lines which do conform to these rules vary 
greatly in magnitude. We are inclined to the view that many of the exceptions may 
be explained by the assumption that the exceptional lines are in reality close unresolved 
doublets. 

With regard to the lines showing the Stark effect, this attribute appears to bear no 
relation to any of the other methods of classification, but attention may be drawn to 
lines at A A 41 85 *4, 4123*9, 4021*7, 3927*3 and 3846*0, which are described as shcfwing 
the Stark effect, but which do not appear on any of our plates. If these lines are indeed 
Hydrogen lines, it is possible that they make their appearance only in the powerful 
electric fields which are necessary for the investigation of the Stark effect. 


(6) Comparison of tfie Secondary Hydrogen Spedrum with the Solar Spectrum. 

The presence of lines of the secondary Hydrogen spectrum in celestial spectra has not 
been established, but in view of the fact that we have separated the secondary spectrum 
into groups, which vary in intensity under different physical conditions, we have made 
a careful comparison of a number of secondary lines with Rowland’s solar wave-lengths, 
and with the sun-spot lines recorded by Hale and Adams (‘ Astrophys. Journ.,’ vol. 23, 
p. 11, 1900). The most prominent lines of each class amongst the secondary lines were 
selected and were reduced from International Units to Rowland’s scale of wave-lengths. 
A table showing the comparison would be redimdant, but it may be stated that there 
are very few coincidences within the limits of experimental error, and these coincidences 
appear to be accidental, for the relative intensities of the lines which might seem to be 
represented are not in harmony with their intensities on any scheme of classification 
which has been found. It is therefore probable that the secondary spectrum is not 
represented in the solar spectrum, though the range of wave-lengths relating to the 
sun-spot spectrum is not as great as might be desired. 


(7) The Widths of Spectrum Lines. 

In a previous section we have referred to the widths of spectrum lines and to their 
importance in setting an inferior limit to the molecular weight of the radiating particles. 
The distribution of intensity in a spectrum line, in the case in which the sole cause of 
broadening is that due to the motion of the radiating particles in the line of sight, is 
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given by the expression 1 = loC"***, where I is the intensity at a difference of wave- 
length X from the maximum, where the intensity is and A; is a constant depending 
.on the maw and the temperature of the radiating particles. Rayi^iKioh (foe. cit.) l)a.s 
shown that if the “ half-width ” of the line rU be defined as the value of x when 
I/I„ ~ 0*6, then SX/?. =zS'57 X 10~\ {Sjm), where 0 is the absolute temperature of the 
gas and m the mass of the radiating particles in terms of the Hydrogen atom as unity. 
Measurements of the width of a line are usually carried out by determining the liniiting 
order of interference at which fringes can still be seen with such instruments as the 
Miohelson or Fabry and Perot interferometer, in which the difference of path between 
successive interfering beams can be progressively increased. 

The theory of this method has been fully discussed by Rayleigh (foe. cU.) and by 
ScHONROCK {loc. cit.). If N is the limiting order of interference at which the fringes can 
still t^e seen it is shown that N == K ^/(m/d), where K is a constant for which Rayleigh 
gives the value 1'427 X 10®, whilst Schonrock adopts the appreciably smaller value 
1*22 X 10*. The exact value of this constant depends on an estimate of the limiting 
visibility of fringes which can just be seen, and its value can be checked by observations 
on lines of the rare gases, following Buisson and Fahry (loc. cit.), where the mass of the 
radiating particles can be assumed. It is doubtful, however, whether a high degree of 
accuracy can be attained by this method, since the point at which the fringes cease 
to be visible is necessarily difficult to determine, and might well be affected by the 
intrinsic intensity oi the light, by the wave-length in visual observations, and by other 
circumstances. 

We have therefore endeavoured to avoid the personal errors which are inherent in 
these methods by adopting a different procedure, in which the determination of the 
half-widths does not depend on any estimate of visibility in the ordinary sense of the 
word, but is calculated from the positions of certain definite points on a photographic 
plate, which can be measured with a micrometer to an accuracy which is limited only 
by the ordinary instrumental and personal errors which arise in the measurement of 
spectrum lines. 

It is of course a first essential that the resolving power of the spectroscope should be 
sufficiently great, but if this condition be satisfied the method is applicable, with slight 
modification, to any form of spectroscope. In the present investigation we have used 
an echelon diffraction grating, consisting of 35 plates of glass each 15 mm. thick, which 
had a resolving power adequate for the lines in question. 

The procedure simply consists in taking photographs of a line under investigation, 
firstly with the grating in the double-order position and then in the single-order position, 
with exactly the same times of exposure and without altering the conditions of excitation 
of the discharge tube. In practice we bracket photographs in the single-order position 
between photographs in the double-order position, this precaution being taken to pro- 
vide for the possibility of a gradual change in the luminosity of the discharge tube, and 
tiie photographs are taken on adjacent portions of the same plate. The photographs 
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were taken on Ilford Rapid Process Panchromatic plates, which were developed with a 
Hydroquinone and Potash developer which gave very great contrast, and by a slight 
“ cutting ” of the plates after development with a solution of Potassium Ferricyanide 
the contrast became so great that the positions of the edges of the black lines could 
be measured on a photo-measuring micrometer to a few thousandths of a millimetre. 
The half- widths of the lines were deduced from the measured “ apparent widths ” in 
the single- and double-order positions. The theory of the method, as involving the use 
of the echelon grating, is given in the succeeding section. With other instruments of 
high resolving power it would be necessary to vary the intensity of the incident light 
in successive exposures, e.g., by the interposition of a filter of known absorbing power 
for the radiation in question. 


( 8 ) Theordical. 

The theory of the method can be seen from the figure in which the upper curve repre- 
sents the distribution of intensity by the echelon which is given by the equation 


lo 



1, = sin* a/a*, where a = ■ 7 r 8 <r/A, a denoting the step of the grating, A the wave-length 
and 0 the angle of diffraction. 

In the same figure are shown the intensity distribution curve of a spectrum line, as 
seen in the single-order position, with the two curves showing the line in the double- 
order position on either side. Although the actual distribution of intensity in the line 
is given by the equation I = c”**", the observed distribution of intensity differs somewhat 
from this as the distribution of intensity given by the echelon is superposed. 

In the two strips below these ciurves are shown the appearance of the line as seen 
on the plate, with exposures of equal duration, in the double- and single-order positions 
reepectively. (The absence of disturbance due to irradiation oan bo seen by an 
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inspection of the ends of the lines {cf. Nicholson and Merton, ‘ Phil. Trans.,’ A, 
vol. 216, p. 469, 1916).) The edges of the lines at o, h, e, /, c and d denote a certain 
critical intensity, I„ which is represented by a dotted line in the upper part of the 
figure. It will be seen that we assume only that a constant degree of blackening of 
the plate is produced by a light of constant but entirely unspecified intensity. 

Let Xi and denote the distances of a and 6, or c and d, respectively from the true 
maximum of intensity of the line in the double-order position (x = 0, a = ir/2), and a„ the 
distance of e and / from the maximum in the single-order position (x = o. a = 0). Then 
expressing a„ and x in circular measure we have for the single-order position 

L lo — sin- a„/a^^ (i.) 

and for the double-order position 

L/lfl = sin® L/Io Bin* a* 'a 2 ®, • • (ii.), (iii.) 

where Uj and aj are the angles corresponding to the points a and b, or d and c, 
respectively. 

Putting 

sin* Wfl/au* = sjn* “i/ai* = P) and sin* aj/'a** = Q, 

we have 

log(R/P) = *ao*-^i®» log(R/Q) = . • (iv.), (V.) 

Now the plates are measured with a photo-measuring micrometer with which readings 
of the positions of the points o, b, c, d, e, and / are obtained on an arbitrary scale, and 
since Xj is not exactly equal to x^, the number of micrometer divisions between a, and c, 
or b and d, does not correspond to an angle n. 

Since it is not possible to measure directly the number of micrometer divisions which 
are equal to the separation of successive orders, both equations (iv.) and (v.) are required 
to solve for h. 

The measurements give 2% and (x, -f- x,) in micrometer divisions, and it is 
necessary to find a value of (x^— Xg) such that equations (iv.) and (v.) give the same 
value for k, from which the value of SX, the half- width, at once follows, since the 
difference in wave-length corresponding to the separation of successive orders is known 
from the optical constants of the grating. (Xi— x,) is very small, and can readily be 
found by trial of a series of values, which can be plotted against the resulting values of 
[*(f«m.(iv.))-^<from(v.))] OH squarcd paper. 

(9) Experimented Results. 

We have measured, in the manner described in the preceding section, the half-widths 
of three lines in the secondary Bi>ectrum, A A 6018, 6028 and 6226 A, and also the half- 
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width of the Helium line A6016 A as a check on the accuracy of the method. The 
choice of lines in the secondary spectrum is limited in the first place by their brightness, 
and in the second by the possibility of their being isolated completely from neighbouring 
lines in the spectrum by means of the constant deviation spectroscope which was used 
for preliminary analysis of the spectrum. It was necessary that the exposures should 
be comparatively short to avoid disturbances due to the effect of changes of temperature 
on the echelon grating. An inferior limit to the temperature of the gas in the discharge 
tube was found in the following marmer. The discharge was passed through the vacuum 
tube for a considerable time, in order to reach a state of equilibrium between the heating 
of the gas by the discharge and the cooling of the walls of the tube by radiation and 
convection. The temperature of the walls of the tube was then measured by putting 
specks of organic substances of known melting point on to the wall of the tube, and 
observing which of them melted. 

The temperature of the outer walls of the tube being thus measured we deduce the 
temperature of the gas as follows : — It is clear that when thermal equilibrium has been 
established the temperature of the outer wall of the capillary must lie between that of 
the radiating gas within the tube and the temperature of the room. An inferior limit 
to the temperature of the radiating gas is obtained by assuming that the interchange of 
energy takes place by radiation only, since an undue allowance for the effects of con- 
vection currents might lead to too high a value for the temperature of the gas. It is 
further assumed that the conduction of heat by the glass tube is infinite compared with 
that of the gas and of the surrounding air. The temperature of the radiating gas in the 
discharge tube is thus given by T^,,, - T‘„„, = T‘g,»„ - T^r.M.ni> will be noted that 

the assumptions are such as to lead to an inferior limit for the temperature of the 
gas. This is an important consideration, for an inferior limit to the theoretical limit to 
the w.idths of the lines under the conditions of experiment is required. It is also 
important to note that any ill-adjustment of the apparatus, resulting in a loss of defini- 
tion, will give rise to too great a value for the determined half-widths of the lines, and 
therefore to too small a value for the mass of the radiating particles. It follows 
that when values for the half-width and the temperature have been determined in the 
manner described, the masses of the radiating particles must exceed a certain specified 
amoimt. 

With a discharge of suitable intensity it was found that small specks of cinnamic acid 
were just melted. The melting point of this substance is 133° C., and applying the 
correction in the manner described above, the temperature of the radiating gas is found 
to be 456° Absolute. In the following Table are given the results obtained for the three 
secondary Hydrogen lines and also for the green Parhelium line. In the latter case the 
temperature of the radiating gas was probably somewhat higher, as the gas was con-* 
tained in a vacuum tube with a narrow capillary, the walls of which were much thicker 
than in the case of the Hydrogen tube, but the theoretical half-width has been calculated 
on the assumption that the temperature was the same in both cases. 
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{>K calculated at 



(found). 


1 1 

j (found) 

(ineftn value)- 

456“ Aba. for— 





Atom. 

Molecule. 

6018 

0-037, 0-036, 0-034, 

0-030 . . . 

0-0.34 

0-046 

0-032 

6028 

0-032, 0-033, 0-032 


0-033 

0-()4() 

0-032 

6225 

0-034, 0-0.3.3, 0-03K, 

0-039, 0 -032 

0-035 

0-048 

0-034 

501 6He 0-024, 0-022 . . 


0-023 

0-019 


will be seen that the results are uniformly in agreement with a molecular origin for 
the secondary lines, the half-wddths found being very close to the values calculated for 
the molecule. In the case of the Helium line the fact that the half-width found is 
slightly greater than the calculated value is perhaps to be explained in part by the 
conservative estimate of the temperature in the case of the Helium tube, but it is 
believed that the limiting theoretical widths of the lines are more nearly attained in 
the tubes with wide capillaries and in which the current density is consequently lower, 
than in the tubes with narrow capillaries of the conventional Plucker form. The lines 
A A 6018 and 6225 are both “Fulcher” lines, are enhanced at low pressures, and are 
weakened by the condensed discharge. Neither of them shows the Zeeman effect. The 
line A6028 belongs to an entirely different class, being a high-pressure line which shows 
the Zeeman effect. Since these are the two most important classes of lines it is probable 
that the whole of the secondary spectrum is due to the Hydrogen molecule. 


(10) The Separation of Gases in Vacuum Tubes. 

In a previous communication (Merton, ‘ Roy. Soc. Proc.,’ A, vol. 98, p. 265, 1920) 
an account has been given of a curious effect, which, on further investigation, seems to 
throw some light on the phenomena observed in vacuum tubes containing Hydrogen. 
It was found that when a vacuum tube containing Helium at a comparatively high 
pressure, and also a little Hydrogen, was excited by an uncondensed discharge and was 
observed through a direct^vision prism, the lines of both Helium and Hydrogen appeared 
with uniform intensity throughout the capillary. On putting a condenser and a spark 
gap in the electrical circuit the Hydrogen lines became much weaker in the centre of 
the capillary, but showed brightly at the two ends. This is in agreement with an 
(fbaervation of Curtis (‘ Roy. Soc. Proc.,’ A, vol. 89, p. 146, 1914) ; but it was fotmd 
that on cutting out the condenser the Hydrogen lines did not immediately reappear with 
uniform brightness, but gradually extended from bright spots at the ends of the capillary 
until the intensity became uniform, whibh took a considerable time to occur, depending 
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on the total amount of Hydrogen present and the pressure of Helium in the disoharge 
tube. 

We have extended these results, and with a vacuum tube containing Helium at a 
pressure of 66 mm. and a little Hydrogen, in addition to the phenomena described 
above, it has been observed that on putting in the condenser there is a bright instan- 
taneous flash of the Hydrogen lines throughout the capillary before they appear at the 
ends of the capillary only.* In addition to the Hydrogen, the proportion of which 
could be controlled by means of a palladium regulator, the tube showed traces of Mercury, 
Sulphur, Oxygen, the Angstrom Carbon bands and a few other lines due to impurities 
which have not been completely identified. When the uncondensed discharge was first 
passed through the tube the Mercury lines were scarcely visible, but they gradually 
developed, though still very faint and somewhat stronger in the centre of the capillary 
than at the ends. On putting in the condenser the Mercury lines gradually became 
brighter, but appeared only in the centre of the capillary. On critting out the condenser 
they appeared at once with great brilliance in the centre of the capillary, gradually 
spreading out towards the ends and at the same time becoming fainter. The Mercury 
lines behaved in exactly the opposite way to the Hydrogen lines, and it looked as if the 
effect of the condensed discharge was to collect all the Mercury in the tube to the centre 
of the capillary. The lines due to Sulphur, Oxygen, &c., behaved in the same manner 
as the Mercury lines. In Plate 3 (o) shows the appearance of the capillary, as 
photographed in the red and yellow tegions of the spectrum while the tube was excited 
by the condensed discharge ; (b) shows the appearance immediately after the condenser 
was cut out, this photograph being obtained by repeatedly putting the condenser in 
and out, and only exposing the plate immediately after the condenser had been cut out, 
and in (c) the lines are seen uniformly distributed throughout the capillary when the 
tube .was excited by the uncondensed discharge. In (d), (c) and (/) respectively the 
same phenomena are shown in a more refrangible region, in which the behaviour of the 
Hydrogen line Hfi and the green Mercury line can be seen. (The Mercury line was too 
weak for reproduction in (d) and (/).) 

The same phenomena can be observed at lower pressures of Helium in the discharge 
tube, but the condition of uniform intensity in the capillary after the condenser is cut 
out is very much less rapidly attained at high pressures. 

The possibility of the removal of Hydrogen by absorption by the glass walls of the 
capillary during the passage of the condensed discharge has been considered ; but it is 
believed that this explanation cannot be upheld, for in this case either it should be 
possible to reach a steady state in which the phenomena are no longer observed when 
the tube has been run for some time, or else the whole of the Hydrogen in the tube 
should rapidly disappear ; but there is no evidence of an approach to a steady state, or 

* It has also been observed that when the quantity of Hydrogen in the disoharge tube is suffioently 
great to show the secondary lines, the latter also appear only at the ends of the capillary when the condenser 
is out out. 
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of a rapid disappearance of the gas. In the case of mercury an explanation based on 
some action of the walls of the capillary is even less satisfactory, as it would be necessary 
to assume that the glass walls were an almost inexhaustible source of mercurj’’ which 
was rapidly absorbed by the electrodes ; for in this case also there is no evidence of 
any approach to a steady state. 

It has not been possible to make any quantitative comparison of the rates at which 
the Hydrogen lines spread into, and the mercury lines out of, the capillary ; but the 
speed of the Hydrogen lines relative to those of mercury suggests forcibly that the gases 
actually move in opposite directions, and that the Hydrogen and mercury do not appear 
at the centre and the ends of the capillary respectively immediately after the condenser 
is cut out, for the simple reason that they are not there. In the case of lines due to 
sulphur, &c., there is no doubt that the glass capillary of the vacuum tube may be a 
^oujpe of these impurities, and that their appearance immediately after the condenser 
is cut out may be due in part to their being liberated from the walls of the capillary 
by the powerful condensed discharge.* The evidence for a separation of the gases is 
therefore not clear in such cases. The .Angstrom bands behaved like the Hydrogen 
lines, but in this case the spectrum is due to a compound which is certainly broken up 
by the condensed discharge, and which would therefore require some time to reform 
or accumulate in the capillary when the condenser is cut out. 

With this exception all lines due to the heavier elements appear in the centre of the 
capillary when the condenser is cut out. If a partial separation of the gases takes place 
it is clear that, whatever the mechanism by which this occurs may be, the degree of 
separation is not proportional to the total energy flowing through the tube in a given 
time but must increase rapidly with the current density ; for the total energy of the 
condensed discharge was no greater than that of the uncondensed discharge, and was 
in fact somewhat smaller. It is, however, to be expected that some separation sl^ould 
be effected by the uncondensed discharge, and in addition to the effect recorded above 
in the case of the mercury line, we have often noticed that when heavy, uncondensed 
discharges are passed through Hydrogen tubes containing a little water vapour, the 
series lines of oxygen appear exclusively in the central portions of the capillary.! 

These observations seem to provide an explanation of the greater part of the pheno- 
mena described by Wood {loc. cit.), who found that in long Hydrogen tubes which were 
not absolutely free from impurities, the Balmer series appeared strongly in the central 
portions of the capillary whilst the secondary spectrum was more strongly developed at 

* It has been noticed that when very powerful condensed dischargee are employed, “ arc ” lines of the 
constitaents of the glass walls of the tube appear with great brilliance for a short space of time after the 
condenser is ont out, and experiments which are now being made seem to show that this may be developed 
into a convenient method of prodndng the spectra of many sabstances. 

t The phenomena are evidently of an entirely different character to those recorded by Sir J. J. Thomson 
(‘ Roy. Soc. Proc.,’ 58, p. 247, 1895). In the latter experiments the discharge was, in the main, unidirec- 
tional, and differences were observed in the spectra at the two x>oles. In our experiments the tubes were 
excited by hig^ potential alternating dischargee, and the spectra at the two electrodes were identical. 
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the ends. Since the lines of the Balmer series are strongly enhanced relatively to the 
secondary spectrum by very small traces of impurities, it is evident that the phenomena 
can be explained by an accumulation of the oxygen or other impurities in the central 
portions of the discharge tube. When however the total amount of impurity is exces- 
sively small, the accumulation of the greater part of it in the centre of the capillary 
may not be sufficient to weaken the secondary spectrum appreciably, and the capillary 
thus appears of a uniform white colour throughout its entire length. There are a number 
of other observations which appear to be related to these effects, but in the absence of 
any theory we do not venture to discuss them in the present communication. 

(11) On Impurities in Vacuum Tubes. 

It may perhaps be considered remarkable that any profound influence on the spectrum 
of a gas can be exerted by impurities which are present in such small quantities ithat 
their presence cannot be detected by any characteristic lines or bands in the spectrum. 
The difficulty of eliminating such impurities as those which give rise to the Angstrom 
carbon bands is of course familiar to all who have worked with vacuum tubes, but with 
the aid of charcoal cooled with liquid air there should be no difficulty in preparing 
tubes containing Hydrogen, or Helium which would show no lines or bands other 
than those peculiar to these gases. This is indeed the case under the conditions usually 
obtaining, when the gases are contained in the tubes at pressures of a few millimetres ; 
but it has been found that the difficulties are very much greater when it is desired to 
obtain vacuum tubes containing Helium at higher pressures up to 00 mm., which 
show no trace of impurities. The relative intensities of lines and bands due to 
impurities are enormously enhanced as the pressure increases, and the form in which 
the impurities appear is also often unusual. The influence of Helium on the secondary 
spectrum of Hydrogen is by no means unique, and a remarkable instance has been 
observed in the case of tubes containing Helium at high pressures and a very small trace 
of some carbon compound. If any considerable quantity of carbon is present the 
Angstrom and Swan bands can be seen, but with a very small trace of carbon the 
“ Comet ” bands first observed by Fowler (‘ Monthly Notices R.A.S.,’ vol. 70, p. 484, 
1910) appear quite brightly in the bulbs of the tubes just outside the capillary. This 
effect was first observed by one of us in an investigation in collaboration with Dr. T. 
Takamine, to whom we are indebted for a photograph which shows the “ Comet ” 
bands almost free from other bands associated with carbon compounds. Fowler 
(Zoo. dt.) has found that these bands appear with the greatest relative intensity in tubes 
in which the pressure is so low (0*01 to 0*006 mm.) that the luminosity of the discharge 
is very small, and yet we find them here in tubes containing Helium at pressures from 
16 to 50 mm. This is only one example of the changes which may occur, and a numbed 
of other lines and bands have been observed in the case of other impurities. Further 
investigation of the phenomena is required, and we do not venture to discuss them in 
the present communication. 
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(12) Summary. 

(1) A discussion is given of the conditions under which the Balmer series and the 
secondary spectrum of Hydrogen are produced. 

(2) The wave-lengths of about 1,200 lines in the secondary spectrum have been 
measured. 

(3) It has been found possible to classify the lines into different physically related 
groups under different conditions depending on the pressure of the gas in the discharge 
tube, the electrical conditions of excitation, and the presence of Helium. 

(4) These methods of classifying the lines have been compared with the results 
obtained by other investigators relating to the Stark and Zeeman effects, and with the 
regularities observed by Fulcher. 

A comparison has been made of the wave-lengths of lines of different classes in 
the secondary spectrum with the Fraunhofer and Sunspot spectrum. No evidence of 
the presence of the secondary Hydrogen in the Sun has been obtained. 

(6) A new method of measuring the widths of spectrum lines has been developed. 

(7) It has been shown that the secondary spectrum is due to the Hydrogen molecule. 

(8) Experiments have been made which appear to show that when electrical dis- 
charges are passed through vacuum tubes, a partial separation of the gases takes place, 
and this appears to afford a satisfactory explanation of a number of phenomena which 
have been observed. 

(9) A number of observations relating to the appearance of impurity lines in vacuum 
tubes are discussed. 

We wish to express our thanks to the Department of Scientific and Industrial 
Research for a grant which has been made to one of us (S. B.) during the course o^this 
investigation. 
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